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Chapter 1
ELEMENT FORMULATION

This chapter will describe the formulation of the elements in Mercury. It will start with the simplest one, truss and
then proceed with beam-column of increasing levels of complexity. Finally zero length element and section element
will be addressed.

1.1 Truss Element

The truss element has only one degree of freedom associated with each node in local reference whether in 2D or 3D.

1.1.1 Formulation
As with all finite elements, stiffness matrix derivation hinges on three requirements.
Compatibility of:

Displacement Section displacements are determined from the element nodal displacements through the shape
function. Since the truss element has only one d.o.f per node, the generalized relationship between section
displacement vector ds(z) and element nodal displacement vector d. is expressed through the displacement
interpolation functions (shape functions), Ng(z) as

ar@) = { ) }
“(-g 210

Ng(z) i

e

Deformation of displacements: Under the assumption that displacements are small, the section deformation
vector £5(x) is related to the element nodal displacement vector by

=[-7 1 ]d (1.1)
————
By(x)

where By(z) is the matrix which relates displacement to strain through the derivatives of Ny(x).

Constitutive law  is expressed as

{ No(z) } = ko(z) - £s() (1.2)

os(x)

where o(z) is the sectionl] force vector, and ks (z) is the section stiffness matrix.

For linear elastic analysis ks (z) is simply a scalar equal to
ki(z) = [ E(z)- A(z) ]
where, F(z) and A(z) are elastic modulus and cross sectional area.

Equilibrium  (weak form) through the principle of virtual work (displacement) which is expressed as

Le
od, -fo = [ des(x)Tou(x) da (1.3)
H’—/ 0
External
Internal

L The notion of section is not essential to understand the formulation of the truss element stiffness matrix. It is nevertheless introduced
to be consistent with the subsequent formulation of beam-column (Sec. [[2))
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Substitution of Eq. [[L1] and into Eq. and since the latter must hold for any arbitrary éd. leads to

Le

od, -Fo= [ od. Ba(a)” k() e:(z) d
0
— Le
fo = Ba(z)" - ke(z) - €s(x) dz
0
Le .
= Ba(z)" - ks(z) - Ba(z) dz-de
0
ke
f.=k.-d.

The element stiffness matrix in local reference is thus given by
Le

k. = Ba(z)" - ke(z) - Ba(z) dz
0

1.1.2 Coordinate system for 2D truss element

Y
VYZ‘VYZ
NXZ’UXZ
VYl’ VYl
Nx1'ux1 X
(a) Global reference in an element (b) Local referenca glement

Figure 1.1: Internal forces and corresponding displacements in global and local coordinate system for the 2D truss
element

The element nodal forces and displacements are expressed with respect to the global reference, Fig. [I[a) as:
F. = |Nx1, Vy1, Nxa2, VYQJT
8. = lux1, vy1, uxz, vya|"
Furthermore, the element nodal forces and displacements can also be expressed with respect to the local reference,
Fig. [Tk(b)
?e = Lﬁzh N:EQJT
ae = Lﬂzlq EIQJT
The rotation matrix which transform global reference, Fig. [[I(a), to local reference, Fig. [LT(b), is given by I'.
such that

=

r.
T.-
r

T
-

ol e
(=%}
]

e
e
e

=
@
@
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1.2 Beam-Column Element 11

where, K. is the element stiffness matrix in global reference and the rotation matrix is

_ |Nx1 Vyi  Nx2 Vyo
I'i=| Ngi | cosa sina 0 0

N o 0 0 cosa sino

1.1.3 State determination

In a nonlinear structural analysis, state determination for 2D truss element is identical to the stiffness-based 2D
beam-column element. It will be discussed in Sec. [[2.T.3] and [LZ.T41

1.2 Beam-Column Element

The formulation of nonlinear frame structure using elements with layer/fiber sections can be achieved using the
stiffness-based (displacement) method or the flexibility-based (force) method. Both formulations will be presented,
with the assumption that deformations are small and plane sections remain plane during the loading history. The
stiffness-based method assumes displacement interpolation functions along the element, while the flexibility-based
one has force interpolation functions along the element. As will be shown later, a smaller number of flexibility based
elements (albeit with a greater number of integration points) than stiffness based ones is often needed to achieve the
same level of accuracy.

However, the element formulation in the flexibility-based method is more complex than that of the stiffness-based
one as we need to perform an additional loop of iterations at the element level in order to obtain £ from material
constitutive models which are usually expressed as ¢ = o(¢) (7). On the other hand, stiffness based elements are
much simpler to formulate.

Both formulations are described next.

1.2.1 Stiffness-based 2D beam-column element

We next formulate the stiffness matrix of the beam-column elements (also known as “frame” element) by considering
the “classical” stiffness-based formulation first. The formulation is based on linear polynomial interpolation for the
axial displacements, and cubic for the transverse ones.

1.2.1.1 Formulation

As for the truss element we consider each of the three requirements which must be met.
Compatibility of

Displacement Section displacements are determined from the element nodal displacements through the shape
functions. The generalized relationship between section displacement vector ds(x) and the element nodal
displacement vector d. can be expressed as

aw={ 0 }

=Na(@) | Ta1r, Ty1, 021, Te2, Ty2, 022 |7

de

where Ny(z) is the matrix of displacement interpolation functions which can be expressed as

_[#i@ 0 0 e 0 0
NOD=1 707 6i@) m@ 0 @) oule)

where 1, V2, ¢1, ¢2, @3 and ¢4 are the interpolation functions for axial and transverse displacements
respectively and are given by

Ui(z) = - +1 o) =

$1(2) = 295 —37z +1 $2(2) = 520+
3 2 3 2

Ps(x) = —25m 4315 $ale) = 15 -1

Mercury Theory Manual; V. 1.



12 CHAPTER 1. ELEMENT FORMULATION

‘We note the uncoupling between axial and transverse displacements since geometric nonlinearity is ignored.

Deformation Under the assumptions of small displacements and plane sections remaining plane (Euler Bernouilli
as opposed to Timoshenko), the section deformation vector £5(z) (axial strain e, (x) and curvature ¢.(x))
is related to the element nodal displacement vector

(1.4)

where Bg(z) is the matrix obtained from the appropriate derivatives of the displacement interpolation
functions.

Bd(m)_|:1/)1(x) 0 0 Yalz) 00

1" 1" "

0 ¢)(z) ¢s() 0 ¢s5(x) ¢1(x)

with
’ ’
Yi(z) = - Ya(z) = -
" 12z 6 " 6z 4
¢1(z) = .3 T.2 Po(x) = 7.2 T I.
" "
¢3(z) = —I5+ 1> ba(z) = 2% - £

Constitutive law

Section constitutive law relates axial strain and curvature to axial force and moment

{ AA;E“;)) }:ks(x) e () (1.5)

—_————

os(x)

where o,(z) is the section force vector, and ks (z) is the section stiffness matrix.
If ks(z) is not derived from layer/fiber discretization of the cross section, and for linear elastic case ks(zx) is

simply equal to

_ | E(x) A=) 0
k() = [ 0 E(z)- L (2) (1.6)

where, E(z), A(z), and I.(z) are elastic modulus, cross sectional area, and section moment of inertia.

Equilibrium  will be satisfied only in the weak sense through the principle of virtual displacement expressed as

Le
od, -f. = [ des(2)” -0u(z) da (1.7)
W—/ 0

External
Internal

Substituting Eq. [L4] and Eq. into Eq. 7 and since the latter must hold for any arbitrary dd., the principle
of virtual work leads to

Le .
sd, -Fo= [ od. -Ba(z)" ke(z)- es(z) dz
0
— Le
fo = Bu(z)" - ko(z)-es(z) dz
0
Le .
= Ba(z)" - ks(z) - Ba(z) dz-de
0
K
f.=k.-d.

Mercury Theory Manual; V. 1.



1.2 Beam-Column Element 13

The element stiffness matrix in local reference is thus given by
Le

k. = i Ba(z)" - ks(z) - Ba(z) dz (1.8)

1.2.1.2 Coordinate system for stiffness-based 2D beam-col ~ umn with Bernoulli beam theory

XZ‘UXZ

VYI’VYI

szgm N><1'u><1

(a) Global reference in an element (b) Local referencae El@ment

Figure 1.2: Internal forces and corresponding displacements in global and local coordinate system for the stiffness-
based 2D beam-column element

The element nodal forces and displacements are expressed with respect to the global reference, Fig. [[2fa) as
F. = |Nx1, V1, Mz1, Nx2, Vy2, Mz2|"
d. = |uxi1, vyi, 0z1, uxz, vye, 922JT

Again, the element nodal forces and displacements of the element can be expressed with respect to the local
reference as shown in Fig. [L2Y(b)

ra AT 5 AT AT 5 AT T
fo = LNwlv Viyr, Mz1, Naz, Vo, MzQJ
3 — — ) — — 0 T

de = Luzlg Vyl, 9217 Uz2, Vy2, 922J

As for the truss element, the rotation matrix which transforms from global reference, (Fig. [L2(a)) to local reference
(Fig. L2(b)) is given by I'c such that

f.=T. F.
d.=T.-6. (1.9)
K.=I7 k. -T.

where, K. is the element stiffness matrix in global reference.
The rotation matrix is then given by

i Nx1 Vw1 Mz Nx2 Vyo  Mza 7
Nz | cosa sina 0 0 0 0
Vo | —sina cosa 0 0 0 0
F.=| M. 0 0 1 0 0 0
N2 0 0 0 cosa sina 0
Vo 0 0 0 —sina cosa 0
L M.o 0 0 0 0 0 1]

1.2.1.3 State determination

It is important to note that we do operate at three different levels in the structural analysis: a) structure level, b)
element level, and c¢) section level. Fig. [[3] shows the interaction of those three levels, and accompanying state

Mercury Theory Manual; V. 1.



14 CHAPTER 1. ELEMENT FORMULATION

determinations.

In an incremental nonlinear analysis, to each increment of force corresponds an increment of displacement from
which the total displacement is then determined. Those nodal displacements are in turn used to determine internal
section forces.

State determination is the process of determining internal forces and tangent stiffness matrix corresponding to
element nodal displacements. It is composed of three parts, Fig.

1. Structure state determination, Fig. [[3a). The element tangent stiffness matrices and internal element force
vector of all the elements are assembled to form the (augmented) tangent stiffness matrix K% and internal
nodal force vector P2 (P4 = Pi™ + Pir") of the structure. Subscript ¢ and u refer to free and constrained
degrees of freedom respectively (that is along the natural and essential boundaries).

2. Element state determination, Fig. [[3Ib). The element tangent stiffness matrices and internal element nodal forces
of each element are determined from the internal section forces for each element which are in turn computed
from section deformations

3. Section state determination, Fig. [[3c), where internal section forces are computed from section deformations
which are in turn determined from element nodal displacements.

Once the structure state determination is complete, the internal nodal force vector (Pi”,f) is compared with the
total applied external nodal force vector (P§%)and the difference (P},), is the residual nodal force vector which is
then reapplied to the structure in an iterative solution process until convergence (equilibrium) is satisfied.

The state determination procedure is straightforward for a stiffness-based 2D beam-column element. The section
deformation vectors €s.(z) are determined from the element nodal displacement vector d. as shown in Eq. 4l The

int

corresponding section tangent stiffness matrices k%" (z) and the internal section force vectors a4 (z) are determined
' are obtained from Eq. [L8]
while the internal element nodal force vectors ?Zem are determined from the principle of virtual work

Ttan
e

from the section constitutive law, Eq. The element tangent stiffness matrices k

. Le
£ = [ Ba@) oli(e)de (1.10)
0

It is important to note that this method leads to an erroneous element response in the nonlinear case. This problem
is again illustrated by Fig. [[3] which shows the evolution of the structure, element and section states during one
incremental external force vector at free degrees of freedom AP: , that requires several iterations k, (7). Subscript
n refers to external force step, superscript k the k" iteration within the external force step n.

The Newton-Raphson iteration method operates in the global coordinate (structural level) system. At each Newton-
Raphson iteration, Fig. [[L4] the incremental nodal displacement vector at the structure level is determined from the
nodal incremental force vector, and then the total element nodal displacement vectors ([1)are determined next.

At the k'™ Newton-Raphson iteration, the element nodal displacement vectors in local reference de ., (0)of the
nodal displacement vector ugyn (ulgn = uf,n + uﬁyn ) of degrees of freedom at the structure level are determined for
each element.

Using Eq. the section deformation vectors g% ., (z) (O)for each section are computed. This is the first
approximation of the element state determination, since Bg.(z) is exact only in the linear elastic case of a prismatic
member.

Assuming that the section constitutive law is explicitly known, the section tangent stiffness matrices kzae"nk(x)

and the internal section force vectors a"/¥ () are readily determined from ¥, () (O). Then, using Eq. [C8 and

. . —k . . .
Eq. [I0 the element stiffness matrices k., in local reference and the internal element nodal force vectors in local

reference ﬁn,ik are determined next (0).

Finally, through assembly of the global stiffness matrix, the structures’ tangent stiffness matrix and vector of nodal
internal forces are determined (), before the residual is computed (L) for convergence assessment.

Since By, () is only approximatd? (since we are approximating the displacement field), the integrals for the element
tangent stiffness matrix in local reference and the internal element nodal force vector in local reference will also yield
approximate results. The approximation of By, (z) leads to stiffer solution, Fig. [[3] (a) and (b). Note that the
curve labeled “Exact solution” is only exact within the assumptions of the section constitutive law and the kinematic
approximations that deformations are small and plane sections remain plane.

To overcome numerical errors that arise from the approximation of By .(z), analysts resort to fine mesh discretiza-
tion of the structure, especially, in frame regions that undergo highly nonlinear behaviors, such as the member ends.
Even so, numerical convergence problems persist. This is precisely why the flexibility based element (as will be shown
later) yields better results.

2We shall see later that the corresponding term in the flexibility based element is not approximate.

Mercury Theory Manual; V. 1.



1.2 Beam-Column Element

External nodal force
A

Pext __ pint
tn Tt

P

t

Approximation

Exact solution

=1
@u;

o tn

(a) Structure level at force step n+1 with Newton-Raphson iterations

uf;z lf:} ukjt —u

\ 4

" Structure u
’ Nodal displacement ¢

Element nodal force
A

f int

f(’

e,n

£ = "B, ()" o™ (x) dr
&l (x)=B,,(x)- d

Jk=2
de,n

(b) Element level in local reference

d’d =d

A\ 4

Element d
Nodal displacement e

en

Section force 0, ,(X)

A
H e ——
. G -
o, (x) 5 —o-¢
. - - -
@) -
-
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_ -
e
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7
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e
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(c) Section level

Section
deformation  s.e (x)

Figure 1.3: State determination for stiffness-based method
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a) Structure level; u, P| b) Element level; a, f |

w 2 pe A
® 1T ® vl e E E E %

&G S D Analysis (3) p| Element Nodal d
@ AP tn u,, Displacements €7
® o & [ Strcture Nodal i }4@ Blement Nodal
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Section o CS Section
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o= f(¢)=D-¢

a) Structure level |

K 1"
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Ol S OL S
: |

{ A b,e

b) Element level | A bfe +
r L,
1, tan,k  gintk ¢ } tan,k int,k @ Jk ¢ 5/(
@ ke n 2 fe n Ke n 2 Fe,n de,n e,n
B, (x)

c) Section level | B, (%)

Section/material constitutive law

Lk int,k k
G ki (x), o (x) - Or e

where, A, , and A;e are the displacement extracting operator and the force assembling operator.

Figure 1.4: State determination procedure for stiffness-based method
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1.2 Beam-Column Element 17

1.2.1.4 Nonlinear analysis using stiffness-based formula tion

With reference to Fig. [[4] to [[L7] we will examine one single step of the Newton-Raphson mehthod for the nonlinear
analysis with section constitutive law. Force and displacement control, mentioned here, are discussed in Sec. .4l and
Layer or fiber section procedure in Fig. [[7] will be described in Sec.

Again step numbers refer to those in Fig. [[3l

[0 Compute the incremental nodal force vector APff,f.

ext ext ext
A]-:,t,n = Pt,n - Pt,n—l

[l Expressing the augmented stiffness matrix Kg as

Pt o Ktt Ktu U
where subscript ¢t and u are associated with free end constrained degrees of freedom respectively, compute the

incremental nodal displacement vector duy,, and corresponding total nodal displacement vector u¢, in the
structure level. Initially, iteration starts from Eq. [L12] with k& = 1.

Ifk=1,

k k
6uu,n = Uy,n — Uu,n—-1, Uun = Uu,n—1 + 61,1“7”
k tan,k—17—1 ext tan,k—1 k
dug, = K" 7 [APY, - K ouy ] (1.12)

tu,n

k k—1 k
g, = U, + 6ut,n

R,k __ ext int,k
P - Pt,n - Pt,n
k4+1 _ tan,k1—1 R,k
6ut,n - [Ktt,n ] 'Pt,n (113)

k+1 k+1 k k+1
= UWt,n—-1 + Aut,n = ut,n + 5ut,n

£
3
|

where, superscript k is the iteration counter, PF the residual nodal force vector in structural level, Au?}il the

total incremental displacement vector from the last converged step, and u®*" the last incremental displacement
vector.

[l Loop over all the elements and determine their state.
e Determine the element nodal displacement vector in global reference.
Iftk=1,

555,71 =Ape - 511?,71 + Ape - 5115,71

Ifk#1,
8%, = Apc - 0ur,

where, A . is a displacement extracting operator.
8 =800 +06¢,

and, ngn corresponds t0 8e,n—1.

e Determine the element nodal displacement vector in local reference

sd., =T, 68",
e
and, Hjn corresponds to de,,—1.

[l Start the section state determination by looping over the element’s sections. The total number of section may
vary from element to element. Therefore, the total number of sections in an element is nlp. and it depends on
the number of integration points in the Gauss Legendre quadrature rule.

Mercury Theory Manual; V. 1.
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Figure 1.5: Flow chart of nonlinear analysis using stiffness-based method (1)
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Figure 1.7: Flow chart of nonlinear analysis using stiffness-based method (3)
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1.2 Beam-Column Element 21

For the section state determination, we first need to distinguish between general section and fiber section as
described later in Sec. [[L3} Presently, we only consider general section. The state determination of each section
is commputed within loop s which refers to the s** section.

k —k
6es,e,n = Bd,s,e : 6de,n
where, By s, is the matrix derived (derivatives) from the displacement interpolation functions at s** section of

et" element.

k k—1 k
Es,e,n = Es,e,n + 5557(3,”

and, €7 ,, corresponds to &s,en—1.

0 Determine the section tangent stiffness matrix and the internal section force vector. If the section constitutive law

is explicitly known, then k@“:,f and 02’2’,’3 are determined from efyeyn. For linear elastic section, we need not to

recompute kgag;f“ as it is identical to the initial section stiffness matrix ks c.

Thus, for elastic sections:

tan,k _
ks,e,n - ks,e

int,k _ tan,k k
Us,e,n - k.s,e,n ) Es,e,n

where, ki%7F is the section tangent stiffness matrix at k' iteration.

[0 Determine first the internal element nodal force vector and the element tangent stiffness matrix, then from Eq.

—tan,k

[CT0 and Eq. [[C8 determine ?énflk and ke

Fint,k Z T int,k
fe,n = Bd,s,e : a’s,e,’n WtS,e
s

where, wts . is the weight coefficient associated with the Jacobian at the s' section of the e'™ element.

Totan,k T tan,k
ke,n = E Bd,s,e ) ks,e,:n : Bd,s,e . WtS»E
s

tan,k . . ..
where, kia: is the element tangent stiffness matrix in local reference.
Finally, from Eq. [ determine FZ\* and K.%".

int,k T gintk
Fe,n = Fe : fe,n

tan,k T Ttan.k
I<e,'n7 = Fe : ke,n ) I‘E

[0 Determine the internal nodal force vector and the augmented tangent stiffness matrix.
int,k T int,k
Pt = Y AL Fn
€
Kyt = Y ALK A
€

. . tan,k : tan,k  petan,k
where, A[. is a force assembling operator, and Kg'7"* encompasses the four submatrices, K", Ko,

Kfﬁﬂ;k, and K.%%F as shown Eq. [CIT}
O Compute the residual nodal force vector at the structural level from Eq. [[T3] and check for convergence:
o If Pf;bk is within the specified tolerance, go to next force increment.

o If Pf’nk is not within the specified tolerance, k is updated to k 4+ 1 and the next Newton-Raphson iteration
starts. Eq. [LI3]in [ through [J are repeated until convergence occurs at the structure level.
1.2.2 Flexibility-based 2D beam-column element

Flexibility-based 2D beam-column elements are “nonconformist” finite elements since they yield the element flexibility
matrix rather than the classical stiffness matrix, and are based on the equations of equilibrium rather than on assumed
displacement field. Nevertheless, they do offer some important advantages which will be highlighted later.
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1.2.2.1 Formulation

In this section we will derive the element flexibility matrix ¢. without rigid body modes and then invert it to obtain
the corresponding element stiffness matrix ke (again without rigid body modes). The retained degrees of freedom
are the axial force at node 2, and the two end moments.

This is particularly interesting in those instances where stiffness-based method formulations are approximate and
flexibility-based method formulations are exact such as a section varying along the element and elements with material
nonlinearity.

Whereas we have used the principle of virtual work (displacement) for the derivation of the stiffness based element,
we shall now use the principle of complementary virtual work (force) through the usual three steps.

Equilibrium  will now be strongly enforced (whereas it was satisfied in the weak sense previously), Fig.

M40

Figure 1.8: 2D beam-column element without rigid body modes

we(z) +Ls os5(x)=0
——

External  Internal
e d
w! )(m) 4| @ 02 { N, () } “ o
wy () o L |1 M)

where, we(z) is the external element traction vector and Ly is the force differential operator which enforces
equilibrium.

(1.14)

By analogy, in the stiffness formulation, the compatibility was “strongly” enforced, and it has led to the
interpolation functions for displacements (also known as shape functions in that particular case).

In here, we will be expressing the equilibrium of sectional stresses in terms of the nodal forces through equilib-
rium. We first assume that there are no external element tractiorﬂ that is we(z) = 0. Whereas we previously
used displacement interpolation functions, we now need force interpolation functions, N(x) in order to exactly
satisfy equilibrium (Eq. [[T4]) along the element

& o { N, (z) }:0

0 C?—; M. ()
will yield
szz(»"C) - 0
2
d 3122@) - 0

Integrating these equations, we obtain

Ng(z) =c3
M. (z) = c1z + c2 (1.15)

Applying the natural boundary condition from Fig. [[.8] with the sign convention (on section force) shown in

Fig. [CA

3This restriction will be later removed.
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‘ > C%:%D
(a) Positive section axial force (b) Positive section moment
Figure 1.9: Sign convention on section forces

No(L) = Ny

Mz (O) — —iViz1

M.(L) = M.,

we obtain

p— le + MzQ

1 71@
6y = — Mo (1.16)
c3 = Nyo

Substituting Eq. into Eq. [LT5]
Nz () = N2
Mz(m) — <Li - 1) le + i]\4z2

e Le
or

(1.17)
NzQ

os(x) N () —

where, f. is the element nodal force vector without rigid body modes.
Finally, from Eq. [[.T7] we extract the matrix of force interpolation functions.

0 0 1
Ny(z) = x x
It should be noted that these shape functions enforce equilibrium at any section along the element.

Constitutive law

: Whereas we have previously expressed section forces in terms of section deformations (Eq. [LH),
we now need to express section deformations in terms of section forces

es(z) = cs(z) - os(x)

(1.18)
where, cs(z) is the section flexibility matrix. If cs(z) is not derived from fiber section (which will be discussed
in Sec. [[3)), then for linear elastic analysis cs(x) is simply.

1
cs(z) = E(E)OA(z) X

E(2)-1: ()

which is simply the inverse of Eq. We note that shear deformations (but not shear forces) are absent in

this classical Euler-Bernouilli formulation, whereas they are included i the so-called Timoshenko formulation.
Compatibility of displacements:

This requirement will be enforced only in a weak form through the principle of complementary virtual work (as

Mercury
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opposed to the principle of virtual work for the stiffness-based method in Eq. [7).

Le
? T T
of. d. = 00 s ces(x)d 1.19
| os(x) -es(x)dx (1.19)

External
Internal

where d. is the element nodal displacement vector without rigid body modes.

Substituting Eq. [LI7 and Eq. [I8linto Eq. [I9 and since the latter must hold for any arbitary éf., we obtain

- T~ Le _ 1 T
ofe de = ofe” -Ny(z) - cs(z) -0s(x) do
0
~ Le Le ~
d. :/ Nj(2) (@) ou(@) de = [ Ny(@)" - co(w)- Nj(z) do L
0 0
d. =¢. - f.

The element flexibility matrix without rigid body modes in local reference is thus given by

Le
Ce = Ni(z)" - cs(z) - Nj(x) dz (1.20)
0
which is the counterpart of Eq. [[8 and the corresponding element stiffness matrix without rigid body modes
in local reference is simply

ke = [e.]"

1.2.2.2 Coordinate system for flexibility-based 2D beam-co  lumn element with Bernoulli beam theory

(a) Local reference in an element (b) Local refeeeincan element
without rigid body modes

Figure 1.10: Internal forces and corresponding displacements in local coordinate system with or without rigid body
for the flexibility-based 2D beam-column element

Contrarily to the reference system of the stiffness-based method in Fig. [2 we need to consider forces and
displacements in local reference with and without rigid body modes as shown in Fig. [L10l
Element nodal force vector without rigid body modes in local reference are (arbitrarily) selected as

f‘e = LMZ17 Mz27 NI2JT
and the corresponding element nodal displacement vector without rigid body modes in local reference are given by

ae = Lézlg ézQ; ﬂ(EQJT
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M..0., M:z"gz o VTJ,I,vj, o VsV
i ) o M”’gﬂf} MZ,HZ/P
x2 Nty . >
747 R \y \\> N,.u,,

Figure 1.11: The relationship between rigid body modes and no rigid body modes

The relationship between rigid body modes and no rigid body modes is obtained through equilibrium, Fig. [L11l

Nzl 0 0 —1
z1l _ "~
Nee (| 0 0o 1 Mo (1.21)
7 1 _1 Na2
Yy2 Le L. ———
M . 0 1 0 fe
fe r’
f.=T. -f
p— ~T ~
d. =T, -d. (1.22)

[~

K.~ k. T
which is the counterpart of Eq.

Finally, the derivation of the stiffness matrix from the flexibility one and the equations of equilibrium parallels the
one which yielded Eq. 77

- | s

= B [ B ET

(1.23)

1.2.2.3 State determination

In their early and pioneering publication ? did not provide a clear and consistent method for calculating the internal
element force vectors from element deformations. Possibly because the finite element formulation is based on the
complementary principle of virtual work and the corresponding flexibility-based 2D beam-column elements do not
have shape functions that relate deformation field inside the element with element nodal displacement vector.

Since the global finite element formulation is based on the stiffness (displacement) formulation, the flexibility (force)
based element formulation will have to be reconciled with the global formulation. Furthermore, internal element force
vectors of all elements should be determined during the phase of state determination. Hence, the state determination
is obtained from the mixed stiffness-based and flexibility-based methods.

The nonlinear algorithm for the mixed stiffness-based and flexibility-based methods will be divided into two methods
(a) with Newton-Raphson iteration in the element level to determine element state, (b) without iteration in the
element level to determine element state. The former is based on the formulation of (?) and the later on the one of

(7).

1.2.2.3.1 With element iterations As with the state determination of stiffness-based 2D beam-column in a nonlinear
structural analysis the state determination process for the mixed stiffness-based and flexibility-based methods with
Newton-Raphson iteration loop in the element level is made up of three parts as shown in Fig. [T4] (which is the
counterpart of Fig. [[J).

1. Section state determination, Fig. [LT4)c)
2. Element state determination, Fig. [LT4(b)

3. Structure state determination, Fig. [[T4|a)
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Figure 1.12: State determination procedure for flexibility-based method with Newton-Raphson iteration in the
element
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Figure 1.13: State determination procedure for flexibility-based method without Newton-Raphson iteration in the

element
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Figure 1.14: State determination for flexibility-based method with element iteration (7)
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Figure 1.15: Element and section state determinations for flexibility-based 2D beam-column element with Newton-
Raphson iteration loop in the element level
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Where, superscript j in Fig. [[TI4(b) denotes the iteration scheme at the element level in the element state determi-
nation process. This iteration loop is necessary for the determination of the internal element nodal force vector f;”t’k
that correspond to the element nodal displacement vector dF at the k" Newton-Raphson iteration.

It is again assumed that the Newton-Raphson is used for the iteration process in the structural level and that this
does not affect the iterative scheme in the element level (which determines the internal element nodal force vector
f'é"t for the element nodal displacement vector ae)

Broadly speaking, this formulation can be decomposed as follows:

1. First, determine the element nodal force vector ff,{ () from the current element nodal displacement vector
using the element tangent stiffness matrix k%*7~1 (0) of the previous iteration.

2. Through the force interpolation functions Ny .(x) determine the section force vectors a¥7 , (x) along the ele-
ment. These are two complications in this procedure.

a) The determination of the section deformation vectors €%/, (x) from section force vectors since the nonlinear
section force-deformation relation is commonly expressed as an explicit function of section deformation
vector (0).

b) Changes in the section tangent stiffness matrices k’;ae"n (z) produce a new element tangent stiffness matrix

which, in turn, changes the element nodal force vector for the given element nodal displacement vector
(t).

These problems are solved through a nonlinear approach which first determines residual element nodal displacement
vector af,i” at each iteration. Then, compatibility of displacement at the structural level requires that this residual
element nodal displacement vector be corrected.

This is accomplished at the element level by applying corrective element nodal force vector based on the current
element tangent stiffness matrix. The corresponding section force vectors are then determined from the force inter-
polation functions so that equilibrium will always be satisfied along the element. These section force vectors will not
change during the section state determination in order to maintain equilibrium along the element.

Finally, the linear approximation of the section force-deformation relation about the present state results in residual
section deformation vectors a‘ﬁg’f;ﬁ (z). These are then integrated along the element to obtain new residual element
nodal displacement vector ([J) and the whole process is repeated until convergence occurs. It is important to stress
that compatibility of element nodal displacement vector and equilibrium along the element are always satisfied in
this process.

The nonlinear solution procedure for the element and section state determinations in Fig. [[.I4] are illustrated in
details in Fig. for one Newton-Raphson iteration k. For illustrative purposes, convergence in loop j is reached
in three iterations in Fig.

The goal of the Newton-Raphson iteration loop in the element level is to determine the internal element nodal
force vector () for the current element nodal displacement vector at the k" Newton-Raphson iteration, hence

di, =de,! +ode

An iterative process in the element level denoted through the superscript j will be introduced inside the k'"
Newton-Raphson iteration, and the first iteration corresponds to j = 1.

The initial state of the element, represented by the point A, and 7 =0 and k = 0 in Fig. corresponds to the
state at the end of the last convergence in structural level. With the initial element tangent stiffness matrix given by

~tan,k=1,j=0 __ ~tan
Ce,'n7 ’ - ce,nfl

and the given incremental element nodal displacement vector
s = 5k
hence, the corresponding incremental element nodal force vector is
6f§il’j:1 _ [ééz?:,k:Lj:o]*l .6(1;;;1,]':1 _ Ré?:,kzl,j:o ) 6&§il’j:1
The incremental section force vectors can now be determined from the force interpolation functions
005k ™ (@) = Nype(a) - 6825177
With the section tangent flexibility matrices at end of the last convergence in structural level given by

LTI gy = el ()

Mercury Theory Manual; V. 1.



1.2 Beam-Column Element 31

the linearization of the section force-deformation relation yields the incremental section deformation vectors.
k=1,j=1 _ _tan,k=1,j=0 k=1,j=1
6es,e,n (J") - cs,e,n (I) : 6as,e,n (I)

The section deformation vectors are updated to the state that corresponds to point B in Fig. [[I5|(b), and the
updated section deformation vector (L) will be given by

even T (@) =00 T () + 0T (@)

For the sake of simplicity we will assume that the section force-deformation relation is explicitly known, then the

section deformation vectors E?E};ﬂ =!(z) will correspond to internal section force vectors ag’f;’ﬁzlﬂ =!(z) and updated

section tangent flexibility matrices ct%;#="=!(z) in Fig. [LI5(b) can be defined.

The residual section force vectors are then determined

Rk=14=1/ \ _ _k=1j=1 int,k=1,j=1
Tsiem 7 (2) =0’ (2) —0eln (z)
and are transformed into residual section deformation vectors e/ 717 ()
R,k=1,j=1 _ tan,k=1,j=1 R,k=1,j=1
€s.em (J") = Cs,e,n (I) "Usen (I)

The residual section deformation vectors are thus the linear approximation of the deformation error made in the
linearization of the section force-deformation relation (Fig. [LI5I(b)). While any suitable section flexibility matrix can
be used to calculate the residual section deformation vector, the section tangent flexibility matrices offer the fastest
convergence rate.

The residual section deformation vectors are integrated along the element using the complimentary principle of
virtual work to obtain the residual element nodal displacement vector ([I).

Le
ATV = | Npe(@) el (@)de
0

At this stage the first iteration (j = 1) is completed. The final element and section states for j = 1 correspond
to point B in Fig. The residual section deformation vectors egg’f,fl‘jzl(m) and the residual element nodal dis-
placement vector &5,;?:17]' =! were determined in the first iteration, but the corresponding element nodal displacement
vector have not yet been updated. Instead, they constitute the starting point of the remaining steps within iteration
loop j.

The presence of residual element nodal displacement vector afjj;f:l’j:l will violate compatibility, since elements
sharing a common node would now have different element nodal displacement vector. In order to restore the inter-
element compatibility, corrective force vector 5f'§i1'j:2 must be applied at the ends of the element as follows

-1
Fk=1,j=2 ~k=1,j=1 TR,k=1,j=1
6fe,n \J — _ [Ce,n \J ] ~df,’n \J

L. (1.24)

e = [ Nye(@) - el ™7 (@) Nye(z)de
0

Thus, in the second iteration (j = 2), the element nodal force vector () is updated as
fr=10=2 _ ph=1=1 | gpk=15=2

and the section force and deformation vectors are also updated to

005 7 (@) = Nye(w) - o851

i T (@) = 0l T (@) + 001 T (@)

b~ () = enin T (@) + el T T (@) - 0010 )
S € OB i €0

The state of the element and sections within the element at the end of the second iteration j = 2 corresponds to

point C in Fig. [LTAl It should be noted that the updated tangent flexibility matrices cg‘fgf;f:l’j:2(x) and residual
section deformation vectors 52;’?51’322 (z) are computed for all sections.
The residual section deformation vectors are then integrated to obtain the residual element nodal deformation

vector &g;le’jﬁ and the new element tangent flexibility matrix 61;;1,]':2 is determined by integration of the section

flexibility matrices c{%"F="7=2(z) according to Eq. [[24] This completes the second iteration within loop j.
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The third and subsequent iterations follow exactly the same scheme. Convergence is achieved when the selected
convergence criterion is satisfied. With the conclusion of iteration loop j the internal element nodal force vector for
the given element nodal displacement vector &’;il are established, as represented by point D in Fig. [[L14] and Fig.
The Newton-Raphson iteration process can now proceed with step k + 1.

When incremental element nodal displacement vector 6&5;%:1 = 5(~l§,n is added to the element nodal displacement
vector (?lff}l at the end of the previous Newton-Raphson iteration, it is important to make sure that the element
nodal displacement vector &ﬁ,n do not change except in the first iteration 57 = 1 during iteration loop j

Equilibrium along the element is always strictly satisfied since section force vectors (L) are derived from element
nodal force vector by the force interpolation functions.

ok en(z) =Nyo(x)-£F, and dot, . (z) = Ny.(z)-56fF,

Compeatibility is also satisfied, not only at the element ends, but also along the element.

~ . -1 . .
it = —[eta]ane
0 0aw) = Nyola) o8ty
Seiin(x) = elliTHa) + el T @) 60l L (2) (1.25)

The second term of Eq. [.25]expresses the relation between section deformation vectors and element nodal displace-
ment vector. However, it should be noted that residual section deformation vectors efyg’f;ﬂfl(m) do not strictly satisfy
this compatibility condition. This requirement can only be satisfied by integrating the residual section deformation

vectors sﬁ;ﬁf;ﬁ;l(m) to obtain aﬁ’f‘j*l. Since this is rather inefficient from a computational standpoint, the small

compatibility error in the calculation of residual section deformation vectors Eﬁg’f’nj ~!(z) will be neglected.
While equilibrium and compatibility are satisfied along the element during each iteration of loop j, the section
force-deformation relation and the element force-deformation relation is only satisfied within a specified tolerance

when convergence is achieved at point in Fig. [L.15]

1.2.2.3.2 Without element iterations This alternative method, first introduced by (?) has the added advantage
(over the previous approach) of avoiding an inner element loop, at the expenses however of additional iterations at
the structural level.

As with the state determination of stiffness-based 2D beam-column in a nonlinear structural analysis the state
determination process for the mixed stiffness-based and flexibility-based method without iteration in the element
level is made up of three phases as shown in Fig.

1. Section state determination, Fig. [LT6|c)
2. Element state determination, Fig. [LI6(b)
3. Structure state determination, Fig. [.T6|a)

Starting with completion of the structure state determination, the internal nodal force vector at k" iteration Pi”jk
is compared with the total applied external nodal force vector Pff”,f and the difference, if any, yields the residual nodal
force vector Pf’nk () which is then reapplied to the structure in an iterative solution process until the difference of
total applied external force vector and internal nodal force vector satisfies within a specified tolerance.

The state determination procedure is straightforward for a flexibility-based 2D beam-column element without
element iteration like stiffness-based 2D beam-column element. The element nodal displacement vector &’gn ()]

without rigid body modes at the k'™ iteration is determined from Eq. [22]
6dt, =T.-off,
de, =do,' +6de,
and the element nodal force vector £¥, (0) without rigid body modes is determined from Eq.
6i}k _ Rtan,kfl . 6ak
~e,n ~e,n _ e,n (1.26)
£, =t +off,

The section force vectors at the k" iteration 0";,67”(1:) (O) are determined from the element nodal force vector f'fn,
and then the section deformation vectors at k' iteration €¥ ,, () (0) are determined from the section force vectors
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Figure 1.16: State determination for flexibility-based method without element iteration (?)
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ot n(x)
805 o n(x) =Ny - 0fF,
ot on(z) =0kl (z) + 00k . . (z)
0€ e (@) = €55 (@) - 605 o ()
et on(z) = el (x) + ek . (2)

Assuming that the section constitutive law is explicitly known, the section tangent flexibility matrices clz,e,n(x)
and the internal section force vectors a2"*%(x) (0) are readily computed from €% . ,,(z) (O).
In this approach the residual section force and deformation vectors are first determined from the section tangent

flexibility matrices cfen(x)

Uigfn(x) = U‘I:,e,n (ZL') - o’i”,let:: (I)
enin(@) = clon(@) il (x)

The residual section deformation vectors are integrated along the element using the complimentary principle of
virtual work to obtain the residual element nodal displacement vector ([I).

~ Le
dff = [ Nyo(@)" el (2)
0

The element flexibility matrix without rigid body modes élg’n is determined from Eq. [[.20] and then the residual

element nodal force vector will be determined form the residual element nodal displacement vector.
£ = el dly (1.27)
The internal element nodal force vector () without rigid body modes is determined from Eq. [[26] and Eq. [27]
gintk _ pk _ pRk
Finally, the internal element nodal force vector is obtained from Eq. [L22]

[ VN o

The flexibility-based 2D beam-column element without iteration in the element level to determine element state is
straightforward method for the state determination procedure unlike the flexibility-based 2D beam-column element
with Newton-Raphson iteration in the element level to do. This element formulation uses the force interpolation
functions without any assumption unlike stiffness based element with displacement interpolation functions. Due to
the exact character of the force interpolation functions, no intrinsic errors exist in the flexibility-based 2D beam-
column element formulation without iteration in the element level to do. In addition, there are no limitations to the
size of the elements, if the element has consistent section along longitudinal axis, for this reason (?)

1.2.2.4 Nonlinear analysis using flexibility-based method

With reference to Fig. [[14 and [[TH] and Fig. [LI7to Fig. for the method with Newton-Raphson iteration loop
in the element level and Fig. [[201to Fig. for The method without iteration in the element level, we will examine
one single step of the Newton-Raphson method in structural level for nonlinear analysis using the flexibility-based
method with section constitutive law due to force and displacement control. Force and displacement control are
discussed in Sec. ??. Layer/fiber section procedure in Fig. [[L7] will be described in Sec.

1.2.2.4.1 With element iterations We first examine the nonlinear analysis of flexibility-based 2D beam-column
element with element iterations with reference to Fig. [[T7] to [LT9

Step numbers are shown in Fig. [[14] and numbers in Fig. indicate the procedure for element and section
determination during iterations.

[0 Compute the incremental nodal force vector APif”,f.
APff”Tf = sznt - Pg,zntfl

0 Compute the incremental nodal displacement vector du; , and total nodal displacement vector u; , in structure
level. Initially, iteration started from Eq. .28 and k& = 1.
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Initialize Compose

,n=0=o, =0, Jen ,= Oden .= Kineo =Ko Kine o‘Km

tan

- ... tan
= ext ke =k
eno s,en 0o~ Sen_ OPtn 0o~ e,n=0 e’ seno

-1 tank=0 — ¢ tan tank=1; 0_ 1
Un’ = U | PO invK 0 =K Kun =K Ken™"70=k 3

tt,n-1 tu,n tu,n-1 en-1
o5l =2,

e,n-17

dse=d,, fio=f,,

en-1"en

o =d

k=1j=0 _
8561'1

en-17

k=1,j=0 _
o 1=

tark= 1j= 0_ ~ tan
sen =€, C C

=0 sep-1'“sen T Vsenp-1

s,en-17

No

¥y Yes

ou®

u,n

=u

— — k
u,n uu,n—l uu,n_u _l+5uu’n

u,n

ouf, =invK 2k 1[EP9’“—F{‘*’:1—K k- Bk :|

tt,n tun

ouy, =invkK e 1IZER';"‘1] ||

intk _— T int,k
Pt,n - 2‘4)3 [Ee,n
e
Rk _ ped _ pintk
Pt,n - Pt,n Pt,n

. -1
VK % =K @ from assembléq 2 )

No

Figure 1.17: Flow chart of nonlinear analysis using flexibility-based method with Newton-Raphson iteration in the
element level (1)
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®

v
Element determination
(Iteration loop: e=1to# of elements)
!

No
k=1
Yes
00}, = A, [Bu, +.4,.[Bug,

30;, = A4, BUY, -
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Jk :5k'—1+55k

1]

odt, =T sy, ods, =T, dy,

ds =ast+odr,, @, = a5+ ods, eREI70= 0

en’ en’®sen

v
Element Loop
(Iteration loop: | = 1to maximum iterationg
v

o) = REM =25 whereR 47 0=k 34~ 53K )7 & od¥,

Fid = Fit+ 60 wheref =0 = 1o

en?

__________________ *
@ Section determination
@ (Iteration loop: s=1to # of sections)
__________________ T
o) = NG B IN, [ (v,

~ . -1
tank,j —| xtank j
k en - |:Ce,n ]

dind =3 N BN vt
S
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(]

gintk — fk tank — ~tank j [ tak — [ tak,j,
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en ' en

Figure 1.18: Flow chart of nonlinear analysis using flexibility-based method with Newton-Raphson iteration in the
element level (2)
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Figure 1.19: Flow chart of nonlinear analysis using flexibility-based method with Newton-Raphson iteration in the

Mercury

element level (3)
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Ifk=1,

k
6uu,n = Uy,n — Uy,n—1

k
Uy,n = Uu,n—1 + 6uu,n

suf, = K T P - Py — K el ) (1.28)
u?,n = llfyﬁl + 6u§n
If k #1,
A T S
duit = (K P (1.29)

k+1 k+1 k k+1
Ui, = Utn-1+ Aut,n =Uu;, t+ 5ut,n

where, superscript k is the iteration counter, PF the residual nodal force vector in structural level, Aufy# the

total incremental displacement vector from the last converged step, and u®** the last incremental displacement
vector.

[0 Loop over all the elements and determine their state.

e Determine the element nodal displacement vector in global reference.
Ifk=1,

88, = Ape - 0uf,, + Ay - ouy ,

Ifk#1,
555,71 =Ape - 511?,71

where, Ay . is displacement extracting operator.
Sem =00n' + 08¢,

and 52,,1 corresponds t0 8¢ n—1.

e Determine the element nodal displacement vector in local reference.
sd., =T, 68",
d:, =d;, +od..,
and Hﬂ,n corresponds to He,n,l.
e Determine the element nodal displacement vector without rigid body modes in local reference.
6df, =T. - dden
de, =de,' +6de,
and, HS,H and &2,n correspond to He,n_l and (Nle,n_l.

[Ja Start the element state determination. Loop over all elements in the structure. The state determination of each
element is performed within loop j.

e Determine the element nodal force vector without rigid body modes
kg _ qtan,k,j—1 Jk,j
5fe,n - ke,n : 6de,n
kg _ gk.g—1 N
fe,n - fe,n + 6fe,n
sdF=1 ££7=° and and, kL%*7=9 correspond to 6df, £¥.!, and kiRt

[ Start the section state determination by looping over the element’s sections. The total number of section may
vary from element to element. Therefore, the total number of sections in an element is nlp. and it depends on
the number of integration points in the Gauss Lobatto quadrature rule.
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e Determine the section force vector.

For the section state determination, we first need to differentiate between general section and layer/fiber
section as described in Sec. [[3] For the sake of this description we consider general section only. The
state determination of each section is performed within loop s where the subscript corresponds to the st
section.

k,j ok,j
5as,g,n = Nf s,e " 5f67]7,

kg o
Os.emn = sen +6asen

th th

where, Ny ;. is the matrix derived from the force interpolation functions at s"" section of e"" element,

and a‘s’g =0 corresponds to ok~ e, L.

e Determine section deformation vector.

k,j R,k,j—1 tan,k,j—1 k,j
5Es:g,n = 65 25 7T‘L7 + cs e, ’n - ) 60'5:;”

k,j )
Es,e,n Es ,e,n + 6Es,e,n

and, e¥770 and ¢/%7=" correspond to €}, and c!:F ! and efF7=0 = 0.

e Determine the section tangent flexibility matrix and the internal section force vector. If we assume that the

section constitutive law is explicitly known, ¢t2%%7 and 6% are both determined from %7 ,,. However,

in elastic section, we need not compute ciaenf J again as it is identical to the initial section flexibility matrix
Cse-

’

e Determine the residual section force and deformation vector.

R,k,j _ _k,j int,k,j
o’sé’n 70.576’” _0'5,5,’n7

R.k,j _ tan,k,j = _R,k,j
Es,e,n = Cs.e,n ‘Usen

[0 Determine the updated element flexibility matrix and the residual element nodal displacement vector.

The residual section deformation vectors and the section tangent flexibility matrices are integrated along the
element using the complimentary principle of virtual work to obtain the residual element nodal displacement
vector and the element tangent flexibility matrix.

~R.k,j T R.k,j
de,’n7 = E Nf,s,e : Es,é,’n : WtS»E
~tan,k,] tan,k,j

E Nf,s,e Cs,e,n Nf,s,e : Wts,e

Ttan,k,j ~tan,k,j —1
ke,n - [Ce,n ]

where, wt, . is the weight coefficient associated with the Jacobian at the st" section of the e element.
Convergence at the element level must be satisfied with the residual element nodal displacement vector.
o If (Nlﬁ;]f’j is within the specified tolerance, go to [I.

o If df;%J is not within the specified tolerance, j and §df*! are updated to j + 1 and —df*7,
and the next Newton-Raphson iteration initiates. We then repeat [a through [0 until convergence
occurs at the element level.

0 Determine the internal element nodal force vector and the element tangent stiffness matrix.

E-int,k _ fgint,k,]’
—=int,k =T Fint,k
fo,, =T.-f,

—=int,k

int,k _ T >
Fe,n - ]-—‘e . fe,n
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tan,k __ _tan,k,j
Cs.e,;n = Csen

tan,k __ q.tan,k,j
ke,'n7 _ke,'n7 ’

—tan,k =T Ctan,k T
ke,n = Fe ) ke n : FE

’

tan,k _ T 71,
Ke,n - Fe : ke n

[0 Determine the internal nodal force vector and the augmented tangent stiffness matrix.

int,k _ T int,k
Pt,n - E Ab,e . Fe,n
e

tan,k T tan,k
Ksyn = E Ab,e . Ke,n : Ab,e
e

. . tan,k . tank yetank getank
where, A/, is force assembling operator, and K&'i"" is consist of K" Ko, Ky, and Kiomk,

tu,n ut,n

0 Compute the residual nodal force vector at the structural level from Eq. [L291 We then satisfy convergence with
the residual nodal force vector.

o If Pf;l’c is within the specified tolerance, go to next force increment.

o If Pf’nk is not within the specified tolerance, k is updated to k 4+ 1 and the next Newton-Raphson iteration
initiates. Eq. 29 in [ through O are repeated until convergence occurs at the structure level.

1.2.2.4.2 Without element iterations We then consider the methodology first proposed by (?) in which there are
no element iteration with reference to Fig. [[ 16l and Fig. [[.20] to .22

[0 Compute the incemental nodal force vector APfﬁf.

ext ext ext
APt,n = Pt,n - Pt,n—l

0 Compute the incremental nodal displacement vector du; , and total nodal displacement vector u; , in structure
level. Initially, iteration started from Eq. [[L30land k& = 1.

If k=1,
k
6uu,n = Uyu,n — Uu,n—-1

k
Uy,n = Wu,n—-1 + 5uu,n

N I I U i 10
Ui, = upy, o+ ouy,
Itk #1,
Pl =Pl P
guiyt = KT Py (1.31)

k1 kt1l k Et1l
Ui p = Utn—1 + Aut,n = UWn + 5ut,n

where, superscript k is the iteration counter, P the residual nodal force vector in structural level, Aufy",;l the

total incremental displacement vector from the last converged step, and u®*" the last incremental displacement
vector.

[0 Loop over all the elements and determine their state.
e Determine the element nodal displacement vector in global reference.
Iftk=1,

565,77, = Ab,e . 6u§n + Ab,e . 61157”
Itk #1,
56§,n = Ab,e : 611?,”
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Figure 1.20: Flow chart of nonlinear analysis using flexibility-based method without iteration in the element level (1)
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®

v
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Figure 1.21: Flow chart of nonlinear analysis using flexibility-based method without iteration in the element level (2)
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Figure 1.22: Flow chart of nonlinear analysis using flexibility-based method without iteration in the element level (3)
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where, Ay is displacement extracting operator.
8 =800 + 060,
and ngn corresponds to 8¢ n—1-
e Determine the element nodal displacement vector in local reference.
sd., =T. 56",
., =d., +od..,
and HS,H corresponds to de n—1.

e Determine the element nodal displacement vector without rigid body modes in local reference.
6dl, =T 6d.n
di, =d:,' +6de,
and, Hg,n and &S,n correspond to de,,—1 and &e,n_l.
[0 Determine the element nodal force vector without rigid body modes
§FF — Rtank-1 53k
£, =t +ofl,

tan

and, £5° and k!%F=C correspond to f. n—1, and kL% ;.
[ Start the section state determination by looping over the element’s sections. The total number of section may

vary from element to element. Therefore, the total number of sections in an element is nlp. and it depends on
the number of integration points in the Gauss Lobatto quadrature rule.

e Determine the section force vector.

k i
5as,e,n = Nf,s,e : 5fe,n
k k-1 k
Us,e,n = Us,e,n + 505,e,n
where, N, . is the matrix derived from the force interpolation functions at the s section of the e'"
element, and af??n corresponds t0 O e,n—1-

[l Determine the section deformation vector. We again assume a general section. The state determination of each
section is performed in loop s.

k tan,k—1 k
6Es,e,n = cs,e,:n : 6as,e,n

k k—1 k
6s,e,n = Es,e,n + 665,6,’)1

and, cts‘ferf;f:o and Efz?n correspond to ég‘fgﬁn_l and €s.e,n—1-

0 Determine the section tangent flexibility matrix and the internal section force vector. If we assume that the

section constitutive law is explicitly known, ct%%* and ¢%** are both determined from &, ,,. However, in

tan,k

elastic section, we need not to compute c;%";’ again as it is identical to the initial section flexibility matrix ¢s .

e Determine the residual section force vector.

R,k k int,k
o’s,é,n = as,e,n - a’s,e,’n

[0 Determine the residual section deformation vector.

R,k __ _tan,k R,k

Es,e,n s,e,n as,e,n

[0 Determine updated element flexibility matrix and the residual element nodal displacement vector.

The residual section deformation vectors and the section tangent flexibility matrices are integrated along the
element using on the complimentary principle of virtual work to obtain the residual element nodal displacement
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vector and the element tangent flexibility matrix.
IRk _ T R,k
de,n - E Nf,s,e “€sen " Wtsye
S
~tan,k T tan,k
Cen = E Nf,s,e *Csen * Nf,s,e : Wts,e
S

l’;éa:,k _ [Ez?g,k] —1

where, wts . is the weight coefficient associated with the Jacobian at the st section of the et element.
[0 Determine the internal element nodal force vector and the element tangent stiffness matrix.
FRk _ {.tan,k R,k
fe,n = ke?: : de,n

gint,k __ 2k rRKk
fe,n - fe,n - fe,n

—int,k =T  Zintk
fe,n = Fe ) fe,'n7

int,k T Fintk
Fe,n = Fe . fe,n
—tan,k =T ~tank
ke,n = Fe ) ke,'n7 : FE

tan,k T ,
Ke‘?: = Fe ) ke,n : FE
@ Determine the internal nodal force vector and the augmented tangent stiffness matrix.
Pt = Y A FO
€

tan,k T tan,k
Kt = DA KO A
e

where, A,{e is force assembling operator.

@ Compute the residual nodal force vector at the structural level from Eq. [[291 We then satisfy convergence with
the residual nodal force vector.

Check convergence
o If Pf;bk is within the specified tolerance, go to next force increment.

o If Pf;f is not within the specified tolerance, k is updated to k 4+ 1 and the next Newton-Raphson iteration
initiates. Eq. [L31in 0 through @ are repeated until convergence occurs at the structure level.

1.3 Layer/Fiber Section

So far, we have assumed that a section is characterized by a moment curvature relation, and that when the moment
reaches the plastic/yield moment, it instantaneously plastifies. This is only an approximation, as in reality there is
a gradual plastification starting from the outer fibers, and this plastification zone gradually spreads inward until the
whole section ultimately becomes plastic. To capture this gradual spread one can either resort to continuum 2D /3D
solid (finite) elements, which is computaitonally expensive/inefficient, or use layered elements. Hence, our objective
is to derive k%" (x) such that

N(x) } tan { e(x) }
= ks e \T
{ M. () @ (o)

Ignoring the effects of transverse shear deformation (accounted for in the so-called Timoshenko beam), and thus
assuming a linear strain distribution (Euler-Bernouilli beam), but a non linear stress-stain behavior, the stress
distribution can be readily determined from

Na(z) | M.(x)
= +
o) =2 T T

At this point, from the nodal displacement, we can determine the section deformations (axial strain, e(x) and
curvature, ¢(x)) (and thus the linear strain distribution), and since we have a nonlinear material, the exact location
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of the neutral axis is not yet known, and at each fiber elevation we do have a different E.*"(z). Hence, with reference

to Fig. [23)

£(x) — £,()— £ 00—

" = —

Tz %é

(a) strain due to axial force ~ (b) strain due to flexure (©) Total strain

+

M)

w,, (0

17
i\
g

S } ) ® @
T | Yo o(x 0,() — o, (x) —
V ==
+

(1) A section in an element along x direction o E
N

(a) stress due to axial force  (b) stress due to flexure (¢) Total stress

(2) Strain distribution (Bernoulli theory)

(3) Stress distribution

Figure 1.23: Stress and strain dirstibution of nonliner material

Primary Terms are those due to pure axial and flexure:
Pure axial force due to o(z) is simply determined from

No(z) = / z o(2)dA = [ i Bl (2) - e(2)dA

1.32
~ 3B (@) - As(a) - e(a) )

Pure moment due to o (z) is considered next, and again we week an expression of (M (z)) in terms of the
curvature and and E!*"(z), and recalling that I = [y?dA and o (7)ay, = EL*"(z) - ¢=(2) - yr

M. (x) = /y2 om(x) - ydA
= [7 B@) (@) -y ydA
IR (1.33)
=0:(2) [ E(2) - gs(a) - y*dA

>N E(2) - Ar(x) -y - ¢x(w)

Secondary Terms of axial force or moment are thus caused by curvature or axial strain.
Second axial force due to curvature
dN.(z) = —E!""(z) - enm(x)dA = —EL""(z) - ¢.(z) - ydA

No(@)=— [ E(2) - $u(z) - ydA

—Y1

=S B () Ar(z) - yr - p2(x)

(1.34)

1

where the strain (eas(x)) is obtained from the curvature (¢ (z)).
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Secondary moment due to axial strain
dM.(z) = —EX"(z) -e(x) -y - dA

M) =~ [ E*(@) e(x) - ydA

—Y1

~ ST B (@) - Asw) -y - (o)

(1.35)

1

Summing up from Eq. to within a matrix, k.%"(z) takes the form:
Nl B (@) Are)  —E""(2)- Ac(@) -y | [ ela)
{ M } a Z { B (x) - Ar(x) - ye E(2) - Ar(2) -7 ¢=() (1.36)

The implementation of this layer or fiber section will require an additional discretization of the cross section into
layers or fibers as shown in Fig. [[L24]

Y4 Z

- =
s

-

f (&)

Y —\ yrI

|
|
|
/
I

s

a) Layer section b) Fiber section
(a) Lay . PO

y

y4

Figure 1.24: Layer/fiber sections-Distribution of control sections and section subdivision into layers/fibers

Noting that layer/fiber stress-strain relations are typically expressed as explicit functions of strain, state determi-
nation is shown in Fig.

We note that this cross sectional definition allows us to easily specify longitudinal steel reinforcement. Shear
reinforcement, on the other hand, can not be explicitly modeled, however, common practice is to assign modified
properties to the confined concrete (?).

1.4 Zero-Length 2D Element Formulation

As discussed in Sec. 7?7 a methodology to account for nonlinearities in frame analysis is lumped plasticity. In this
approach we consider that plastic hinges (or their formulation) contribute for the structural nonlinearity. Those
hinges typically form at the end node regions. Therefore, zero-length element can be used at the end of beam or
beam-column elements.
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gr,n = [1 _yr] Il‘ls(ejn

) 4
Each fiber material constitutive law

o. .= f.(g,), wheref, is functiom™ layer/fiber with .

v

tan
Ur,n’ Er n
|

v

. 1 -1
intk — tank tank _— tark
as,e,n _Z|:_ |]Tr,n' ks,e,n' Cs,en _I:ksan

LY

Figure 1.25: Layer/fiber section state determination

1.4.1 Formulation
The element end deformations in the reinforced concrete are composed of two types:
e flexural deformation that causes inelastic strains

e element end rotation which may be caused be the slip of longitudinal reinforcement in reinforced concrete or
plastic hinges in steel members.
Fig. [L.26] describes zero-length 2D element and examples for usage. Its formulation does not account for coupling
of the three possible degrees of freedom.

Constitutive law  Section constitutive law is expressed as

Nz [EA]tan 0 0 Ez2 - ﬁzl
v, p=| 0 A o vy — T
Mz 0 0 [EIz]tan 022 - 021
. Ktan €e

where, [EA]"", [GA]'*™ and [EI.]"*" are tangent stiffnesses associated with axial, shear and moment.

Equilibrium
Composing equilibrium equations between point A and point B in Fig. [[27

N:L‘l - [EA]tan : (ﬁzl - 612)
Vi = [GA]"" - (Ty1 — Ty2) (1.37)
le = [E-Iz]tan . (azl _§z2)

Likewise between point B and point C,
Nnﬁ = [EA]tan . (Eaﬁ - ﬂa:l)
Vo = [GA]mn - (Ty2 — Ty1) (1.38)
MZ2 = [E-Iz]tan . (§z2 - gzl)
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a. N = [EA[*"[&,, wheres, =U,, - U

b. V, = [GA]""[J,, wherey, =V, , -

c. M, =[El,]*"[, whereg, =6,,

x1

Vi

- gzl

(b) Examples for usage

‘< = )
=ik
(a) Zero-length element
-
%
= N
(1) wall (2) Building (3) Bridge

Figure 1.26: Zero-length 2D element(1)
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Figure 1.27: Zero-length 2D element(2)

Rewriting Eq. [37 and [[38] to matrix form, the relationship between element nodal force and displacement
vector is given by

Nwl Uzl

Vi Uyl

]\/[zl —tan ezl

4 =k, v

Nw2 Uz2

Vy2 ?y?

]\/[zg 922

—— ——

Te de

—tan . . P
where, k. is the element stiffness matrix in local reference.

[EA]m 0 0 —[EA]tm 0 0
0 [GA]™ 0 0 —[GA] 0
—tan 0 0 [EL]" 0 0 —[EL]™
ke = —[B A} 0 0 [EA)™ 0 0 (1.39)
0 —[GA]rem 0 0 [GA]n 0
0 0 —[EL.)t 0 0 [EL]te

1.4.2 Coordinate system in zero-length 2D element

Coordinate system in zero-length 2D element is same as in Sec. [[Z.T.2] Fig.

1.4.3 Element state determination with 2 Dimension and 3 deg rees of freedom per node

With reference Fig. [L28] we will examine one single step of zero-length 2D element for nonlinear analysis.

Step 1: Determine the section deformation vector, axial deformation, shear deformation and curvature.
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L

Element determination for zerclength 2D element
i
No
k=1
Yes
K — k k
55&,n - Ab,e.a_ut,n + Ab,e.o—uu,n
- k
M:n - Ab,e'dut,n |‘_
I
— sk-1
J:n - Je,n + JJ:n
1]
Tk — Tk
adg, =T 0d;,
Tk — k-1 Tk
de,n - de,n + a—de,n
¥
[ I 1
Axial deformation Shear defor mation Curvatrue
k — ik —k — gk Tk — nk nk
Ex,e,n - uxz,en _ux23n yl;,e,n - Vy2,e,n - ylen @e,n - gyz,e,n - gylen
Section constitutive law on Section constitutive law on Section constitutivelaw on
axial for ce deformation shear force-deformation moment-curvature
[ i |
intk _| pyintk intk intk [T
as,e,n - L Nx,e,n Vy,e,n M zenJ
. . . . . . . T
intk —| _ npintk _\/intk _ intk intk intk intk
fevn _L Nyen Vy,e,n Men  Nien Vyen MzenJ
[, tan
ks.e.n.ll 0 0
tank — tan
ks,e,n - 0 .e.n, 22 0
tan
L O 0 ks,e,n,33
tan tan
.en,1l 0 o - .e,n, 1l o O
tan tan
0 ks,e,n,ZZ 0 0 - ,e,n,22 O
tan tan
Etank - 0 0 ,e,n,33 0 O - ,e,n,33
en tan tan
- .e,n,11 0 0 .e,n1l 0 O
tan tan
0 “Rsen,22 0 0 e, 22 0
tan tan
L 0 0 “Rsen,22 0 0 ,en,33 |
tank — =T [, tank
Ke.n - re'ke.n .re
intk — T _¥intk
Fe,n - re .fe,n
\

Figure 1.28: Flow chart of zero-length 2D element for element state determination
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52
. . —k
For each deformation, we extract the associated components from d. ,,.
—k —k _k ok _k —k ok T
de,n = Luml,e,n Uyl,e,n ezl,e,n uz2,e,n vy2,e,n 9z2,e,nJ
k k k k T
es,e,n = Lem,e,nz ’Yy,e,n: qsz,e,nj
k — _
Ez,e,n =  Ug2.en — Uz2en (140)
k —k —_k
Yy,e,n = Uy2.e,;n — Uy2,em (141)
ke —k —k
¢z,e,n = 022,e,n - 922,e,n (142)
where, Eq. [[40] defines axial section deformation, Eq. [[4I]the shear deformation, and Eq. [[L42] the curvature.
Step 2: Determine the section tangent stiffness associated with axial force-deformation, shear force-deformation, and
moment-curvature in the section constitutive laws. Section constitutive laws modified with several variables in
function of material constitutive law associated with uniaxial stress-strain relationship can be used (?). The
internal section force vector is determined next. If we assume that the section constitutive law is explicitly
known, ki%F and ¢"!F are determined from €%, ,,. However, in elastic section, we need not to compute k%7
again as it is identical to the initial section stiffness matrix ks ..
For an elastic section,
tan
ks,e,n = ks,e
int,k k
ch,e,n Ez,e,n
int,k _ tan k
Vy,e,n - k.S,E,TL ’yy,e,n
int,k k
Mz,e,n ¢z,e,n
———— N————
a’iT,Lg,yrlf s?,e,n
where, k% is the section tangent stiffness matrix at k' iteration.
Step 3: Determine the internal element nodal force vector and the element tangent stiffness matrix from Eq. [[.39]

Fint,k int,k int,k int,k int,k int,k int,k | T
f Nzn N Vzn N Mzn, _Nzn N _Vzn, _M;'yne’,nj

e,n = x,ens Vy,emn z,e,n x,e,mn Y,e,n
BAL 0 0 —EBAL 0 0
0 GAZ* 0 0 —GAL” 0
Tk 0 0 EIemk 0 0 —EIlmk
R B OF W 0 0 EAL 0 0
0 —GALm* 0 0 GAL ok 0
0 0 —BIN, 0 0 EILSNE

—tan,k . . e
where, k. ,, " is the element tangent stiffness matrix in local reference.

We determine F*HF and Kok,
, )

int,k T gintk
Fe,n = Pe “len

tan,k T 7tank
Ke,n = Pe cRen Pe

1.5 Zero-Length Section Element Formulation

Zero-length section element is analogous to the zero length element, however, it uses layer/fiber. This element enables
us to model the shift in center of section rotation which may occur (in bar-slip for example). The element is formulated

on the basis of coupled axial force and moment.
Fig. [[.29] describes zero-length 2D section element.

Mercury Theory Manual; V. 1.



1.5 Zero-Length Section Element Formulation

53

—~

Y

A

A
-

Figure 1.29: Zero-length 2D section element(1)

1.5.1 Formulation

Constitutive law  Section constitutive law is expressed as

t t = =
NI _ sl,linl ks[,lln2 Uz2 — Uzl
- tan tan ) 0 0
MZ 5,21 5,22 QZQ - ezl
———’

o Ktan €s

where, k1" is the section tangent stiffness matrix obtained from layer/fiber state determination.

Equilibrium  Zero-length section element is based on Bernoulli beam theory.
Composing equilibrium equations between point A and point B in Fig. [[.30]
le = kjgl,llnl . (ﬂxl - Em?) + 271n2 : (
le = kjgl,lQ’nl . (ﬂxl - Em?) + ki“;é : ( z1l —

Likewise between point B and point C,

NCL‘2 - k:zalnl . (ECL‘Q _ﬂzl) + kz?{é . (

MZQ - k:za2nl . (ECL‘Q - ﬂzl) + kziIQnQ . (

zl)

0.0—0
522 - gzl)

(1.43)

(1.44)

Rewriting Eq. [[L43] and [[44] to matrix form, the relationship between element nodal force and displacement

vector is given by

zl Uzl

0 0

le T—tan 921
NIEQ - ke Uz2

0 0
Mz? §22
——— ——

fe de

Mercury

Theory Manual; V. 1.



54 CHAPTER 1. ELEMENT FORMULATION

_I\/I_zl’g_zl ’) MZ

N, T, e -0 —> N,

x11 ~x

Figure 1.30: Zero-length 2D section element(2)

—tan . . . .
where, k.,  is the element stiffness matrix in local reference.

Ko 0 K KR 0 ki
0 0 0 0 0 0

Can | KIH00 KPR Km0 K

ke - 5’(7/77« 5’(7/77« ;;7« ;;7« 1'45
CKemo0 KR K0 K (14)
0 0 0 0 0 0
K0 K K 0 K

1.5.2 Coordinate system in zero-length 2D section element

Coordinate system in zero-length 2D element is same as in Sec. [L2.T.2] Fig.

1.5.3 Element state determination with 2 Dimension and 3 deg rees of freedom per node
With reference Fig. [[3T] we will examine one single step of zero-length 2D section element for nonlinear analysis.
Step 1: Determine the section deformation vector, axial deformation and curvature.

. . —k
For each deformation, we extracts the associated components from d. ,,.

=k —k Ik —k Ik T
de,n = Lul‘l,e,n 0 Gzl,e,n uzQ,e,n 0 922,e,nJ
k k k T

€s.en = Lex,e,nz qsz,e,nj
k J— —k

gm,e,n - um?,e,n - ucc2,e,n
k —k —k

¢z,e,n = 9z2,e,n - 9z2,e,n

Step 2: Determine the section tangent stiffness associated with axial force-deformation and moment-curvature using
layer/fiber state determination in Sec. [[3] Determine next the internal section force vector. If we assume that

the material constitutive law is explicitly known, kﬁ“ﬁf and ai”etfj are determined from efen However, in the
section with elastic material, we need not to compute ki“fnk again as it is identical to the initial section stiffness

matrix kg .
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0 0 0 0 0 0
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Mercury

Figure 1.31: Flow chart of zero-length 2D section element for element state determination
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If we have a section with elastic material, then

tan
ks,e,n = ks,e

int,k k
Nz,e,'n _ kta’n Ez,e,n

int,k - s,e,n k
Mz,e,n ¢z,e,n

————— —_——
U.I;T,lct,’vlg s?,e,n
where, kiaen,f is the section tangent stiffness matrix at k'" iteration.

Step 3: Determine the internal element nodal force vector and the element tangent stiffness matrix from Eq. [[.45]

gint.k int,k int,k int,k int,k | T
fe,n = LNz,e,n707 Mz,e,n7_ch,e,n707 _Mz,e,nJ

tan,k tan,k tan,k tan,k
ks,e,n,ll 0 s,e,n,12 T Bs.en,ll 0 _ks,e,n,IQ
0 0 0 0 0 0
tan,k tan,k tan,k tan,k
tan.k _ ks,e,n,?l 0 5,5,n,]32 - 5,5,]:%21 0 _ks,e,]'cn,QQ
e,n - tan, tan, tan, tan,
_ks,e,n,ll 0 _k5,125,n, s,e,n,11 0 ks,e,n,l?
0 0 0 0 0 0
tan,k tan,k tan,k tan,k
_ks,e,n,Ql 0 T Bs.e,n,22 s,e,n,21 0 ks,e,n,??

—tan,k . . .
where, k. ,," is the element tangent stiffness matrix in local reference.

. int,k tan,k
We determine F”;" and K",

int,k T gintk
:Fe,n7 = Fe : fe,n

tan,k T Ttan.k
K. re ke, -T.

1.6 Element Force

Structures should resist applied external forces. Applicable external forces of an element basically are divided into
three forces; element nodal forces, element distributed forces and element nodal displacements such as settlements or
pushover tests due to displacement control. These external forces are shown in Fig. [[.32]

y
y

! T t ARl

— — - s
M, Vi Ve M, Weyy(X) ___——”:—”/ AV,

! e ERREE e a— L
N, —»N,—»X rrrrrrrrr0 —> X k’

We,x(x) x
(a) Element nodal forces in 2 dimension (b) Element distributed forces in 2 dimension| (c) Element nodal displacements in 2 dimensiq

Figure 1.32: Forces of an element

Element nodal forces shown in Fig. (a) are applied directly at the corresponding degrees of freedom. However,
so far we have not accounted for the element forces we(x) (as defined in Eq. [[T4)) shown in Fig. (b). Those can
be lumped as concentrated forces at suitably selected arbitrary nodes, and the degrees of freedom at these and the
actual joints are treated as the unknowns. For element distributed forces, we should consider the nodal equivalent

forces f:ef of element distributed forces in structural level irrespective of whether we use the stiffness-based or the

mixed stiffness-based and flexibility-based method. ?:ef on element distributed forces of an element is based on
stiffness-based formulation.
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(o) 1- & 0 0 £ 0 0
x = (133 (132 (133 (172 (132 (173 (133 (132
‘ 0 FF-TF+l H-Ft+r 0 BH-fy Lo
_ We,z ()
we(z) = { Wey () }
—nef Le
fe = Nd(x) . we(x)dx (146)

o

Wy

For a uniformly distributed force vector we(z) = { w
Y

}, then Eq. [[L46]l reduces to the classical

el _ sz~L€ Wy - Le wy L2 wy-Le wy- Le wy~L§JT
e 2 2 7 12 7 2 2 12
which are shown in Fig.

(1.47)

(a) Element distributed forces

w, (12 5 2 w02
12 12
Wt w, [L,
2 2
L

(b) Nodal equivalent forces on element distributades

Figure 1.33: Nodal equivalent forces of an element

Element nodal displacements considered as external forces are shown in Fig. [32] (c). Those are applied as
constraint degrees of freedom.

Let us consider the equilibrium equation considered by element nodal forces, element distributed forces, and element
nodal displacements in an element shown in Fig. [[34]
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t_t_u_ii_iv_vyf_i_i_t_t_t_t_t_TZjl

Figure 1.34: Example with element distributed forces and nodal displacement applied at constraint degree of freedom

If the element has elastic section, we obtain equilibrium equation, Eq. [L48]

o) [2 0 0 B0 0 ] el
z . . 2
V? 0" 12E312 sEgz 0 c 1212312 GEQIZ 0¥ wy Le

yl L L L L
— 6ET, 4ET, _6ET, 2ET. —2? wy L
M 0 > T 0 2 T 0 u e

z1 _ Lg e Lz e ) z1 _ 12 1.48

-—v _EA 0 0 EA 0 0 -7 Wye - Le .
Nao Lo Lo Ug2 2

_7 12E1, 6EI 12E1, 6E1, AT wy Le

Vo 0 T3 L2 L3 TL2 Yy
_7 6EIS 2B 6E1I, 4EIS il wy - L2

0 =5z 222z 0 — 0 y e
M, L L2 Le L2 L. ] 22 -1
—_— —
e ke de Fref

where, superscript 7 indicates unknown forces and displacements, and v' known forces and displacements.

1.7 Summary

This chapter has presented the details of the element formulation coded in Mercury. The Mercury supports most
of the elements (in particular flexibility based fiber elements, zero length and zero length section elements). These

elements are widely used and tested and would enable the analysis of complex structure such as reinforced concrete
frame.
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Chapter 2
CONSTITUTIVE MODELS

The nonlinear analysis of structures hinges on the constitutive relation relating strains to stresses, better yet incre-
mental strains to incremental stresses through E*™. This chapter is devoted to the derivation of such relations for
steel and concrete. In each case we will consider both analytically (or thermodynamically) derived models as well as
heuristic ones which are found to be acceptable.

It should be noted that the constitutive models expressed in terms of stress-strain relationships are to be used in
fiber /layered sections (though the simplified bilinear model can be used in zero-length elements).

2.1 Steel Models

Most metallic materials, when subjected to high stress level, exhibit plasticity behavior, i.e. when force is removed,

the body does not return to its original shape, but has some permanent plastic deformation associated with it.
Materials such as steel or concrete, commonly used in structures, show yielding and plastic deformation. A typical

uniaxial stress-strain curve for steel is shown in Fig. 21l Following a linear response, steel exhibits an abrupt change

Tension test for steel
Stress[ksi]
ot _ _ _ _ _______ P
I
I Rupture
0'y —_— | |
I : |
(I | I
I , I
| Unloading | |
I : |
I | I
[ 1 -
‘0.0012 0.02 0.2 0.25 Strain
Permanent deformation
upon unloading P
elastic yield Strain hardening necking

Figure 2.1: Uniaxial stress-strain curve for steel

in stiffness which occurs at the yield point. Beyond yielding, a permanent deformation is introduced upon unloading.
This behavior can be idealized by a bilinear stress-strain relationship with two slopes, the second being called the
tangent modulus E**™. After reaching the yield point, the slope could be smaller, equal, or greater than zero as
shown in Fig. 2Z2(a).

Fig. B2(b) illustrates on elastic-perfectly plastic situation, that is after reaching the yield stress, the material starts
flowing plastically without any further increase or decrease. The specimen is first loaded to point A, reaches its yield
stress, and then flows plastically at point B, we unload the specimen until we reach a zero-load condition at point C.
However, since we have loaded the specimen beyond the yield point, we observe that a permanent deformation or a
permanent strain has been introduced in the material. We denote this permanent strain in one dimension the plastic
strain e” which is permanent deformation.
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Stress Stress
A A
Hardening
Perfectly A . B . D
Oy — | plastic Oy-— | > >
| | :
: Softening : |
| | :
[ | |
l » Strain | G ' » Strain
e —r——
e? T £f
e
&
(a) Idealization of stress-strain response (b) Stress-strain response of
elastic-perfectly plastic material

Figure 2.2: Idealized stress-strain response hardening material

The total strain € can thus be decomposed into an elastic strain ¢ and a plastic one.

e=¢e*+¢€P
o= E.c¢ (2.1)
c=FE-(e—¢"

Eq. 21 describes the stress-strain relation with plastic behavior for the elastic-perfectly plastic uniaxial loading
conditions.
Next we will present the mathematical structure of two classical phenomenological isotropic hardening model (?).

2.1.1 “Exact” Models
2.1.1.1 Isotropic hardening model

Formulation of this constitutive law is based on classical theory of plasticity and is thus developed as follows:

Helmholtz free energy potential  The general format of associated dissipative models starts from the Helmholtz free
energy expansion. Expanding the free energy into two terms, an elastic and a plastic one, we have

p- (e &) =: %€E~E~ee+%.£.H,€

Elastic Plastic

where p is density, ¢(e% &) the Helmholtz free energy potential function in terms of elastic strain £° and a
strain-like internal variable £, E elastic modulus, and H plastic modulus.

The elastic and plastic moduli F and and H are shown in Fig. [Z33 The elastic and plastic stress, o and q
respectively, are (by definition) given by

99 _ e

Linear elasticity: o :=p- Pec = E-¢ (2.2)
Plasticity: q :=p- g—? =H-¢ (2.3)

where, q is the initial yield stress o, at £ = 0.
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g q
A A
Etan H
g yE—— Yo
|
= E
|
| » & - &
(a) The tangent modulus in elastoplasticity curve (b) The plastic modulus
Figure 2.3: The tangent modulus for isotropic hardening model
Assuming FE and H constant, we can rewrite Eq. and Eq. in rate form as
6 =FE-¢¢ =FE-(6—-¢" (2.4)

q =H-§
Yield function The yield function (in 1D) is defined as
flo,q) =0l —q

Thus if f(o, q) < 0, then the stress is within the elastic domain. Alternatively, if f(o, q) = 0, the stress has
reached its plastic limit. Fig. [24] shows the evolution of the elastic domain. First the strain reaches yielding

Elastic domain 2

2
Evolution
| ®

Evolution of elastic domain

Figure 2.4: The evolution of elastic domain in isotropic hardening model

(dg = o0y), and then at that point further increase in strain results in an expansion of ¢ this will in turn expand
the elastic domain.

Evolution equation  We must define two of thenll:

1We have established a yield criterion. When the stress is inside the yield surface, it is elastic, Hooke’s law is applicable, strains are
recoverable, and there is no dissipation of energy. However, when the load on the structure pushes the stress tensor to be beyond
the yield surface, the stress tensor locks up on the yield surface, and the structure deforms plastically (if the material exhibits
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1. Plastic flow for é” defined by

.99
Jdo

-p

P =5 (2.6)

where, ¥ is a plastic multiplier or consistency parameter (as we shall see later, this term will ultimately
drop of from E*™, and g is the plastic potential function in terms of ¢ and q.

In isotropic hardening models, we assume g(o, q) = f(o,q), thus g—g = sign(o) where sign(o) is 1if 0 > 0

or —1 if ¢ < 0. Then, we rewrite Eq. as
e? =4 - sign(o)
or
y=le" >0
2. The second plastic flow is associated with the strain-like internal state variable associated with plasticity.

€:=%-h(o, q)

where, h(o, q) is a dimensionless hardening function. For simplicity and under the assumption of elasto-
plastic hardening material with bilinear curve,

Therefore, we can rewrite Eq. 2.4 and Eq. as follows

. . . 0
G=E-E—7-37)

(2.7)
— (¢ -4 sign(o))
and
1=H -7 h(o,
a4 Y (0, @) (2.8)
Kuhn-Tucker conditions and consistency condition In the elastic regime, the yield function f must remain nega-

tive and the plastic multiplier is zero. On the other hand, during plastic flow the yield function f must be zero
while plastic multiplier is positive. This is succinctly expressed by the so-called Kuhn-Tucker condition,

Elastic loading and unloading : f <0, 4 =0 (2.9)
Plastic loading : f=0, >0 (2.10)

Eq. and Eq. can be combined for the general case of f < 0 and 4 > 0, then
fey=0 (2.11)

Consistency Condition:  During plastic loading the stress path is constrained to move along the yield surface, thus
this consistency condition precludes us from going beyond the yield surface and is mathematically expressed as

f(o,1) =0, or
f( )_ﬂ.a_" ﬂ@
@ V=5%s "t T aq ot
(2.12)
LOf L0
“ 80 ¢ dq 4=

Tangent Modulus  Finally, we need to evaluate tangent modulus E**™ such that ¢ = E'"¢. Substituting Eq. B

hardening as opposed to elastic-perfectly plastic response, then the yield surface expands or moves with the stress point still on the
yield surface). At this point, the crucial question is what will be direction of the plastic flow (that is the relative magnitude of the
components of el’. This question is addressed by the flow rule, or normality rule
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and Eq. 8 into Eq. Z12] we obtain

of . . Og of .
dp.(e—n. 2 L H- A h =
e (6 gl aa)+aq ¥+ h(o, @) =0
Therefore,
8 g.g
. do
5 (2.13)
ot B 52— 55 H hio, )

For elasto-plastic hardening material with bilinear curve in one dimension,

__sign(o)-E-€
 E+H

and the tangent modulus reduces to

sign(o) - E? - sign(o)

Etan:E_
sign(o) - E -sign(o) — (=1) - H - (1)
2
_g__F
E+H
E-H
E+H

2.1.1.2 Combined isotropic and kinematic hardening model

We describe isotropic and kinematic hardening model. Finally, we summarize the major equations governing plasticity.

g g

A A
g, gy

5 » £ 0 » &

-~ =/~ Bauschinger Effect
” ‘J_ ~ 4 —==7(Kinematic hardeing)
<« «—’ —f:—_/_ :) Isotropic hardening
(a) Isotropic hardening (b) Kinematic hardening

Figure 2.5: Isotropic and kinematic hardening plasticity

Yield surface of isotopic hardening plasticity is symmetric about the origin at o = 0, Fig. 25la), whereas for
kinematic hardening plasticity the yield surface is unsymmetric, Fig. 2Z5(b). This lack of symmetry is caused by the
classical Bauschinger effect.
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Helmholtz free energy potential  The Helmholtz free energy function is now enriched by a set of strain-like internal
state variables for combined isotropic and kinematic hardening (as opposed to a single value previously):

P'¢(€€7§):%~6E~E~ee+%.§T.H.;’:

Elastic Plastic

where, £ is a strain-like vector of internal state variables, and H is the hardening matrix.
i kin | T
E=[£7, &)

Hiso 0

where, £ is a strain-like internal state variable of isotropic plasticity, &M a strain-like internal state variable
of kinematic plasticity, H*° the isotropic plastic modulus, and H*" the kinematic plastic modulus. The
thermodynamically stress-like vector of internal state variables is thus given by

¢ =H-¢
_ LHiso . é-iso7 szn . é-kszT
_ Lq2507 qkszT

o n

where, ¢**° is an isotropic stress-like internal state variable and q*" a kinematic stress-like internal state
variable. Therefore, the rate form of stress-like vector of internal state variables becomes

qf =H-{
_ LHiso giso, . §IanT (2.14)
_ Lqiso7 qkszT

Yield function Having stress-like internal state variable q**°, we redefine the yield function as

kin | 50

flo,q%) :==lo—q
As mentioned above, if f(o, q°) < 0, the stress is in the elastic domain, otherwise, if f(o, q) = 0, the stress
reaches plasticity.
Evolution Equations  Again, we consider two of them:
1. Plastic flow of €P is again given by

.99
Jdo

el =5

(2.15)

and we again assume that g(o, q**°) to be the same as f(o, q**).

Fig. 28] depicts the evolution of the elastic domain for H**° = 0 (isotropic perfectly plastic) and HF™ >0,
The size of elastic domains is the same after evolution.

2. The evolution of { is defined by

=4 h(o, qf) (2.16)
where, h(o, qg) is a dimensionless hardening function.
0
& __99
h(U7 q )7 8q€
— - dg 9y |
6qiso ’ aqkzn
= [1, sign(o —q""™)J"

Combining Eq. 214 and Eq. 216}
¢ =H-£=H-% h(o, q°) (2.17)
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do" -’ 9"+’

|
|
0
qkin _ q|oso @ qkin + qioso
Initial elastic domain @

Evolution of §"

Evolution of elastic domain

Figure 2.6: The evolution of elastic domain in isotropic and kinematic hardening model for H*° = 0 (isotropic
perfectly plastic) and H*™ > 0

Tangent Modulus  To determine E**", we again invoke the consistency condition given by Eq. ZI2]and where ¢ has
now been replaced by §¢

TSy

o+ T gt =0 (2.18)

f(o, d°) o 94

Substituting Eq. 27 and Eq. 217 into Eq. B8]

of . . Og af . e
py E (E o 80) + EAG H-5 -h(o, g°)=0 (2.19)
4 is determined from Eq. 2.19]
% \g.g
do
Y= a7 5y 0f (2.20)
ot B 5t — 3% H-h(o, qf)
From Eq. 27

of . g?. %
— | E— - 880 - Ao Lé
%.E._g__f.H.h(giqs)
— Etan LE
Thus, for elasto-plastic hardening material with bilinear curve, Eq. [220] reduces to:

_ sign(o —g"") B¢
- E + Hiso + HFin
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Finally, we determine the tangent modulus, E*",

of [ g2. 9%
Etan_E_ do do
a 9 of
L E-3L— 3% -H h(o, o)

sign(a _ qkin)Q . E2

. : . ; H*° 0 1
Slgl’l(O’ - qkzn)Q B - \__17 —51gn(a - qkzn)J |: 0 szn :| { Sign(cr _ qkin) }

—F—

_ E- (Hiso + szn)
B + Hiso 4 Hkin
2.1.1.3 Determination for isotropic and kinematic harding parameters

Fig. Zillustrates the procedure to determine uniaxial stress o and tangent modulus E**™ from uniaxial strain e.

2.1.2 Heuristic Models
2.1.2.1 Simplified Bilinear model with isotropic hardening
Whereas the proceeding model is rooted in plasticity theory, its implementation may be problematic. Alternatively,

a phenomenologically similar model can be derived based on (?) and as implemented in (7).

2.1.2.1.1 Stress-strain relation Instead of determining the E'" with H in Sec. ELI.LI] the simplified bilinear
model computes it through a strain-hardening coefficient b which is the ratio of the post-yield tangent modulus E**"
and the initial elastic modulus E, and only considers isotropic hardening with Eq. 22Tl and Eq. (?). Fig. 28
describes this simplified bilinear model.

Etan — b . E
To account for the evolution of elastic domain in isotropic harding, a stress shift oa is determined as follow:

e If the incremental strain Ae changes a positive value into a negative one:

N gmaz _ omin 0.8
A :1+““<7TEfET> (2.21)
oa=A" 0, (1-b)
e If the incremental strain Ae changes a negative value into a positive one:
- gmaz _ jmin\ 08
A :1+“'<TTEfET) (2.22)

oa=A" 0, (1-0)

where, a1 and as are isotropic hardening parameter which reflect an increase of the compression yield envelope
through a fraction of the yield strength after a plastic strain as - U—bi’, and tension yield envelope as a fraction of the
yield strength after a plastic strain of a4 - % az and a4 are isotropic hardening parameter with respect to a1 and as,
and €maq and €,y are the strain at the maximum and minimum strain reversal point. Limiting factor of this model
is that a1, a2, as and a4 must be determined through curve fitting of the model with experimental results. Default

values are a1 = 0, a2 = 55, ag = 0, and a4 = 55 in (?).

2.1.2.1.2 Determination for simplified bilinear model Fig. shows the procedure to obtain uniaxial stress o
and tangent modulus E**™ from uniaxial strain e.

2.1.2.2 Giuffre-Menegotto-Pinto Model Modified by Filippo  uetal.

This section is based on doctoral dissertation of 7.

2.1.2.2.1 Stress-strain relationship The reinforcing steel stress-strain behavior is described by the nonlinear model
of 7, as modified by 7, to include isotropic strain hardening. This model introduces smooth curve to describe similar
behavior to experimental one instead of bilinear curve.
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Hardening model determination
gr,n
ng?n = grp,n—l’ Wheregrp,nﬂ) = ( qi«: = q?,rr:—l’ Where ﬁz:o = | qlrsi = qirs,%—l’ Where ﬁ?lzo = Jy
ar,n = Er |:E‘gr,n _‘grp,n:|
Func = o, , - o[- d,
[ ‘ |
Func<0: Elastic Func >0: Plastic
. Func
b =&, Y E +H® +H"
kin _ ~kin .

qr,n - qrn grp,n = grp,.n +’Y |-_3‘;'gn|:0-r,n _qfl:]
qlrs?1 = quSCr)1 kin _ ~kin , - [H'lkin : _ ~kin

' ' qr,n - qr,n +Y r |ﬁgnl:o-r,n qr,n:|
arn:arn iso iso : (ei,f)

’ ’ qrn:qrn+'YDHist;q
e =E, " .

' Jr,nzo-r,n_;YDErﬁgn[ar,n_q?,:]

Etan - Er qHIrSO + H'r(m)
r.n Er + leso +le<|n
y

Mercury

Figure 2.7: Determination for isotropic and kinematic hardening model
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Stress/
Section force
A
E® =blE
Oyf-——
|
|
E
|
1 .
| Strain/
| Section deformation
|
|
|
-—— —a’y
E® =b[E

Figure 2.8: Bilinear model

The model presented in 7 starts from the following empirical form of the stress-strain relation which is found to
be close enough to experimentally determined ones.

(1-b)-¢"

o =b-¢ +W (2.23)
where,
* € — Erev
gf = —"
€0 — Erev
. O — e (2.24)

00 — Orev
The tangent modulus E*" is obtained by differentiating Eq. 23] and 2:24]

do 00— 0rey do*
Eton = — = 22__“rev, 2.25
de €0 — Epev de* ( )

where,

do” 1-b e
der b+ [(14_6*1%)1/3} ' {1 1 +E*R:| (2.26)

In Fig. 2101 Eq. 2224] represents a curved transition from a straight line asymptote with slope E (a) to another
asymptote with slope E**™ (b), ey and e,¢, are the stress and strain at the point of strain reversal (point A), which
also forms the origin of the asymptote with slope E (a), and oo and £¢ are the stress and strain at the point of
intersection of the two asymptotes (point B).

b is the strain hardening ratio between slope E'®™ and E, and R is a parameter that influences the curvature of
the transition curve between the two asymptotes and permits a good representation of the Bauschinger effect. As
indicated in Fig. 00, €0, Orev and €,y are updated after each strain reversal.

In Fig. 211l R is dependent on the absolute strain difference between the current asymptote intersection point
(point B) and the previous maximum or minimum strain reversal point (point C) depending on whether the current
strain is increasing or decreasing, respectively. There are two reported expression for R(€):

e Menegotto-Pinto original model (?),

CRl'f

R(§) = Ro — I T €

(2.27)
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i

Bilinear model determination

&

r.n

v

Emin

r.n

— ~min
- gr,n—l’

whereg™ = 0, &=

rn=0

max
gr n-17

wherg, 72,= 0

Shifty, = shift),_,, where Shift _.,= 1, Shif = Shfft_, ,kere Shiff _,=:
Forceflag , = Forceflag, , , where Faeflag , = 0

v

Ac=¢

r,n

—&
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ES =b[E, ¢, =

t

C1=Er,

an
o LE,

rn?

y.r E

4
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if Forceflag , = €

else if (Forceflag, = 1 and¢, , <

else if (Forceflag, =— 1 and¢, , >

Forceflag, =-1

If A, >0: Forceflag, = : | & =Max[&, ., &7

else: Forceflag, =- 1
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Forceflag , = 1
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max min
AP =1+ Ein “Ein
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[
-

Figure 2.9: Determination for simplified bilinear model
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Figure 2.10: Menegotto-Pinto steel model
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Figure 2.11: Definition of curvature parameter R in Menegotto

Theory Manual; V. 1.

Mercury



2.1 Steel Models 71

e Steel2 in OpenSees (?),

R(E) = Ry (1 - %fg) (2.28)

where, Rp is the value of the parameter R during first loading, and cRi and cR2 are experimentally determined
parameters to be defined together with Ry. £ can be expressed as

e™ —¢o

€= (2.29)

€y

where, €™ is the strain at the previous maximum or minimum strain reversal point depending on whether the current
strain is increasing or decreasing, respectively. ¢ is the strain at the current intersection point of the two asymptotes.

As shown in Fig. 210} both ™ and &g lie along the same asymptote and &, is the initial yield strain. Fig. 2T
shows how ¢ is updated following a strain reversal.

Some clarification is needed in connection with the set of rules for unloading and reloading which are implied
by Eq. 223l to allowing for a generalized load history. If the analytical model had a memory extending over
all previous branches of the stress-strain history, then it would allow for the resumption of the previous reloading
branch, as soon as the new reloading curve reached it. However, this would require that the model store all necessary
information to retrace all previous incomplete reloading curves, and this is clearly impractical from a computational
standpoint. Memory of the past stress-strain history is therefore limited to a predefined number of parameters, which
in the present model are:

1. stress and strain at the last state of the model

2. stress and strain at the last state reversal point

3. stress and strain at the last asymptote intersection point

4. flag indication whether the last branch is ascending or descending
5. strain at the previous minimum strain reversal point

6. strain at the previous maximum strain reversal point

As a result of these restrictions reloading following partial unloading does not hit the original curve following
unloading started, but, instead, continues on the new reloading curve until reaching the monotonic envelope. However,
the discrepancy between the analytical model and the actual behavior is typically very small, 7.

The above implementation of the model corresponds to its simplest form, as proposed by ?7: elastic and yield
asymptotes are assumed to be straight lines, the position of the limiting asymptotes corresponding to the yield
surface is assumed to be fixed at all times and the slope E remains constant, Fig. 210l

In spite of the simplicity in formulation, the model is capable of reproducing well experimental results and its
major drawback stems from its failure to allow for isotropic hardening. To account for this effect 7 proposed a shift
of 0p and g¢ in the linearly yield asymptote as follows:

e If the incremental strain Ae changes a positive value to a negative value:

gmaez _ Emin 0.8
AN =1 +aq - (7)
2-a2 gy
_ "0y AN + Etan CEy - AN — Orev + E- Erev (230)
€0 = E — Etan

o0 =—0y - AN + B (g, + g, - AV)

e If the incremental strain Ae changes a negative value to a positive value,

emacv _ emin 0.8
AP =1 +as - (*)
2-a4 - gy
co = Oy 'AP_Etan'ey 'AP_UTeU+E'5rev (231)
0= E — Etan

oo =0y AT+ E"" (g, —g, - AT)
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where, a1 and as are isotropic hardening parameter which reflect an increase of the compression yield envelope
through a fraction of the yield strength after a plastic strain as - ‘T—bi/, and tension yield envelope as a fraction of the
yield strength after a plastic strain of a4 - %y a2 and a4 are isotropic hardening parameter with respect to a1 and as,
and €maq and €,y are the strain at the maximum and minimum strain reversal point. Limiting factor of this model
is that a1, a2, a3 and a4 must be determined through curve fitting of the model with experimental results. Default

values are a1 = 0, a2 = 55, ag = 0, and a4 = 55 in (?).

2.1.2.2.2 Determination for modified Giuffre-Menegotto-P  into Model  Fig. to show the procedure to
obtain uniaxial stress o and tangent modulus E**" from uniaxial strain .

Y
Giuffre-Menegotto-Pinto Model Modified by Filippat al determination

| |

v

0, (o7
sh _ R — Zini,r _
Er - br IjEr "Ey,r - Er ,|f (Uini.r z O)vthen gini.r - Er and‘gr n - gr n +£ini r
Erev,r,n = Ere\/,r n-17 Wheregrev; n=0 = O’Ure\/[ n = Uralr n-17 Whergrwn n= 0: O
Eorn = Eop n-p Whereey = 0,0, =0,,,, Whereg, _,= 0
a. : . ) g,
max — o max max — —Y.r min—_ ~ min min — _ T Y.r
gr,n - gr,n—l' Where‘gr n=0" E 'gr n — gr n-17 Wherer n=0" E
T T
Epen = Epen-1 Wheregpevn=0 =0
Forceflag , = Forceflag,, ,where Forceflag= 0
| Af = Er,n - gr,n—l |
if Foceflag, = C | else if Foceflag, = | else if Foceflag, =—

Figure 2.12: Determination (1) for Giuffre-Menegotto-Pinto Model Modified by Filippou et al.

2.2 Concrete Models

2.2.1 Heuristic Models
2.2.1.1 Modified Kent And Park Model

This section is based on doctoral dissertation of (7).

2.2.1.1.1 Stress-strain relation The concrete model describes the concrete stress-strain relation under an arbitrary
cyclic strain history. In particular, the model implemented takes into account four important factors:

1. effect of concrete confinement on the monotonic envelope curve in compression

2. successive degradation of stiffness of both the unloading and reloading curves, for increasing values of compres-
sive strain

3. effect of tension stiffening

4. hysteretic response under cyclic loading in compression
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if Foceflag, = C

R= RO _ Rgraxio EICRi g

cR, +¢
&= ‘gr,n B grev,r,n
Eo,r n - grev,r n
c, =1+

— AR
¢,=q
. £
o,,=b E+@1-b)E—
| C2
ar,n = Ur,n |Ia.o,rn _Jrevy n) + a-revr n

gy » 4D)
.n T Cl |12

Elen = gan Gao,r n_ Urev,rn
rn . =rn

orn grev,r n

if Ae=0 else if Ae < C else if Ae > C
Earn=0 Erarn =0 Eern=0
Ororn=0 Orein=0 Oreyin=0
Ern=0 &,n=0,,1E E,n="0,, 1 E
UO,r,n =0 UO.r n = yr U'UJ n = _Jyf
&gy=o,, IE gr=0, IE gr=0, IE
gw=-0, IE g =-o, |E e =-0, IE
Forceflag,, = 0 Epon =N Epen S ENRY
g,,.=0, Forceflag,, = 1 Forceflag,, = -1

tar:‘ =E &= Epen " €orn &= €pen " €orn
Ey,r ‘gy,r

R:RO_RgratioBﬂ

R, +¢
_ &~ Erern
Eorn = Erers n
¢, =1+¢

0. =b E+@1-b)E>
, :

Ur,n = ar,n |la-o,r n - a-rev; n)
g _py +07D)
r.n r &
Cl 2
Etan — Etan Gao.r n_ Urev,r n
rn . =ron _
0r.n Erev,r n

+0,

revyn

Figure 2.13: Determination (2) for Giuffre-Menegotto-Pinto Model Modified by Filippou et al.
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Figure 2.14: Determination (3) for Giuffre-Menegotto-Pinto Model Modified by Filippou et al.
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Figure 2.15: Determination (4) for Giuffre-Menegotto-Pinto Model Modified by Filippou et al.
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The monotonic envelope curve of concrete in compression follows the original model of 7 and extended by ?. Even
though more accurate and complete models have been published since, the so-called modified Kent and Park model
offers a good balance between simplicity and accuracy.

Tension stiffening is the ability of concrete between cracks to resist tensile stress and contribute to the flexural
stiffness of the member. Due to the discrete nature of the cracks, concrete in between cracks remains bonded to the
reinforcement and, thus, contributes to the stiffness of the member. However, as the magnitude of load increases,
additional cracks form at closer intervals, hence reducing the tensile stress that can be developed in the concrete.
Therefore tension stiffening is gradually reduced as load is increased in the post-cracking stage. Past investigators
have taken tension stiffening into account by modifying the concrete stress-strain relation such that, after reaching
the tensile strength (cracking), the tensile stress reduces gradually to zero as tensile strain is increased. The gradual
reduction of tensile strength is often approximated as linear, multi-linear or exponential. A similar approach with
a linear rate of reduction is adopted. However, the results indicate that the application of tension stiffening over
all fibers of a member can lead to significant overestimation of the ultimate strength. Rather tension stiffening is a
localized phenomenon that affects the concrete in the immediate vicinity of the reinforcement. In analytical studies,
only the concrete fibers within an effective area around the reinforcements are assigned tension softening. Clearly,
the size of the effective area has a significant effect on tension stiffening behavior of the member.

30 | A (&, KTK,)
20
)
o
=3
0
(%)
g
B 10
B (£, 0.2K [T, ) C
» = e
0 o
0 0.02 0.04 0.06
Strain [mm/mm]

Figure 2.16: Concrete material model in compression

(?)

In the modified Kent and Park model (?) shown in Fig. 2I6 the monotonic concrete stress-strain relation in
compression is empirically defined by three regions. Adopting the convention that compression is positive, the three
regions are,

e Segment OA: g, < g

Ec Ec 2
con iz ()]

From this equation, we can determine the maximum compressive strength of confined concrete:

fé,confined = Kfé (232)
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e Segment AB: g9 < . < €20
oe=K-fo-[1—Z(ec—e0)]
e Segment BC: €. > e29
o.=02-K-f
The corresponding tangent moduli are given by the following equations

e Segment OA: . < eo

EtanZQKfc<1_2)

€0 o
e Segment AB: g9 < . < €20
Etan:—Z'K'fc

e Segment BC: ec > €20

Etan — 0
where,
e0 = 0.002 - K
ps * fys
K=1+—=—
fe

0.5
340.29- fc n
Tis7. 000 T 075 ps - /5 —0.002- K

€0 is the concrete strain corresponding maximum stress, €29 the concrete strain at 20 percent of maximum stress, K
a factor which accounts for the strength increase due to confinement, Z the strain softening slope, f. the concrete
compressive cylinder strength in MPa (1 MPa = 145 psi), fys the yield strength of stirrups in MPa, ps the ratio
of the volume of hoop reinforcement to the volume of concrete core measured to outside of stirrups, h the width of
concrete core measured to outside of stirrups, and s, the center to center spacing of stirrups or hoop sets.

From the previous equations, €29 can be determined from

Kfé - O'Qfé,confined
7K}

€20 = €0 + (2.33)

The cyclic unloading and reloading behavior is represented by a set of straight lines. Fig. 2I6]shows that hysteretic
behavior occurs under, both, tensile and compressive stress. Although the compressive and tensile hysteresis loops
are continuous, they will be discussed separately for the sake of clarity.

On the compressive side of the model, there is a successive degradation of stiffness of both the unloading and
reloading lines for increasing values of maximum strain, as shown in Fig. The degradation of stiffness is such
that the projections of all reloading lines intersect at a common point R in Fig. [ZT7l Point R is determined by the
intersection of the tangent to the monotonic envelope curve at the origin and the projection of the unloading line
from point B that corresponds to concrete strength of 0.2 - f. (Fig. 2I7)). The strain and stress at the intersection
point are given by the following expressions

02 K- fo— FEx-€

£ =
f E. - Bz (2.34)
OR = Ec *ER

where E. is the tangent modulus of the monotonic envelope curve at the origin, Fao is the unloading modulus at
point B of the monotonic envelope curve with a strength of 0.2 - f.. The magnitude of F2o has to be determined
experimentally.

After unloading from a point on the compressive monotonic envelope (point D in Fig. [ZI7]), and before reaching
the zero stress axis (point H in Fig. [2I7), the model response follows two smaller envelopes that are defined by the
following equations,
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Figure 2.17: Concrete material model under cyclic loading in compression

(?)
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e Maximum envelope (line HD)
Omaz = Om + ER - (5c - em) (235)

e Minimum envelope (line HE)

Omin = 0.5-FR - (Ec - Et) (236)
where,
Ep = Om — OR
Em —ER
o (2.37)
t —<Sm ER

om and &, are the stress and strain at the unloading point on the compressive monotonic envelope, respectively.
Therefore, the positions of the two smaller envelopes depend on the position of the unloading point. For partial
loading and unloading cycles within the smaller envelopes the model follows straight line with modulus FE..

In the numerical implementation a trial stress and tangent modulus are assumed based on linear elastic behavior
with slope FE.,

UZ,Tn = Ocn—1 1t E. . AEc,n (238)

where aéfn is the updated trial stress, ocn—1 is the previous stress state and Aec, is the strain increment. The
following rules are then used to determine actual stress and modulus of the model

if  omin < szn < Omax then oc, = UZTn and E'" = E,
if o, < Omin then ocn=0min and E'“" =05 E, (2.39)

. t ¢
if  oc,y > Omax then ocn = Omae and E™" = E,

The rules governing the hysteretic behavior of the model in compression according to Eq. 234 to[2Z:39 are illustrated
by a sample history in Fig. ZZT7 If unloading occurs from point D to point E, reloading will be on the same path
back to D. If unloading reaches point F, the hysteresis loop DEFGD will result upon reloading. If complete unloading
to point H occurs, reloading will result in the hysteresis loop DEHD. It is important to note that the reloading line
will always rejoin the compression monotonic envelope at the point of initial unloading. For the case when unloading
continues past point H and the model starts reloading in tension, a different set of rules govern the hysteretic behavior.
However upon reloading in compression, the model will reenter the compression region at the point on the zero stress
axis at the completion of unloading (point H) and whatever happens in the tension region will not affect the behavior
of the model, once it returns to the compression region.

The tensile behavior of the model, as shown in Fig. [ZI8] takes into account tension stiffening and the degradation
of the unloading and reloading stiffness for increasing values of maximum tensile strain after initial cracking. The
maximum tensile strength of the concrete (modulus of rupture) is assumed equal to,

fi = 0.6228v/F. (2.40)

where f; and f. are expressed in MPa.

Fig. I8 shows two consecutive tensile hysteresis loops which are part of a sample cyclic history that also include
compressive stresses. The model assumes that tensile stress can occur anywhere along the strain axis, either as a
result of initial tensile loading or as a result of unloading from a compressive state. In the latter case a tensile stress
occurs under a compressive strain. The tensile stress-strain relation is defined by three points with coordinates (e¢,0),
(etp, otp) and (eu, 0), as represented by points J, K and M in Fig. 2I8] respectively. ¢ is the strain at the point where
the unloading line from the compressive stress region crosses the strain axis. ¢; is given by Eq. 237 and changes with
maximum compressive strain. e, and oy, are the strain and stress at the peak of the tensile stress-strain relation
and are given by the following expressions,

Etp = €t + Aey

E 2.41
UtP:ft'<1+Et)_Et'AEt ( )

where Ag; is the previous maximum differential between tensile strain and &; as shown in Fig. [ZTI8 Before initial
cracking, Ae; is equal to fi/E.. E: is the slope of the softening branch of concrete in tension (typically -1/10 to -1/5
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Figure 2.18: Concrete material model under cyclic loading in tension

()
of E.), & is the strain at the point where the tensile stress is reduced to zero and is given by the expression,

1 1
Y= N 2.42
€ et + [ ( 5 + EC) ( )
Given these three control points, the tensile stress-strain relation and tangent moduli are defined by the following
equations (tension is positive),

o Segment JK: €, < ec < eyp

0e=E'"" (e —gy), E"=_—T2 (2.43)
Etp — €t
o Segment KM: g4 < ec < €4
Oe = 0tp + B - (60 —e1p), E"" =—E, (2.44)
e Segment MN: g, > &,
oe=0, E"" =0 (2.45)

If €t > €4 then o4p, 0 and E'™ are all assumed to be zero. The modulus E; controls the degree of tension stiffening
by controlling the slope of Eq. 244l The steeper the slope, the smaller will be the effect of tension stiffening. Tensile
unloading and reloading are governed by Eq. [Z43] which also includes stiffness degradation for increasing values of
strain differential Ae;. The value of Ae: changes whenever . — 4.

The tensile behavior of the model, as characterized by Eq. 2.40] to can be better understood by following
the example load paths in Fig. 218l As the model unloads from compression, it crosses the strain axis at the point
J. It then loads in tension until initial cracking occurs at point K. Beyond point K softening commences until the
strain reversal point L. The unloading path follows a straight line from point L to point J where the model reloads
in compression. The second time the model goes into tension is at point J’. The reloading path J'K’ is exactly the
duplication of the previous unloading path LJ that has been shifted a distance JJ’ along the strain axis. At point
K’ the model rejoins the softening branch which continues until the tensile stress is reduced to zero at point M’. The
stress remains zero through the strain reversal point N’ until the model reloads in compression at point J’. Henceforth,

Mercury Theory Manual; V. 1.



© 00N UAWN

NNNNNNUNO000 R0 N U NN TN NG A RRERRRRROUWRWWWWWONNNNNNDNNNNE R SRS R
NOUARNHOODNIDTRARRNROOONIRNRNARXNRODORIDNARNFOORIOURRNFROONTIOUNAWNRODOOIDUAWNRO

2.2 Concrete Models

81

the tensile stress capacity of the model is reduced to zero.

The present concrete model is relatively economical in terms of the amount of memory required of the past stress-

strain history. The parameters that are used as memory can be listed as follows:

1. the stress and strain at the point corresponding to the last model state
2. the strain at the last unloading point on the compressive monotonic envelope, €,

3. The differential Ae; between maximum previous tensile strain and e,

The concrete damage considered in the present model is in the form of unloading and reloading stiffness degradation
for increasing values of maximum strain. But actual concrete damage also includes the reduction of the monotonic

envelopes under cyclic loading.

2.2.1.1.2 Data preparation for modified Kent and Park model

Listing 2.1: Data Preparation for Modified Kent and Park Model

%% Modified Kent and Park Model for CORE CONCRETE
clear
clic
g
%% User input data
% Umnits 1: MPa; 2 ksi
units =2;
% concrete compressive strength
f_c_unconfined = 5;
% steel
fys = 60; %Yield strength of stirrups
f_ys =1.25%xfys; %To account for rate effect
% geometry
b = 14; %Member width (in)
d = 20; %Member height (in)
L = 12%13.5; %Member length
cover = 2; %Cover to stirrup
sh = 12; %Center to center spacing of stirrups
stirrup-dia = 3/8; %in
n_stirrup = 15; %Number shear reinforcing bars in member
o
%% Compute intermediary values
A_core = (b—2%cover )*(d—2xcover ); Y%in "2
P_core = 2% ((b—2xcover) + 2%(d—2xcover)); %Perimeter of core approx. equal to length of single stirrup
V_stirrup = n_stirrup(pi/4xstirrup_-dia 2xP_core ); %Total volume of shear reinforcement
rhos = V_stirrup/(A_corexL); %Ratio of volume of shear reinforcement to volume of
%concrete core measured to outside of stirrups
h = d—2*xcover ; Y%width of concrete core measured to outside of stirrups
"
% Compute parameters
lambda = 0.3} %Ratio of unloading slope at epsilon_-c to slope EO, Default value 0.3
% Factor to account for strength increase due to confinement
K =1 + (rhosxf.ys)/f-c_unconfined ;
% Controls the descending branch of the compressive stress strain curve
switch units
case 1 % MPA
Z = 0.5/(((34+0.29%f_c_unconfined)/(0.145% f_c_unconfined —1))+4(0.75%xrhosxsqrt (h/sh))—-0.002xK); %Strain soften
case 2 % psi
Z = 0.5/(((34+0.29%f_c_unconfined /0.145)/(f_c_unconfined —1))+4(0.75%xrhosxsqrt (h/sh))—-0.002xK); %Strain soften
end
% Compressive strain corresponding to peak stress in compression CONFINED
%

epsilon_O_unconfined =0.003;
epsilon_-O_confined = 0.002%K;
% Peak stress in CONFINED concrete
f_c_confined = Kxf_c_unconfined ;
% Ultimate strain in compression
f_c_20_unconfined=f_c_unconfined /3;
f_c_20_confined =0.2xf_c_confined ;
epsilon_20_confined = epsilon_O_confined+4+(K«f_c_unconfined —f_c_20_confined)/(Z+xKxf_c_unconfined );
epsilon_-20_unconfined = 3xepsilon_O_unconfined ;
% Initial E in compression (same for confined and unconfined
E_O_unconfined=2xf_c_unconfined/epsilon_O_unconfined ;
E_O_confined=2+f_c_confined /epsilon_O_confined ;
% Initial E in tension
E_t_-unconfined=E_O_unconfined /5;
E_t_confined=E_O_confined /5;
% Tensile strength
switch units
case 1 % MPa
sigma_t_unconfined =0.6228+ sqrt (f_c_unconfined );
sigma_t_confined =0.6228x sqrt (f-c_confined );
case 2 % psi
sigma-t-unconfined
sigma_t_confined =

concrete)

= 7.5xsqrt(f-c.unconfined *1000);
7.5%sqrt (f-c_confined *1000);

end
o

fid=fopen (’Concrete —Properties.out’,’ w+);

fprintf (fid ,’
fprintf (fid ,’
switch units
case 1
fprintf (fid ,’
case 2
fprintf (fid ,’

Preparation of Concrete input data in Mercury\n’);
for the Modified Kent and Park Model\n\n’)

Units MPa\n\n’)

Units Ksi\n\n’)

Mercury
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end
fprintf (fid ,’ UNCONFINED CONCRETE\n\n ') ;
fprintf(fid,  Intial tangent modulus in tension ...... %8.2f\n’, E_t_unconfined );
fprintf(fid ,’ Confined compressive strength .......... %8.2f\n’,—f_c_unconfined );
fprintf (fid ,’ Peak strain in compression ............. %8.2f\n’,— epsilon_O_unconfined );
fprintf(fid ,’ Strain at 20 percent of peak stress....%8.2f\n’,—epsilon_20_unconfined );
fprintf(fid ,’ Stress at 20 percent of peak stress....%8.2f\n’,—f.c.20_unconfined );
fprintf (fid ,” Tensile strength ....................... %8.2f\n’,sigma_t_unconfined );
fprintf (fid ,’” Coefficient Lambda..................... %8.2 f\n\n’,lambda);
fprintf (fid ,’ CONFINED CONCRETE\n\n ') ;
fprintf(fid ,’Intial tangent modulus in tension ...... %8.2f\n’,E_t_confined );
fprintf(fid ,’ Confined compressive strength .......... %8.2f\n’,—f_c_confined );
fprintf (fid ,’ Peak strain in compression ............. %8.2f\n’,— epsilon_O_confined );
fprintf(fid ,’ Strain at 20 percent of peak stress....%8.2f\n’,—epsilon_20_confined );
fprintf(fid ,’ Stress at 20 percent of peak stress....%8.2f\n’,—f_c_20_confined);
fprintf (fid ,’ Tensile strength ....................... %8.2f\n’,sigma_t_confined );
fprintf (fid ,’ Coefficient Lambda ..................... %8.2 f\n’,lambda ) ;
fclose (fid)
J
2.2.1.1.3 Determination for modified Kent and Park model Fig. [2.19] and [2.20] show the procedure to obtain

uniaxial stress o and tangent modulus E**™ from uniaxial strain e.

2.2.2 “Exact” Models
2.2.2.1 Anisotropic damage model with effective damage and stiffness recovery

Whereas the modified Kent-Park model has been successfully used in may applications, it remains a heuristic empirical
model which accurate performance may not be assured within the context of real-time hybrid simulation with limited
number of iterations. To address this possible handicap amore, rigorous and thermodynamically correct constitutive
model for concrete is implemented B. Such a model was developed by ?.

2.2.2.1.1 Constitutive model

Thermodynamic potential  The Gibbs potential p - ¢* is based on the Ladeveze’s framework (?) for anisotropic
damage model. The splitting of the stress tensor into deviatoric and hydrostatic components allows us to
consider seperately the shear and the hydrostatic parts. Furthemore, each component is again splitted into two
additional ones: the positive and the negative in order to model the unilateral effect, Fig. 22Tl The damage
influences only the positive part through the damage tensor D.

p- o + (Tro)2 (2.46)

= 5 [ (Eotot) om0 )] ¢ o ({2

where p, v and E are respectively the density, the Poisson’s ratio and Young modulus. The tensor H is defined
by
H=(1-D):
where ()7 is the deviatoric of (-),
D 1
()7 = () = 3Tr() 1
(-)+,— is the positive or negative part of (-), and Dy is the hydrostatic part of D,

Dy = %TrD

In Ladeveze’s framework (7), a‘f is an unusual positive part of o”: if A; are the eigenvalues of Ho” and T
the corresponding eigenvectors, o'f is

o =S )+ (H—1 : TI) (H—1 : TI)T

I

2Implementation of this model was made possible through the collaboration of Prof. Ragueneau and Mr. Lebon from ENS/Cachen
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Concrete linear tension softening model deternonati
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Ur,n - Er,n |:q‘gr,n _gtp)
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Figure 2.19: Determination (1) for modified Kent and Park model
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[o,, E,] =TensionEnvelopef, g, &, & E

if &,.<¢&, else
o, =¢.[E, if & <¢,
E.=E, o, =0, ~E e —&)
E.=-E
else
o,=0
ECt = 1010

[0y, E,] =TensionEnvelopef, g, &, & &

B, =20

c0

c=—"%
‘9(:0

if € >¢&,

else

o, =0, [8[2-c)
Es =Eolll-c)

if &

O-CI = (O-CU _O-C)

> ECU

(gcu - cO)

G
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else
g, =0,
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Mercury

Figure 2.20: Determination (2) for modified Kent and Park model
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Figure 2.21: Cracks induced by compression, tension, tension and compression

Constitutive law  The constitutive law is derived from Gibbs potential using Eq. 246l

.0

(o}
= (o) o2 S [ -
= 1;” -2 (@) T

where ¢ is the effective stress obtained by rewriting the stress strain law in terms of the effective stress:

6= |:(H~¢T£H)D + <aD>’3] + {% + (Tr(a)>_} 1

Damage evolution law The damage evolution law should account for cyclic loading. Hence, the damage criterion f
should depend on an effective damage d. (?) such that

f=€é—-r(de)
_D:e)+

max (1)
where € is Mazars strain defined by
N CICR

and x the consolidation function,

_ de Ko
k(d:) = a - tan {a + arctan (;)]

where A and a are two damage coefficients, and kg is initial elasticity threshold.

Thus, if the damage criterion is negative, the material is in the linear elastic range, and if it is positive, the
damage increases along the positive strain:

D = Ae)+

where the damage Lagrange multiplier \ is determined from the Kuhn-Tucker condition (f=0and " =0).

2.2.2.1.2 Uniaxial multi-fiber formulation Multi-fiber formulation based on Euler-Bernoulli beam theory is equiv-
alent to a uniaxial loading. Hence, the stress tensor and the strain tensor are reduced to

011 0 0
o= 0 0 0
0 0 0

Mercury Theory Manual; V. 1.



86 CHAPTER 2. CONSTITUTIVE MODELS

and,
€11 0 0
€ = 0 £22 0
0 0 £33

The damage tensor becomes diagonal and the constitutive law can be rewritten as (?7),
o
=B (D1, D) - 1 (2.47)

where B is a diagonal tensor which depends on the damage variable and loading, and D; and Ds are associated with
tension and compression damage respectively.
Rewriting Eq. [Z47] with matrix form,

o 0 O e2 0 0 D: 0 0
o= 0 0 O €= e 0 D= 0 D2 O
0 0 O 0 0 e 0 0 Do
SO
- 1
% 0 0 D, 0 0
o” = 0 =% 0 H = 0 1iD2 0
—1lo 1
0 0 3 0 0 T-D,
Tr(a):a Dy = D1+ 2D>

€ = 1“];” ((HUEH)D-i-O‘?) + % {% +(Tr (o)) | Id

For tension (o > 0), we assume that only D; increases.

€ — €1 0 Bl 0
°T 0 e 0 B

t _ -+ 1—2v 1
By = El—D1+1—D2 + 3 1—(D1+2D>)

=
N

t _ 1 —2 1 1—2v 1
By = 9 +=

Dy 1-D> 1—-(D1+2D3)

For compression (o < 0), we assume that only D2 increases.
_(ea 0\ _onp_ o B 0
E‘3*(0 62>’EB*E<0 Bs

c _ 1 4 2 1—2v
Bi = 1—D1+1—D2 + 3

9
c _ 1+4+v -2 1 1—2v
By = 1—D, 1—Dy + =

+
AN

©

2.2.2.1.3 Determination for anisotropic damage model

2.2.2.1.3.1 Tension loading: &1 >0

e Constitutive equations
If f=¢€—ko>0andn =1 then:

E

o= ——¢
t
B,

g = E 13
- 14v 4 1—2v ’ (248)
g : (—17D1 +2) + 43(17131-;2132)

b= (s (2) ~on(2)
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where, € = /()4 : (€)1 =11 >0,
€11 0 0
(eyy = 0 0 0
0 0 0
D5 is constant and tangent modulus is determined with Eq. [Z48
o=E""¢ (2.49)
However, if f = ¢ — ko < 0, the tangent modulus is equal to the secant one.
E
Etan _ =
Bl
e Coherent tangent stiffness modulus in numerical implementation
If f =& — ko >0 and n; = 1, tangent modulus is determined with Eq. B-48] and 240t
oo
Etan _ n
" Oen
14+v 4 1—-2v
B =15 ()
11, 9 1—Dipn 3. (1 _ (Dl,n+2?;D2,n—1))
Diy,=a-A (atan (&) — atan (@))
a a
where n is current excitation step.
do, D E E 1 dBi1,,
G = e ) T B enmr ’
Oen, Oen, Bll,n Bu,n (Bll,n) Oen
where,
aB{l,n _ aB{l,n . aDl,n
8571 o aDl,n 8671
0B, 1 4 1-2
Cy = un _1+v I v
O0D1,n 9 (I=D1n)? g (1 _ M)
3
0y = 2Pt _ 0 (o g (atan () — aven (22))) = —2
Oen Oen a a 1+ (s_n)
Finally, we obtain tangent modulus:
E 1
E’Zan: —E'En'i'cl'CQ
Bil,n (Bil,n)2
2.2.2.1.3.2 Compressive loading: €11 <0
e Constitutive equations
If f=¢€—ko>0and n =1 then:
E
7= 1+4+v 2 1—2v €
9 (1—D2 +4) + =
A 2.
Dy = a (atan <\/_ 822> — atan (@)> (2.50)
2 a a
_ B3
€22 = Bfl €11
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where, ¢ = \/(e)+ : (€)1 = /22, > 0,

0 0 0
<8>+ = 0 €22 0
0 0 e33=c¢€2

D1 is constant and tangent modulus is determined with Eq. .50

o=E""¢ (2.51)

However, if f = ¢ — ko < 0, the tangent modulus is equal to the secant one.

Etan — E
B,

e Coherent tangent stiffness modulus in numerical implementation

If f =& — ko >0 and n; = 1, tangent modulus is determined with Eq. and 25Tt

Jdo
Etan _ n
" Ocn
¢ 1+v 2 1—-2v
Biipo1 = - 4
11,n—1 9 ( + = D2,'n71) + 3
14+v 1 1—2v
BSo o1 =— -2
22,m—1 9 ( + = D2,n71) + 3
¢ 1+v 2 1—-2v
Bii, = -4
t 9 < +1—D2,n)+ 3
¢ 1+v 1 1—2v
B =— -2
2 9 ( J“1—D2,,1>Jr 3
where n is current excitation step.
Up—1 = —LSZ"*I 632 = —Up—1-€11
Bfl,n—l7 " 7
Up = —B§2’n £99.m = —Un * €11
Bi, '

where, E%Eyn is trial strain on e92.

don _ 0 ( E _N__E o 1  0Bh.
den  Oen \Bfy, ") Bfi, "(Bfyn)?  Oen

where,
anl,n _ anl,n . aDQ,n
8En a 8D2,n 8571
_ anl,n 2(1 + 7/)

. D2, 9(1 — Dan)?
o aDQ,n o 8 _Dn—l . \/5 *€11,n Ko
02 = H = E <a~ A (atan (f) — atan (;)))
_ A 1
—VUn—1

a

ﬁ . 1+ (*'771—1'\/5'811,71)2

Finally, we obtain tangent modulus:

E 1
Bln— Bl OO
Bfl,n (Bfl,n)2
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Fig. [2.22] describes the relationship between strain and stress in anisotropic damage model without permanent
strain.

Strain-Strain Curve

Stress [Kips/in?]
~

aw/
anv/
\///

-0.010 -0.008 -0.006 -0.004 -0.002 0.000 0.002
Strain [in/in]

Figure 2.22: Strain-stress curve for anisotropic damage model without permanent strain

Fig 2231 to 28] show the procedure to obtain uniaxial stress o and tangent modulus E™" from uniaxial strain .
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Anisotropic damage model determination
£r,n
if £,>0 elseif £ < C elseif ¢ = C
Zero uniaxial strain
. . . . " o " . 822r n = 0
Uniaxial tensile strain Uniaxial compressive strair . o
ETaI: = ET
ar,n = O

Figure 2.23: Determination (1) for the anisotropic damage model

2.2.2.2 Anisotropic damage model with effective damage, st iffness recovery and permanent strains  ¢qn,

The proceeding anisotropic damage model did not account for permanent deformations. The following extension of
the model shell address this limitation.
This model is based on the anisotropic damage model v previously identified as ¥*.

pY* = pl + pib, (2.52)

For the damaged part of the model, the consolidation function is altered to take into consideration the elastic
feedback in compression:

de
K (de) = 1 + Ko (2.53)

where A and k¢ are two parameters which depend on the material.
The damage criterion will depend on the elastic strains and not on total ones:

f=ca—r(d) (2.54)
The anelestic part of the model is:
PYan =0 : €an (2.55)

This corresponds to the partition of the total strain into an elastic and permanent component.

_Opy”  Opl | Optan
€= do ~ Oo * oo = €e + €an (2.56)

The evolution of the permanent strains are derived by the following equations:

€an = gp (dc) DD +9H (dc) dc Id (257)
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Uniaxial tensile strain
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3
—_— sec
n Er'” tmp4 = A

€ 2
)
a

E = tmpl- tmp2ZItmp& tmp4

Mercury

Figure 2.24: Determination (2) for the anisotropic damage model
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Uniaxial compressive strain

o =1+v[4+1 2 ]+1—2ny

al 9 D2,r ,n-1 3
gor = Ltvf,, 1 |1 2w
o 9 1-D,, ., 3

Y

coeffl=-BS" /BS"

2r n 11r n

tr —
&, , = —coeffllZ, |
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D,,, = Max| 0.5@lA((atarny/ 22}, , & )-atan, & M, 4]

9 3
c 1+v 1 1- 2w
- +
221 n
9 1-D,, , 3
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Sec — C
Er,n - Er /Bll,rn
j— Sec
Jr,n - Er,n |}“r,n
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Yes tmpl=E*, tmp2 =—_-""
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Figure 2.25: Determination (3) for the anisotropic damage model
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if de <1

In tension:

#2d. else gp (do)

ki
Ty e

2.2.2.2.1 Uniaxial numerical scheme
mine the loading state at the timestep n, the increment of strain Ae is compared with the elastic strain at timestep

n—1: If e, _; < 0and Ae < —€},_, the loading state remains in compression, else it switches to tension. If €;,_; > 0
and Ae < —e;,_1, the loading state remains in tension, else it switches to compression.

gu (de)

= Eo 4 kp(de—1)

Kp

= L 4 kpy(de—1)

Kg

with gp (de) g (de) two functions depending on the activate damage to respect the dissymmetry tension/compression.
Two continuum bilinear functions are proposed here:

gp (de)
gu (de)

(2.58)

The loading state is defined by the sign of the elastic strain. Thus to deter-

e Elastic forecast : €} ,, = €] ,,_1 + Aer

e Damage criterion test: f

— if f < 0, elastic behavior:

Dl,n
D2,n

an
6l,n

an
62,77,

- Dl,n—l
Dy

an
€1,n—1

an
62,77,—1

— else, damaging behavior:

Dl,n
D2,n

an
61,n

an
62,n

e Computation of o
Bl,n -

BZ,n -

€ f—
E2,71 -

In compression:

= A (ein —

\
-
v
3

|
—

1-D1 n
E e
Bl,n Gn
By
B - 6‘12 n
1,n ’

1+v | 4
9 1-Di1 pn

l+u.( 2

Ho)
2k k
e T iy ) Din
—k k
Tg + K_I:; Dl,n
1—2v
+2) + - (1_(D1,n+2?2,n_1)>
1—2v
+1) S Ee )

e Elastic forecast : €} ,, = €] ,,_1 + Aer

e Damage criterion test: f

— if f < 0, elastic behavior:

Dl,n
D2,n

an
61,77,

an
62,77,

= Din-
D2,n—1

an
€1,m—1

an
62,77,—1

— else, damaging behavior:

The evolution of the permanent strain must be estimate:

-an
E1,n
-an
6l,n

Y (den—l) * déZ,n
= 2vy(dep—1) * (D2,n — D2nn—1)

The damage evolution becomes:

D2,n -

Mercury

A (—V2nun—1 (e — €171 — €1) — ko)

2

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
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A (_\/iﬁunfl (6 - 6(11,77.—1 + 27 (denfl) D2,n71 - K/O))

D2,n -
e trial
62,n

Dl,n -

an _

6l,n -

an _

62,'n. -

2 (\/iAwfun_ry (den—l))

B2,n—l€e

Bi,p_1 bLn

Din-1

an —2kp kr

€1,n—1 + 3Kp + _KH) Dl,n

an kp ki
€2,n—1 + 3Kp + Ky Dl;"

e Computation of o and €5 ,,:

_ 1+v | 2 1—2v
Bla" - 9 (4 + 17D2Yn) + 3
_ _14v 1 1—2v
B2,n - 9 2 + D3, + 3
_ E e
e _ B2:n e
E2,n - Bi 6l,n

(2.65)

(2.66)

(2.67)

Fig. 2.26] describes the relationship between strain and stress in anisotropic damage model with permanent strain.

Strain-Strain Curve

/]

/

/]

[

/]

Stress [KN/mm?]

/]

A /

/

-0.008 -0.006 -0.004 -0.002

Strain [mm/mm]

0.000

0.002

Figure 2.26: Strain-stress curve for anisotropic damage model with permanent strain

2.3 Bond-Slip

Slip due to longitudinal reinforcing bar near the column and from the anchorage can be easily determined if we
assume a uniform bond stress u;, along the bars within the development length inside the footing or the beam-column

Mercury
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joint, (?). From equilibrium

2
wp(rdy)la = ”Tdb . (2.68)

where dy, is the bar diameter, [, is the development length over which the slip occurs, solving for /4

_ dbfs

2.69
Juyp ( )

la

Assuming that the maximum strain occurs at the end of the column, and a linear variation of strain along the
development length, the integral of the strain curve will give the total bar slip at the footing-column interface or
beam-column interface

esla o fsld

S = = 2.70
2 2E, (2.70)
Substituting Eq. [2.69] for [; in the preceding equation
E.sdbfs
S=— 2.71
8uyp ( )
Finally, assuming that the cross section rotates about its neutral axis when slip occurs (¢, = e4/(d — ¢)), the
displacement related to the bar slip at a point at a distance L from the column base will be
Asiip = ydofy L (2.72)

8uyp

? presented a simplified bond model for bond stress in terms of the actual steel stress. It assumes a constant bond
stress of ue = 124/ f/ prior to steel yielding, and another constant bond stress of u, = 6/ f. past steel yielding, Fig.
2.27] Based on this assumption, the total bar slip at the edge of the anchorage is obtained by integrating the steel

P A,

Column Base fs £
NN\ S

fm — >
!
!
!
!
!
!

Reinforcing Bar

- e 4 o - -

=}

| |

| |

e \ |
\; | | -

> | |

| |

I |

27"
lay

Figure 2.27: Longitudinal bar bond stress, steel stress, and strain profiles, (?)

strains over the embedded length.
? used this model to obtain a monotonic relation for bar slip versus bar stress at the column base. Assuming
sufficient anchorage:

€sfs

S1 = Su. db; es < Ey (213)
Eyly (es +&y)(fs — fy)

_ . < 74

Se = edb+ ) db, Es > Ey (2] )

where dp is the bar diameter, u. is the elastic bond stress = 124/ f. (psi), and u, is the plastic bond stress = 61/f7.
The following Matlab code generates a plot of normalized stress versus bond slip.
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Listing 2.2: Bond-slip

clear

S

%% Input parameters

d-b=3/8; % bar diameter in inches
f_c=4000; % compressive strength (psi)
E_s=27300000; % psi
b=0.01; %

fy =64000;% original yield
f_y=1.25+xfy; % yield stres
Y%f_u=100000; % ksi

%

epsilon_y=f_y /B_s;

%% Bond

u_e=12xsqrt (f_c );

15| u-p=6*sqrt (f-c);

16| %

17| k=0;

18| epsilon_final=30xepsilon_y ;

19| delta_epsilon=epsilon_final /100;

20| for epsilon_s=0:delta_epsilon:epsilon_final

tress in psi
increaed by 25% for rate effect

© 00N OGS W N

s
s

el el
B WN RO

21 k=k+1;

22 if epsilon.s<=epsilon.y

23 f_s=epsilon_s*E_s;

24 slip_.y=epsilon_.sxf_s*d_b/(8xu.e);

25 slip (k)=slip.y ;

26 else

27 f_s=epsilon_y*E_s+bx(epsilon_s —epsilon_y)*E_s;

28 slip_.u=epsilon_y*f_y+d_b/(8xu_e)+(epsilon_s+epsilon_y)*(f_s—f_y)*d_b/(8xu_p);
29 slip (k)=slip_u;

30 end

31 normalized_stress (k)=f_s /f_y;

32| end

33| plot (slip ,normalized_stress ,’linewidth ’,2); grid;xlim ([0 ,max(slip )]);
34| xlabel (*Slip [in]’,’ fontsize ’,14);ylabel (’f_s/f_y’, fontsize ' ,14);

35| print —deps ’'bond—slip—curve.eps’

This code generates the stress slip curve shown in Fig. [2.27]

0 i i i i i
0 0.05 0.1 0.15 0.2 0.25

Slip [in]

Figure 2.28: Stress slip curve

2.4 Lumped Plasticity Model

To be completed later

2.5 Constitutive models for zero length and zero length sect ion elements

2.5.1 Zero Length Element

Zero length elements are used primarily for lumped plasticity models. In fiber models, they are used to provide
a finite shear stiffness, whereas the axial and flexural ones can be considered as rigid (no corresponding entries in
Mercury implies rigid connection).

Ko = %Ag (2.75)

Mercury Theory Manual; V. 1.




2.5 Constitutive models for zero length and zero length section elements

97
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Mercury

(c) Unloading stiffness deterioration

(d) Accelerated reloading stiffness deterioration

Figure 2.29: Hysteretic model with strength and stiffness deterioration, (?)
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where « is the shape section coefficient (5/6 for rectangular section), G is the shear modulus (G = E./2(1 + v));
Concrete Poisson ratio is about 0.25.

Future release of Mercury, should have zero length elements enriched by limit state material properties to act as a
fuse to possible failure.

2.5.2 Zero length section element

This section is an adaptation of 7

Zero length section element should be used only when fiber elements are used if we want to capture the bond slip
between concrete and rebar. Though many models have been proposed for bond-slip, we will adopt the model of ?
as it is the most rational one in handling the shifting position of the neutral axis (essential to determine the bond
slip displacement).

From Fig. we have a nonlinear post-peak response, and we need to linearize it, and then solve for u, (which
will be different than the previously given value of 61/f7 suitable for the nonlinear hardening segment.

We seek to have the linearized segment intersect the nonlinear one at 1.25f,, hence

_ fy _ Jy fv _
fu= ey 025 = L+ 025k = 0.26he, (2.76)
where h is the hardening parameter set to 100. Substituting in Eq. 274]
2 1.2 —
S, = 5yfydb_|_( 6y +y)(1.25f, fy)db (2.77)
8ue up
2 2
= Sy+ Mdb (2.78)
Sup
6.75¢,
= S§,+—%¥q 2.79
y T Su,p b ( )

We can reasonably assume that

Sy = .20 — 268, (2.80)

€y

Substituting in Eq. 279

268, = 5, + Swfu g (2.81)
up
or
eyf 6.75ey fy)
Vg, = ¥y 2.82
8ue b up b ( )
6.75
Up = YUE (283)
6.75
= —Z12\/f! 2.84
55 It (2.84)

= 3.24\/f! (2.85)

up may be used in so-called limit state elements to assess bond slip induced failure.

Irrespective of which steel model is used in the beam-column, it is recommended to use the bilinear one for this
element. Using a bilinear model, with A~ = 0.01 will be equivalent to having a bar slip curve such that the second
segment intersect the exact one at fs = 1.25f, with u, = 3.24\/f..

In the steel bilinear model, the Young’s modulus should be adjusted to reflect bond slip, by replacing Es byh Ej
which is equal to

fv
It should be noted that inherent in this assumption is a unit length of the zero length element.
Finally, to maintain the same material stiffness ratio between bar-slip steel in the zero length section element, and
the one in the frame element (longitudinal steel), we multiply the bar slip concrete material strains by Es/Eps.
The concrete properties for the zero length section element are such that the location of the neutral axis in the
beam-column element and the zero length fiber section is the same. Thus
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WYeol

! b\l Column fiber section
| |
|

Slip, \r\
g\l Zero length (slip) fiber section

Strain

W =0

+-—(—>

Figure 2.30: Compatibility of NA between beam-column and zero length fiber section

2

1

0s =
\Ilcol =

€s

} 05 = \I/colﬁ (287)

Q

Hence all fiber strains (corresponding to steel and concrete) in the zero length section must be scaled by f—j
This can be easily achieved in altering the material input data such that

1. All stress values remain unchanged

2. Strains are scaled by f—s

2.5.3 Summary
Fig. [Z31] highlight the modeling of the zero length element and section.

N
|
Beam column
element(s)

Zero length
section element

Ey=f,/Slip,

Zero length element

Figure 2.31: Zero length element and section

2.6 Summary

This chapter has presented the details of the constitutive models coded in Mercury. The model selected are well
known and tested and would enable the analysis of complex steel or reinforced concrete frame.
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Chapter 3

Structural Modeling

This chapter addresses the major issues in modeling structure for a nonlinear static or transient analysis.
Table. 7?7 provides a concise summary of the example validation problems. In it, we adopt the following shortcuts:

SBC:  Stiffness-based 2D beam-column
FBC1: Flexibility-based 2D beam-column with element iteration
FBC2: Flexibility-based 2D beam-column without element iteration
Damagel: Anisotropic damage 1D material model without permanent strain
Damage2:  Anisotropic damage 1D material model with permanent strain
ModKP: Modified Kent-Park material model
ModGMP:  Modified Giuffre-Monegotto-Pinto material model
Disp(disp):  Displacement.

3.1 Truss, Material Nonlinearity, Static and Dynamic

This is a transient nonlinear analysis of a truss based on the HHT algorithm (« method), and the elements are modeled by the modified
Giuffre-Monegotto-Pinto materials. Truss, and results are shown in Fig. B}

Displacement at node 1and Reactin at node 3

In static analysis, incremental forces that increase by —20kN from —20kN to —200kN at node 1 along the Y direction are applied.

along Y-direction (Ex10)
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RO =15, cR1= 0.925, cR2 0.1¢ Displacement [mm]
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Displacement at node 4 along X-direction (Ex10)
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Figure 3.1: Ex10: Truss, ModGMP material, load control, HHT
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ng

Document Section 1D Element Zero Length Formulation Section
B Ex10
Ex11
.2 Ex12
Ex16 Truss Stiffness General
3 Ex17
Ex18
Ex19
Ex20
B4 Ex21 Flexibility, With Iteration Fiber
Ex22 Flexibility, No Iteration
Eigz Beam ES)l:cIfclieoT Stiffness General
Column Based
kv Ex25
Ex26 Flexibility, iteration Fiber
Ex27 Element Flexibility
3.9l Ex29 & (itera-
Section tion)
Document Section ID Constitutive Model Hardening Static Transient
B1 Ex10 Elastic and ModGMP Kinematic Loadiffmessol HHT
Ex11 Damage
1.2 Ex12 ModKP
Ex16 Simplified Bilinear No
T3 Ex17 Simplified Bilinear Isotropic Cyclic
Ex18 ModGMP Kinematic disp
Ex19 ModGMP Kinematic & Isotropic control
Ex20 Classical Isotropic HHT
B4 Ex21 Hardening Kinematic Shing
Ex22 Kinematic & Isotropic
Ex23 | Elastic and Simplified Bilinear No Load
Ex24 Elastic and Bilinear control
Ex25 Classical Isotropic
G Ex26 Hardening Pushover
B.8l Ex27 ModGMP and ModKP Kinematic HHT/Shi
Ex29 Multiple & Cyclic disp control
SBC: Stiffness-based 2D beam-column Isotropic
FBC1: Flexibility-based 2D beam-column with element iteration
FBC2: Flexibility-based 2D beam-column wihtout element iteration
Damagel: Anisotropic damage 1D material model without permanent strain
Damage2:  Anisotropic damage 1D material model with permanent strain
ModKP: Modified Kent-Park material model
ModGMP:  Modified Giuffre-Monegotto-Pinto material model
Disp(disp):  Displacement.

Table 3.1: Features of Example Problems
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3.1 Truss, Material Nonlinearity, Static and Dynamic 103

In the second part, the transient analysis without self-weight and nodal forces is performed with HHT integration scheme.

3.1.1 MATLAB

Listing 3.1: MATLAB; Truss

% Mercury Matlab Version 1.0.1

% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES

% Written : September 2009.

% File name: Ex10.m

Description

1. Static and transient analysis
% 2. Load control

3 Iterative method

4

5

6

Y% Simple 2D truss element
% General section
Y% Elastic and modified Giuffre—Monegotto—Pinto material

% Select type of analysis.

% AnalysisTyep = 1: Static analysis

© AnalysisType 2: Transient analysis
AnalysisType = 2;

g

% Preface

Unit = {’kN’, ’'mm’};
% ndim, ndofpn
StrMode = {2, 2};
9
% Control block
Iteration = {’static ’,{ {’NewtonRaphson’, 10, 1.0e—8, ’DisplNorm’};
{’ModifiedNewtonRaphson >, 20, 1.0e—8, 'EnrgyNorm’};
{’InitialStiffness >, 30, 1.0e—8, ’'ForceNorm'’};
}
transient '’ ,{ {’NewtonRaphson’, 10, 1.0e—8, ’'DisplNorm’};
{ ModifiedNewtonRaphson ’*, 20, 1.0e—8, ’EnrgyNorm’};
{’InitialStiffness >, 30, 1.0e—8, ’ForceNorm'};
}
if (AnalysisType == 2)
Integration = {'HHT’, 0, —0.1, 0.3025, 0.6, 0, O};
cigens = {0.02, 0.02};
end
>
% Geometry block
%% nodtag , x, y
nodcoord = {1, @, ©3
2, 1500, O0;
3, 3000, O;
4, 1500, 2000;
5, 3000, 2000};
Y% nodtag , x, y
constraint = {3, 1, 1;
5, 1, 1};
o
% Element block
%% {eletag , ’Simple2DTruss’, in, jn, sectag}
elements = { {1, ’Simple2DTruss’, 1, 2, 1};
{2, ’Simple2DTruss’, 2, 3, 1};
{3, ’Simple2DTruss’, 1, 4, 1};
{4, ’Simple2DTruss’, 2, 4, 1};
{5, ’Simple2DTruss’, 3, 4, 2};
{6, ’Simple2DTruss’, 4, 5, 2} };
9
% Section block
%% sectag , ’General’, {mattag, A, Ix, Iy, Iz}
sections = { 1, ’'General’, {1, 400, 0, 0, 0};
2, ’General’, {2, 500, 0, 0, 0}};
o
% Material block
% mattag, ’'Elastic’, E, G, density
materials = { {1, ’'Elastic’, 190, 0, 7850%10° —9}
Y% mattag, 'ModGMP’, E, sy, b, RO, cR1l, cR2, density , al, a2, a3, a4

{2, ’'ModGMP’, 200, 0.25, 0.2, 15, 0.925, 0.15, 785010~ -9, 0, 55, 0, 55} };

9
% Force block

if (AnalysisType == 1)
forces = { 1, ’Static’, {’NodalForces’, {1, 2, —20}};
2, 'LoadCtrl’, {1, 2, {—40, —60, —80, —100, —120, —140, —160, —180, —200}} };
elseif (AnalysisType == 2)
ga = load ('ElCentro-g-0_01_Matlab.txt ');
nga = size(ga, 1);
for i = l:nga
groundacceleration{i,1} = ga(i,1);
groundacceleration{i,2} = ga(i,2);
groundacceleration{i,3} = ga(i,3);
end
forces = { 1, ’Static’, {’NodalForces’, {1, 2, 0} };
2, ’Acceleration’, {9810, groundacceleration} };
end
g
3.1.2 C++
Listing 3.2: C++; Truss

Mercury Theory Manual; V. 1.




© 00N UAWN

105
106
107

104

CHAPTER 3. STRUCTURAL MODELING

S K oK ok o K K oK o K K oK o K K oK o K oK oK o K oK oK o K oK oK o K oK oK K K oK ok oK K oK oK o K K K K K K
AnalysisType = 1: Static analysis

AnalysisType = 2: Transient analysis

AnalysisType = 2

3k ok ok ok oK K ok oK K K ok oK K ok oK K K ok oK K K ok K K oK oK K K ok K K ok oK K ok ok K Kk ok ok K ok ok oK K K ok K K K ok K

%nodes = { {1, 0, 0, 'mass’, 6.28, 6.28},
{2, 1500, 0, ’'mass’, 7.85, 7.85},
{3, 3000, 0},
{4, 1500, 2000, ’'mass’, 14.915, 14.915},
{5, 3000, 2000} }
Simple2DTruss = ’truss2d ’
elements = { {1, Simple2DTruss, 1, 2, 400, 1},
{2, Simple2DTruss, 2, 3, 400, 1},
{3, Simple2DTruss, 1, 4, 400, 1},
{4, Simple2DTruss, 2, 4, 400, 1},
{5, Simple2DTruss, 3, 4, 500, 2},
{6, Simple2DTruss, 4, 5, 500, 2} }
—{tag, ’'modifiedGMPsteel’, E, rho, fy, b_ratio, RO, cR1, cR2, al,
materials = { {1,elastic’,190,0.0};
{2, modifiedGMPsteel *, 200, 0, 0.25, 0.2, 15, 0.925,

Sk ok ok ok K o ok K K oK oK K K ok K ok oK K K oK K oK ok K oK K oK ok K K oK K oK oK ok K sk ok ok K oK K ok oK K K K

model = StructureModel (2,2)
model: addNodes (nodes )

model: addMaterials (materials)
model: addElements(elements )
model: constrainNode (3,1 ,1)
model: constrainNode (5,1 ,1)

sk sk K ok ok o K oK oK o K oK oK S K oK oK o K oK oK o K oK oK o K K oK oK o K K oK o K K ok oK K K oK oK K K K K ok
Static analysis
if (AnalysisType == 1) then
print (” Static analysis started\n”)
staticloading = LoadDescription ()
staticloading :addLoad ({’incrementalnodalload’, 1, 2,
ok ok o ok K ok ok ok K K ok ok o K K ok ok o K K ok ok ok K ok oK ok K K oK ok kK K ok ok o K K oK ok K K oK ok K K Kk K K K
displ = {}
function displperstep (increment)

dx1,dyl = model:nodeDisplacements (1)
dx2,dy2 = model:nodeDisplacements (2)
dx4,dy4 = model:nodeDisplacements (4)
table.insert (displ, dx1)
table.insert (displ, dyl)
table.insert (displ, dx2)
table.insert (displ, dy2)
table.insert (displ, dx4)
table.insert (displ, dy4)

end

react = {}

function reactperstep (increment)
fx3 ,fy3 = model: nodeRestoringForces(3)
fx5 ,fy5 = model: nodeRestoringForces(5)
table.insert (react , fx3)
table.insert (react, fy3)
table.insert (react , fx5)
table.insert (react , fy5)

end

solver = NonlinearSolver (” newtonraphson?” ,

analysis = StaticAnalysis(solver)
analysis:setStructureModel (model)
analysis:addcallback (displperstep ,”
analysis:addcallback (reactperstep ,”
analysis:solve(staticloading)

ok ok o ok K oK ok ok K oK ok Sk K K oK ok ok K K oK ok ok K K oK ok ok K K ok ok oK K K oK ok oK K K oK ok K K oK oK o K oK oK K K K K
Set output file
function writedata6 (x,

increment”)
increment”)

fname)

local f = assert(io.open (fname, ' w’))
local writenl =
for i,v in ipairs(x) do
f:write(v, 7 7)
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 5) then
writenl = 0
f:write(”\n”)
end
end
f:close ()

end

function writedata4 (x, fname)

local f = assert(io.open(fname, w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, 7 7
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 3) then
writenl = 0
frwrite (”\n”)
end
end
f:close ()

end
writedata6 (displ ,” Ex10StaticNodalDisp_1_2_4 .dat’)
writedata4 (react ,” Exl10StaticReact_3_5.dat’)
print (” Static analysis ended\n”)

end

if

ok ok K K oK ok K K K oK K K K oK o K K K oK o K K K oK o K K K oK o K K K oK o K K K K ok K o K K K ok o K K Kk
(AnalysisType 2) then

print (” Transient analysis started\n”)
earthquakeloading = LoadDescription ()

accelamp = 9810

earthquakeloading:addLoad ({’groundmotion ’,’ ElICentro_g_0_01_OpenSees

sk sk ok ok ok ok ok ok ok sk ok K sk ok ok sk ok K sk ok ok K sk ok K sk ok ok K sk ok K sk ok ok K sk ok K sk ok ok K K ok oK ok K K K

Mercury

{ displacementdeltatolerance=1e—3,

a2, a3, a4, sigma_init}

0.15, 0, 55, 0, 55, 0} }

—20,-40,—-60,—80,—100,—120,—140,—160,—180,—200})

iterations=100})

.txt ,dt=0.01", 1,accelamp})
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108 displ = {}

109 function displpertime (time)

110 dx1,dyl = model:nodeDisplacements (1)

111 dx2,dy2 = model:nodeDisplacements (2)

112 dx4,dy4 = model:nodeDisplacements (4)

113 table.insert (displ, dx1)

114 table.insert (displ, dyl)

115 table.insert (displ, dx2)

116 table.insert (displ, dy2)

117 table.insert (displ, dx4)

118 table.insert (displ, dy4)

119 end

120 =

121 react = {}

122 function reactpertime (time)

123 fx3 ,fy3 = model:nodeRestoringForces(3)

124 fx5 ,fy5 = model:nodeRestoringForces(5)

125 table.insert (react , fx3)

126 table.insert (react, fy3)

127 table.insert (react , fx5)

128 table.insert (react , fyb5)

129 end

130 =

131 veloc = {}

132 function velocpertime (time)

133 vxl,vyl = model: nodeVelocities (1)

134 vx2,vy2 = model: nodeVelocities (2)

135 vx4 ,vy4 = model: nodeVelocities (4)

136 table.insert (veloc, vx1)

137 table.insert (veloc, vyl)

138 table.insert (veloc, vx2)

139 table.insert (veloc, vy2)

140 table.insert (veloc , vx4)

141 table.insert (veloc, vy4)

142 end

143 =

144 accel = {}

145 function accelpertime (time)

146 axl,ayl = model:nodeAccelerations (1)

147 ax2 ,ay2 model: nodeAccelerations (2)

148 ax4 ,ay4 = model: nodeAccelerations (4)

149 table.insert (accel , axl)

150 table.insert (accel , ayl)

151 table.insert (accel , ax2)

152 table.insert (accel, ay2)

153 table.insert (accel , ax4)

154 table.insert (accel , ayd)

155 end

156 ek ko ok ok ok ok R ok R ok R ok R ok R ok R o R o R o o R R
157 solver = NonlinearSolver (” newtonraphson”, { displacementdeltatolerance=le—6, iterations=10})
158 transientanalysis = DynamicAnalysis(?”HHT” , model, solver , earthquakeloading , 0.01, —0.1, 0.3025, 0.6)
159 transientanalysis:addcallback(displpertime , ”timestep”)
160 transientanalysis:addcallback(reactpertime, ”timestep”)
161 transientanalysis:addcallback(velocpertime, ”timestep”)
162 transientanalysis:addcallback (accelpertime , ”timestep”)
163 model:setRayleighCoefficients (0.025533,0.007826)

164 transientanalysis:solve (4000)

165 T
166 function writedata6 (x, fname)

167 local f = assert (io.open (fname, ' 'w’))

168 local writenl = 0

169 for i,v in ipairs(x) do

170 f:write(v, 7 7)

171 writenl = writenl 4 1

172 —— length of row size: writenl

173 if (writenl > 5) then

174 writenl = 0

175 frwrite (”\n”)

176 end

177 end

178 f:close ()

179 end

180 =

181 function writedata4 (x, fname)

182 local f = assert(io.open(fname, w’))

183 local writenl = 0

184 for i,v in ipairs(x) do

185 frwrite(v, 7 7)

186 writenl = writenl + 1

187 —— length of row size: writenl

188 if (writenl > 3) then

189 writenl = 0

190 f:write(”\n”)

191 end

192 end

193 f:close ()

194 end

195 =

196 writedata6 (displ ,”’ Ex10TransientNodalDisp_-1_-2_4.dat ’)
197 writedatad (react ,’ Ex10TransientReact_-3_5.dat’)

198 writedata6 (veloc ,”’ Ex10TransientNodalVelo_1_.2_4 .dat )
199 writedata6 (accel ,”’ Ex10TransientNodalAcce_1_2_4 .dat )
200 print (” Transient analysis ended\n”)

201| end

202 —— sk sk sk ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok o ok ok ok ok ok ok ok Ok sk ok ok ok ok ok ok ok

3.2 Uniaxial Concrete Nonlinear Element, Cyclic Displacem  ent

These examples assume concrete members and seek to compare the modified Kent-Park model with the anisotropic damage model
with permanent strain when subjected to cyclic displacement statically, Fig. Fig. B3] describes the static analysis with cyclic
displacements applied at node 2 in the X direction.
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Figure 3.3: Examples 11- 12
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3.2.1 MATLAB

~
o
% Mercury Matlab Version 1.0.1
% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES
% Written November 2009.
% File name: Ex11tol2 .m
g
o
% Description
% 1. Static analysis
% 2. Displacement control
% 3. Iterative method
% 4. Simple 2D truss element
% 5. General section
% 6. Anisotropic damage material (Ex11)
% and modified Kent—Park material (Ex12)
o
% Select material type
% MatType = 1: anisotropic damage material with permanant strain (Ex11)
% MatType 2: modified Kent—Park material (Ex12)
MatType = 1;
%
% Preface
Unit = {'kN’, ’'mm’};
StrMode = {2, 2};
o
% Control block
Iteration = {’static ’,{ {’NewtonRaphson’, 10, 1.0e—8, ’DisplNorm’};
{’ModifiedNewtonRaphson >, 20, 1.0e—8, ’'EnrgyNorm'’};
{’InitialStiffness >, 30, 1.0e—8, ’'ForceNorm'’};
}
}s
%
% Geometry block
nodcoord = {1, 0, 0;
2, 1, 0;};
constraint = {1, 1, 1;
2, 0, 1};
o
% Element block
elements = { {1, ’Simple2DTruss’, 1, 2, 1} };
%
% Section block
sections = { 1, ’General’, {1, 1, 0, 0, O}};
%
% Material block
if (MatType == 1)
% {tag, ’AnisotropicDamage’, E, nu, kappaO, A, kh, kd, Kh, Kd, Dc, density };}
materials = { {1, ’'AnisotropicDamage’, 2.747e+003, 0.2, 1.063e—010, 1.778e+003, 2.794e—003, 5.059e—002, 1.000e+
end
if (MatType == 2)
% {tag, ModKP’ , sc, ec, scu, ecu, lambda, st, Ets, density};
materials = {{1, 'ModKP’, —3.57, —0.0026, —1.19, —0.0078, 0.3, 0.448121077, 549.2307692, 0}};
end
%
% Force block
DispInput = load (’cyclicwave.txt ’);
row = size (Displnput ,1);
for i = 1l:row
DispCell{i} = 0.005% DispInput(i);
end
%% forcetag , ’'Static’, {’NodalForces’, {nodnum, globalaxis , m}}
forces = { 1, ’Static’, {’NodalForces’, {2, 1, 0}};
2, 'DispCtrl’, {2, 1, DispCell } };
%
3.2.2 C++
~
sk sk K K ok o K oK oK o K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K K ok
—— MatType = 1: Anisotropic damage model with permanant strain
—— MatType = 2: Modified Kent—Park model
MatType = 2
sk sk kK ok ok o K K oK oK K K oK oK o K K oK oK o K K oK oK o K K oK ok o K K oK ok K K ok K K ok K K K oK oK K K Kk
nodes = { {1, 0, 0},
{2, 1.0}
sk sk K K ok o K K oK S K K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K oK ok K oK oK K K oK oK K K K ok ok
Simple2DTruss = ’truss2d ’
elements = { {1, Simple2DTruss, 1, 2, 1, 1} }
sk sk K K ok o K oK oK o K oK oK o K oK oK o K oK oK o K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K ok ok
if (MatType == 1) then
materials = {{1, ’'anisotropicdamage2 ’, 2.747e-+4003, 0, 0.2, 1.063e—010, 1.778e+4+003, 2.794e—003, 5.059e—002, 1.000
end
if (MatType == 2) then
concretemat = 'ConcreteLinearTensionSoftening’
materials = {{1,concretemat , 549.2307692, 0, —3.57, —0.0026, —1.19, —0.0078, 0.3, 0.448121077}};

end

Sk ok ok ok K o ok K K oK ok K K oK K ok ok K K oK K oK ok K ok K oK ok K K oK K oK ok ok K sk ok ok oK oK K R oK oK K K K

model = StructureModel (2,2)
model: addNodes(nodes)

model: addMaterials (materials)
model: addElements(elements )
model: constrainNode (1,1 ,1)
model: constrainNode (2,1 ,1)

K ok ok K K oK ok o K K K ok o K K K oK o K K K oK o K K K oK o K K K oK o K K oK ok o K K K K K K o K K K oK o K K Kk
function generateincrementalload ()

—— format : tag node dof
local loadform = {’incrementalnodaldisplacement’, 2 9 1}
local = assert (io.open(’cyclicwave.txt’,’r’))

local n = f:read (”*number”)

while (n "= nil) do

Mercury
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table.insert (loadform , 0.005xn)
n = f:read (”*number”)
end
f:close ()
return loadform
end
sk kK K ok ok o K K oK oK K K oK oK o K K oK oK K K oK oK o K K oK ok K K oK ok K oK ok K K ok K K K oK ok K K Kk ok
staticloading = LoadDescription ()
—— format: ’staticnodalload ’ <node> <dof> <amplitude>
1 = generateincrementalload ()
staticloading :addLoad (1)
sk sk K K ok o K oK oK S K oK oK o K oK oK o K K oK oK o K oK oK o K oK oK o K K ok o K K ok oK K K oK oK K K K ok ok
—— Static analysis
print (” Static analysis started\n”)
displ = {}
function displperstep (increment)
dx2,dy2 = model:nodeDisplacements (2)
table.insert (displ, dx2)
end
react = {}
function reactperstep (increment)
fx1 ,fyl = model:nodeRestoringForces(1)
table.insert (react , fx1)
end
solver = NonlinearSolver (” initialstiffness”, { displacementdeltatolerance=1le—3, iterations=10000})
analysis = StaticAnalysis (solver)
analysis:setStructureModel (model)
——analysis:addcallback (displperstep ,
——analysis:addcallback (reactperstep ,
analysis:solve(staticloading)
sk sk K ok ok o K oK oK S K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K ok o ok K ok ok K K oK oK K K K ok ok
—— Set output file
function writedatal (x, fname)
local f = assert (io.open (fname,’'w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, » 7
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)

increment”)
increment”)

end
end
£:close ()
end
if (MatType == 1) then
writedatal (displ ,” Exl11StaticDamageNodalDisp_2.dat’)
writedatal (react ,”’ Exl1StaticDamageReact_1.dat ’)
end
if (MatType == 2) then
writedatal (displ ,’  Ex12StaticModKPNodalDisp_2.dat ’)
writedatal (react ,’ Ex12StaticModKPReact_-1.dat’)

end
print (” Static analysis ended\n”)

3.3 Uniaxial Steel Nonlinear Element, Cyclic Displacement

Bilinear and modified Giuffre-Monegotto-Pinto constitutive models with cyclic displacement are examined next, Fig. Fig. 77 shows
the results of the static analysis with cyclic displacements applied at node 2 in the X direction. Ex16 has bilinear material without
isotropic hardening, Ex17 has bilinear material with isotropic hardening, Ex18 has modified Giuffre-Monegotto-Pinto material without
isotropic hardening, and Ex19 has modified Giuffre-Monegotto-Pinto material with isotropic hardening material.

3.3.1 MATLAB

% Mercury Matlab Version 1.0.1

% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES

% Written : October 2009.

% File name: Ex16tol7 .m

% Description

Static analysis
Displacement control
Iterative method
Simple 2D truss element
General sections
Bilinear material

Q
O UA W

% A36 Steel properties

% Density of 7.8 g/cm

% Minimum yield strength of 250 MPa(0.25 GPa)

% Ultimate tensile strength of 400—550 MPa(0.4 —0.55 GPa)

% Select material type

% MatType = 1: Bilinear matierial without isotropic hardening
% MatType 2: Bilinear matierial with isotropic hardening
MatType = 2;

9

% Preface

Unit = {’kN’, ’mm’};

StrMode = {2, 2};

9

% Control block

Iteration = {’static ’,{ {’NewtonRaphson’, 10, 1.0e—8, ’DisplNorm’};
{’ModifiedNewtonRaphson >, 20, 1.0e—8, ’'EnrgyNorm'’};
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Figure 3.4: Examples 16- 19
{’InitialStiffness >, 30, 1.0e—8, ’'ForceNorm'’};
s
9
% Geometry block
nodcoord = {1, 0, 0;
2, 1, 0};
constraint = {1, 1, 1;
2, 0, 1};
9
% Element block
elements = { {1, ’Simple2DTruss’, 1, 2, 1}; };
g
% Section block
sections = { 1, ’General’, {1, 1, 0, 0, 0}};
[
% Material block
if MatType == 1
materials , ’'Bilinear ’, 200, 0.25, 0.2, 0, 0, 55, 0, 55} };
elseif MatType
materials , ’'Bilinear ’, 200, 0.25, 0.2, 0, 10, 60, 10, 60} };
end
g
% Force block
DispInput = load (’cyclicwave.txt )
row = size (Displnput ,1);
for i = 1l:row
DispCell{i} = 0.005x DispInput(i);
end
% forcetag , ’Static’, {’NodalForces’', {nodnum, globalaxis , m}}
forces = { 1, ’Static’, {’NodalForces', {2, 1, 0}};
2, 'DispCtrl’, {2, 1, DispCell } };

g

3.3.2 C++

sk sk sk ok K ok K K ok oK K S oK K K oK oK K K ok K K ok oK K K ok K K oK oK K K oK K K ok oK ok K ok ok ok kK oK K K ok oK K K ok K

—— MatType = 1: Bilinear material without isotropic hardening
—— MatType = 2: Bilinear material with isotropic hardening
MatType = 2

ko ke ko ko ok kR ok ok ok koK ok K Kk ok kK ok K ok kK ok K Kk ok kK ok K Kk ok kK kK kK ok K Kk ok kK ok ok ok
nodes = { {1, 0, 0},

{2, 1, 0} }
sk sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K ok o K K ok oK K K oK oK K K K K K ok
Simple2DTruss = ’truss2d ’
elements = { {1, Simple2DTruss, 1, 2, 1, 1} }
sk sk K K ok o K oK oK S K oK oK o K oK oK o K K oK oK o K oK oK o K K oK oK o K K oK o K K ok oK K K oK oK K K K ok ok
if (MatType 1) then
—— materials {{tag, ’bilinear , E, rho, fy, b_ratio, al ,a2, a3, ad}}
materials = { {1, bilinear ’, 200, 0, 0.25, 0.2, 0, 55, 0, 55}
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end
if (MatType == 2) then
materials = { {1, bilinear ’, 200, 0, 0.25, 0.2, 10, 60, 10, 60} }
end
sk kK K ok ok o K K oK ok o K K oK oK o K K oK oK K K oK oK o K K oK ok o K K oK ok K K ok K K oK K K K oK oK K K Kk
model = StructureModel (2,2)
model: addNodes (nodes )
model: addMaterials (materials)
model: addElements(elements)
model: constrainNode (1,1,1)
model: constrainNode (2,1,1)
sk sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K K ok
function generateincrementalload ()
—— format : tag node dof
local loadform = {’incrementalnodaldisplacement’, 2 , 1}
local f = assert (io.open(’cyclicwave.txt’,’r’))
local n f:read (" xnumber”)
while (n "= nil) do
table.insert (loadform , 0.005xn)
n = f:read (”*number”)
end
f:close ()
return loadform
end
ks kK K ok ok o K K oK oK K K oK oK o K K oK oK o K K oK oK o K K ok ok o K K oK ok K oK ok K K ok K K K oK ok K K Kk ok
staticloading = LoadDescription ()
—— format: ’staticnodalload ’ <node> <dof> <amplitude>
] = generateincrementalload ()
staticloading :addLoad (1)
sk sk K ok ok o K oK oK S K oK oK o K oK oK o K K oK oK o K oK oK o K K oK oK o K K ok o ok K ok oK K K oK oK K K K ok ok
—— Static analysis
print (” Static analysis started\n”)
displ = {}
function displperstep (increment)
dx2,dy2 = model:nodeDisplacements (2)
table.insert (displ, dx2)

end
react = {}
function reactperstep (increment)

fx1 ,fyl = model:nodeRestoringForces(1)

table.insert (react, fx1)
end
solver = NonlinearSolver (” initialstiffness”, { displacementdeltatolerance=1le—3, iterations=10000})
analysis = StaticAnalysis (solver)
analysis:setStructureModel (model)
analysis:addcallback (displperstep ,
analysis:addcallback (reactperstep ,
analysis:solve (staticloading)
sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK oK K oK oK K K ok oK K K oK oK K K K K K ok
—— Set output file
function writedatal (x, fname)

»increment”)

»increment”)

local f = assert(io.open(fname, w’))
local writenl =
for i,v in ipairs(x) do
f:write(v, ” 7)
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)
end
end
f:close ()
end
if (MatType == 1) then
writedatal (displ ,’ Ex16StaticNonIsotropicNodalDisp.2.dat ’)
writedatal (react ,”’ Exl6StaticNonIsotropicReact-1.dat ’)
end
if (MatType == 2) then
writedatal (displ ,”’ Ex17StaticlsotropicNodalDisp_-2.dat ")
writedatal (react ,” Ex17StaticIlsotropicReact_1.dat’)
end
print (" Static analysis ended\n”)
J
o
% Mercury Matlab Version 1.0.1
% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES
% Written : October 2009.
% File name: Ex18tol9 .m
o
% Description
% 1. Static analysis

Y% 2 Displacement control
Y% & Iterative method
Y% Simple 2D truss element

4
% 5. General sections
6 Modified Giuffre—Monegotto—Pinto material

% A36 Steel properties

5 Density of 7.8 g/cm

% Minimum yield strength of 250 MPa(0.25 GPa)

% Ultimate tensile strength of 400—550 MPa(0.4 —0.55 GPa)

% Select material type

% MatType = 1: ModGMP matierial without isotropic hardening
% MatType 2: ModGMP matierial with isotropic hardening
MatType = 2;

o

% Preface
Unit
StrMode

(1]
s
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3.3 Uniaxial Steel Nonlinear Element, Cyclic Displacement 111

>

% Control block

Iteration = {’static ’,{ {’NewtonRaphson’, 10, 1.0e—8, ’DisplNorm’};
{’ModifiedNewtonRaphson >, 20, 1.0e—8, 'EnrgyNorm’};
{"InitialStiffness ', 30, 1.0e—8, ’'ForceNorm’};
I28

%

% Geometry block

nodcoord = {1, 0,
2, 1,
constraint = {1, 1,
2, 0,
%
% Element block
elements = { {1, ’Simple2DTruss’, 1, 2, 1}; };
%
% Section block
sections = { 1, ’General’, {1, 1, 0, 0, 0}};
o
% Material block
if MatType == 1
%% mattag, 'ModGMP’, E, sy, b, RO, cR1, cR2, density , al, a2, a3, a4
materials = { {1, 'ModGMP’, 200, 0.25, 0.2, 15, 0.925, 0.15, 0, 0, 55, 0, 55} };
elseif MatType
materials , ’ModGMP’, 200, 0.25, 0.2, 15, 0.925, 0.15, 0, 10, 60, 10, 60} };
end
%
% Force block
DispInput = load (’cyclicwave.txt ’);
row = size (Displnput ,1);
for i = 1l:row
DispCell{i} = 0.005% DispInput(i);
end
%% forcetag , ’'Static’, {’NodalForces’, {nodnum, globalaxis , m}}
forces = { 1, ’Static’, {’NodalForces'’', {2, 1, 0}};
2, ’DispCtrl’, {2, 1, DispCell } };
%
sk sk K K ok o K oK oK o K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K K ok
—— MatType = 1: ModGMP material without isotropic hardening
—— MatType = 2: ModGMP material with isotropic hardening
MatType = 2
sk kK K ok ok o K K oK ok K K oK oK o K K oK oK K K oK oK o K K oK ok K K oK ok K K ok K K ok K K K oK oK K K Kk
nodes = { {1, 0, 0},
{2, 1, 0} }
sk kK K ok ok o K K oK oK K K oK oK o K K oK oK K K oK oK o K K oK ok K K ok ok K K oK K K ok K K K oK oK K K Kk
Simple2DTruss = ’truss2d ’
elements = { {1, Simple2DTruss, 1, 2, 1, 1} }
sk K K ok o K oK oK S K oK oK o K oK oK o K K oK oK o K oK oK o K K oK oK o K K ok o K K oK oK K K oK oK K K K K ok
if (MatType == 1) then
— materials = {{tag, ’modifiedGMPsteel’, E, rho, fy, b.ratio, RO, cR1, cR2, al, a2, a3, a4, sigma_init} }
materials = { {1, modifiedGMPsteel’, 200, 0, 0.25, 0.2, 15, 0.925, 0.15, 0.0, 55, 0, 55, 0}
end
if (MatType == 2) then
materials = { {1, modifiedGMPsteel’, 200, 0, 0.25, 0.2, 15, 0.925, 0.15, 10, 60, 10, 60, O} }
end
sk sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K K ok
model = StructureModel (2,2)
model: addNodes(nodes)

model: addMaterials (materials)

model: addElements(elements)

model: constrainNode (1,1,1)

model: constrainNode (2,1 ,1)

sk kK K ok ok o K K oK ok K K oK oK o K K oK ok K K oK oK o K K oK ok K K oK ok K K o K K ok K K K oK oK K K K Kk
function generateincrementalload ()

—— format : tag node dof
local loadform = {’incrementalnodaldisplacement’, 2 , 1}
local f = assert(io.open(’cyclicwave.txt’,’r’))
local n = f:read(”*number”)
while (n "= nil) do
table.insert (loadform , 0.005xn)

n = f:read (”*number”)
end

f:close ()

return loadform

end
ks kK K ok ok K K oK ok K K oK oK o K K oK ok K K oK oK o K K oK ok o K K oK ok K oK ok o ok K oK K K K oK ok K K Kk ok
staticloading = LoadDescription ()

—— format: ’staticnodalload ’ <node> <dof> <amplitude>
1 = generateincrementalload ()
staticloading :addLoad (1)
sk K ok ok ok K oK oK o R K K oK oK K K oK oK oK K K K oK oK o K K oK oK o K K oK oK K K K oK Rk K ok oK K K oK oK K K K Kk ok

—— Static analysis
print (” Static analysis started\n”)

displ = {}
function displperstep (increment)

dx2,dy2 = model:nodeDisplacements (2)

table.insert (displ, dx2)
end
react = {}
function reactperstep (increment)

fx1 ,fyl = model:nodeRestoringForces(1)

table.insert (react, fx1)
end
solver = NonlinearSolver (” initialstiffness”, { displacementdeltatolerance=1le—3, iterations=10000})
analysis = StaticAnalysis (solver)
analysis:setStructureModel (model)
analysis:addcallback(displperstep ,” increment”)
analysis:addcallback(reactperstep ,” increment”)
analysis:solve(staticloading)
sk sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K ok ok
—— Set output file
function writedatal (x, fname)
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112 CHAPTER 3. STRUCTURAL MODELING
local f = assert(io.open(fname, w’))
local writenl =
for i,v in ipairs(x) do

f:write(v, 7 7)
writenl = writenl 4 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)
end
end
f:close ()
end
if (MatType == 1) then

writedatal (displ ,’Ex18StaticNonIsotropicNodalDisp-2.dat ’)
writedatal (react ,’ Ex18StaticNonIsotropicReact-1.dat )

end

if (MatType == 2) then

writedatal (displ ,”’ Ex19StaticlsotropicNodalDisp_-2.dat ’)
writedatal (react ,”’ Ex19StaticIsotropicReact_1.dat’)

end

print (” Static analysis

ended\n”)

3.4 Steel Beam-columns, Fiber Section, Static, Transient (

Beam column elements with layered section, and hardening material are analyzed next, Fig.
in Fig. magnified by a factor of 50 are applied on node 3 in the X direction.

HHT and Shing)

7.

The Cyclic displacement shown
Ex20 has stiffness-based beam-column, Ex21

has flexibility-based beam-column with element iteration, and Ex22 has flexibility-based beam-column without element iteration. For
transient analysis, HHT integration scheme in Ex20 and Shing method in Ex21 are used with a« = —0.1, 8 = 0.3025 and v = 0.6.
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Figure 3.5: Examples 20- 22
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3.4 Steel Beam-columns, Fiber Section, Static, Transient (HHT and Shing) 113

% Mercury Matlab Version 1.0.1

% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES

% Written : October 2009.

% File name: Ex20to22 .m

% Description

% 1. Static and transient analysis
2. Load control

% 3. Iterative method
4. Stiffness —based 2D beam—column ,

Y% flexibility —based 2D beam—column 1 and 2
5. Layer secctions

% 6. Hardening material

% Section AnalysisType
% AnalysisType = 1: Displacement Control
o AnalysisType = 2: Transient analysis

AnalysisType = 2;

[

% Section DynType

% DynType = 1: Newmark beta
% DynType = 2: HHT

% DynType = 3: Shing

% DynType 4: None

DynType = 3;
%

% Section leType

% EleType Stiffness —based 2D beam—column

% EleType Flexibility —based 2D beam—column by Spacone
% EleType Flexibility —based 2D beam—column by Carol

EleType =

o

% Preface

Unit = {’kip’, ’in’'};
StrMode = {2, 3};

%

% Control block
if ( (EleType
Iteration

1 || EleType == 2) && (DynType == 1 || DynType == 2) )
{’static’,{ {’NewtonRaphson’, 100, 1.0e—6, ’ForceNorm ' };

{ ModifiedNewtonRaphson *, 1000, 1.0e—6, ’ForceNorm};
{’InitialStiffness >, 10000, 1.0e—6, ’ForceNorm’};
’transient '’ ,{ {’NewtonRaphson’, 10, 1.0e—3, ’'DisplNorm’};
{’ModifiedNewtonRaphson ’, 100, 1.0e—3, 'DisplNorm’};
{’InitialStiffness ', 1000, 1.0e—3, ’DisplNorm’};
}s
"element ', { {’'NewtonRaphson’, 100, 1.0e—3, ’DisplNorm’};
{’ModifiedNewtonRaphson ', 1000, 1.0e—3, 'DisplNorm’};
{’InitialStiffness ’, 100000, 1.0e—3, ’DisplNorm’}
}
elseif ( (EleType == 3) && (DynType == 1 || DynType == 2) )
Iteration = {’static’,{ {’InitialStiffness ’, 10000, 1.0e—6, ’ForceNorm ' ’};};
"transient ',{ {’InitialStiffness ', 100000, 1.0e—3, ’DisplNorm’};
end
if (DynType == 3)
Iteration = {’static’',{ {’NewtonRaphson’, 100, 1.0e—6, ’'ForceNorm'};
{’ModifiedNewtonRaphson *, 1000, 1.0e—6, 'ForceNorm'};
{’InitialStiffness >, 10000, 1.0e—6, ’ForceNorm’};
}s
transient '’ ,{ {’InitialStiffness >, 100000, 1.0e—3, ’DisplNorm’}; % for shing method
’element °, { {’NewtonRaphson’, 100, 1.0e—3, ’'DisplNorm’};
{’ModifiedNewtonRaphson ', 1000, 1.0e—3, 'DisplNorm’};
{’InitialStiffness >, 100000, 1.0e—3, ’DisplNorm’}
}
s
end
if (DynType == 1)
Integration = {’Newmark’, 0, 1/4, 1/2, 0, 0};
eigens = {0.02, 0.02};
end
if (DynType == 2)
Integration = {’'HHT’, 0, —0.1, 0.3025, 0.6, 0, O};
cigens = {0.02, 0.02};
end
if (DynType == 3)
Integration = {’Shing’, 0, —0.1, 0.3025, 0.6, 0, 0, 10};
eigens = {0.02, 0.02};
end
>
% Geometry block
if (EleType == 1)
nodcoord = {1, 0, 0;
4, 0, 100;
2, 0, 200;
5, 0, 300;
3, 0, 400};
else
nodcoord = {1, @, ©3
s 0, 200;
3, 0, 400};
end
Y% nodtag , x, y, z
constraint = {1, 1, 1, 1};
%
% Element block
% elements = { { eletag, ’eletype’, in, jn, nlp, sectag } };
if (EleType == 1)
elements = { {1, ’StiffnessBased2DBeamColumn’, 1, 4, 5, 1};
{2, ’StiffnessBased2DBeamColumn ’, 4, 2, 5, 1};
{3, ’StiffnessBased2DBeamColumn ’, 2, 5, 5, 1};
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114 CHAPTER 3. STRUCTURAL MODELING
{4, ’StiffnessBased2DBeamColumn ’, 5, 3, 5, 1};};
elseif (EleType == 2)
elements = { {1, ’FlexibilityBased2DBeamColumnl’, 1, 2, 5, 1};
{2, ’'FlexibilityBased2DBeamColumnl’, 2, 3, 5, 1};};
elseif (EleType == 3)
elements = { {1, ’FlexibilityBased2DBeamColumn2’, 1, 2, 5, 1};
{2, ’FlexibilityBased2DBeamColumn2’, 2, 3, 5, 1};};
end
>
% Section block
% b = 10, h = 20, number of layer = 10, hlayer = 2
area = 10; mtag =1 count = 0;
for ydis = —9.5:1.0:9.5
count = count + 1; lay (count,1:3) = [mtag, area, ydis];
end
nlay = size (lay ,1);
for i = l:nlay
laycell{i,1}=1lay(i,1); laycell{i,2}=lay(i,2); laycell{i,3}=lay(i,3);
end
% sections = { sectag , ’'Layer’, {mattag, A, y} }
sections = {1, ’Layer’, laycell };
clear area;clear mtag;clear count;clear nlay;clear lay;

clear laycell;clear i;clear ydis;
9

% Material block
% mass density = 15.2 (slug/ft"3)
% = 15.2 (lbxs 2/ ft/ft " 3)
% = 15.2% (10" —3)/(12°4) (kips*s-2/in"4)
materials = { {1, ’'Hardening’, 29%10°3, 100, 290, 0, 7.3302e—007};};
o
% Force block
if (AnalysisType == 1)
DispInput = load (’cyclicwave.txt ');
row = size (Displnput ,1);
for i = l:row
DispCell{i} = 50xDispInput(i);
end
forces = { 1, ’Static’, {’NodalForces', {3, 1, 0} };
2, 'DispCtrl’, {3, 1, DispCell } };
clear DisplInput; clear row; clear i; clear DispCell;
elseif (AnalysisType == 2)
ga = load ('ElCentro_g_0_01_Matlab.txt ’);
nga = size(ga, 1);
for i = l:nga
groundacceleration{i,1} = ga(i,1);
groundacceleration{i,2} = ga(i,2);
groundacceleration{i,3} = ga(i,3);
end
forces = { 1, ’Static’, {’NodalForces', {3, 1, 0} };
2, ’Acceleration’, {50%386.4, groundacceleration} };
clear ga; clear nga; clear i; clear groundacceleration;
end
>
sk kK K ok ok o K K oK ok K K oK oK o K K oK oK K K oK oK o K K oK oK K K oK ok K K ok K K oK KK K oK oK K K Kk ok
AnalysisType = 1: Static analysis
—— AnalysisType= 2: Trnasient analysis
AnalysisType = 2
—— EleType = 1: Stiffness —based beam—column
—— EleType = 2: Flexibility —based beam—column
EleType = 1
sk K K ok o K oK oK S K oK oK o K oK oK o K K oK oK o K oK oK o K K oK oK o K K ok o K K ok oK K K oK oK K K K ok ok
if (EleType == 1) then
nodes = {{1, 0, 0};
{4, 0, 100, ’'mass’, 0.0146604, 0.0146604, 0};
{2, 0, 200, ’'mass’, 0.0146604, 0.0146604, 0};
{5, 0, 300, ’'mass’, 0.0146604, 0.0146604, 0};
{3, 0, 400, ’'mass’, 0.0073302, 0.0073302, 0}};
elements = { { 1, ’StiffnessBased2DBeamColumn ’, 1, 4, {1, 5} };
{ 2, ’StiffnessBased2DBeamColumn ’, 4, 2, {1, 5} };
{ 3, ’StiffnessBased2DBeamColumn ’, 2, 5, {1, 5} };
{ 4, ’StiffnessBased2DBeamColumn’, 5, 3, {1, 5} } };
end
if (EleType == 2) then
nodes = {{1, 0, 0};
{2, 0, 200, ’'mass’, 0.0293208, 0.0293208, 0};
{3, 0, 400, ’'mass’, 0.0146604, 0.0146604, O0}}
flexparams = {100000, le—3}
elements = { { 1, ’FlexibilityBased2DBeamColumn’, 1, 2, {1 ,5}, flexparams };
{ 2, ’FlexibilityBased2DBeamColumn’, 2, 3, {1 ,5}, flexparams } }
end
sections = {
1, ’Fiber ’,
—— MatTag, Area, y—loc, z—loc
{ 1, 10, —9.5, 0;
1, 10, —8.5, 0;
1, 10, —7.5, 0;
1, 10, —6.5, 0;
1, 10, —5.5, 0;
1, 10, —4.5, 0;
1, 10, —3.5, 0;
1, 10, —2.5, 0;
1, 10, —1.5, 0
1, 10, —0.5, 0;
1, 10, 0.5, 0;
1, 10, 1.5, 0;
1, 10, 2.5, 0;
1, 10, 3.5, 0;
1, 10, 4.5, 0;
1, 10, 5.5, 0;
1, 10, 6.5, 0;
1, 10, 7.5, 0;
1, 10, 8.5, 0;
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1, 10, 9.5, 0; } };
materials = { {1, hardening’,29000, 0, 100, 290, 0} }
sk kK K ok ok o K K oK ok o K K oK oK o K K oK oK o K K oK oK o K K oK ok K K oK ok K K oK K K ok K K K oK oK K K Kk
model = StructureModel (2,3)
model: addNodes (nodes )
model: addMaterials (materials)
model: addSections(sections)
model: addElements(elements)
model: constrainNode (1,1,1,1)
if (AnalysisType == 1) then
model: constrainNode (3,1,0,0)
end
sk kK K ok ok o K K oK oK K K oK oK o K K oK oK o K K oK oK o K K oK oK K K oK ok K K ok K K ok K K K oK ok K K Kk
—— Static analysis
if (AnalysisType == 1) then
print (” Static analysis started\n”)
sk ko ok ok ok K ok K ok K ok K K K ok ok ok K ok o ok K oK ok K K ok ok o K K ok oK K ok oK K K Kk K K K
function generateincrementalload ()
—— format : tag node dof
local loadform = {’incrementalnodaldisplacement’, 3 9 1}
local f = assert(io.open(’cyclicwave.txt’,’r’))
local n = f:read(”*number”)
while (n "= nil) do
table.insert (loadform , 50%n)
n = f:read (”*number”)
end
£:close ()
return loadform
end
sk ok ok ok ok ok K ok ok o Sk K ok ok o R K ok ok o K K ok ok o ok K ok ok o K K ok ok o K K ok oK o oK oK oK o K K oK K K K K
staticloading = LoadDescription ()
—— format: ’staticnodalload ’ <node> <dof> <amplitude>
1 = generateincrementalload ()
staticloading :addLoad (1)
sk ok ok ko K ok K ok ok ok oK ok ok K ok K ok ok ok K ok ok o K K ok o K K ok ok o K K oK oK o K ok oK K K Kk K K K
displ = {}
function displperstep (increment)
dx3,dy3,dz3 = model: nodeDisplacements (3)
table.insert (displ, dx3)
end
react = {}
function reactperstep (increment)
fx1 ,fyl,fz1 = model: nodeRestoringForces(1)
table.insert (react , fx1)

——solver = NonlinearSolver (" newtonraphson”, { displacementdeltatolerance=1e—

iterations=100})

solver = NonlinearSolver(” initialstiffness”, { displacementdeltatolerance=1le—3, iterations=1000000})

analysis = StaticAnalysis(solver)
analysis:setStructureModel (model)
analysis:addcallback (displperstep ,
analysis:addcallback(reactperstep ,
analysis:solve(staticloading)
sk ko ok ko K ok ok ok K K oK ok K K ok ok o K K oK o K K oK ok kK K ok ok K K ok ok K K ok K K oK ok K K Kk ok
—— Set output file
function writedatal (x, fname)
local f = assert(io.open (fname, 'w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, 7 7
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)

”increment”)

”increment”)

end
end
f:close ()
end

if (EleType == 1) then
writedatal (displ ,” Ex20StaticNodalDisp_3.dat ’)
writedatal (react ,’ Ex20StaticReact_1.dat’)

end
if (EleType == 2) then
writedatal (displ ,’ Ex21StaticNodalDisp_3.dat ’)
writedatal (react ,’ Ex21StaticReact-1.dat’)
end
print (” Static analysis ended\n”)
end
sk sk K ok ok o K oK oK S K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K ok o ok K ok oK K K oK oK K K K ok ok
if (AnalysisType == 2) then
print (” Transient analysis started\n”)
earthquakeloading = LoadDescription ()
accelamp = 50x386.4
ecarthquakeloading :addLoad ({’groundmotion ’,’ ElCentro_g-0_01_OpenSees .txt ,dt=0.01",
sk ok ok ok ok ok ok ok ok ok oK ok o Kk K ok ok ok K ok o K K ok ok ok K ok ok o K K oK oK K ok oK K K Kk K K K
displ = {}
function displpertime (time)
dx3,dy3,dz3 = model: nodeDisplacements (3)
table.insert (displ, dx3)
end
react = {}
function reactpertime (time)
fx1 ,fyl,fz1 = model: nodeRestoringForces(1)
table.insert (react , fx1)
end

sk ok ok sk ok ok ok ok ok K ok ok Kk ok ok K sk ok ok sk ok ok K sk ok ok ok ok ok K ok ok K sk ok ok K ok ok K ok ok ok K ok K ok Kk K

1,accelamp })

—— solver = NonlinearSolver (? newtonraphson”, { displacementdeltatolerance=le—3, iterations=100})

solver = NonlinearSolver(” initialstiffness”, { displacementdeltatolerance=1le—3, iterations=1000})

transientanalysis = DynamicAnalysis(”HHT” , model, solver , earthquakeloading , 0.01, —0.1,

transientanalysis:addcallback(displpertime , ”timestep”)
transientanalysis:addcallback(reactpertime, ”timestep”)
if (EleType == 1) then

Mercury

0.3025, 0.6)

Theory Manual; V. 1.




159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191

© 00 ND U A WN =

BAR AR RRRWOWOWWWRWWRNNNNNNNNNN R R SRS
CUAWNFOONRIONARNFROORTIOUAWNROOOTIDUAWNRO

© 00N UA W

116 CHAPTER 3. STRUCTURAL MODELING

model: setRayleighCoefficients (9.693343,0.000038)
end
if (EleType == 2) then
model: setRayleighCoefficients (0.757867,0.000287)
end
transientanalysis:solve (4000)
ok sk ko ko ok ok ok ok Kk ok ok ok Kk ok ok ok ok Kk ok kK ok kK ok sk ok sk kK ok ok K ok ok kK kK kK
function writedatal (x, fname)
local f = assert(io.open(fname, w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, 7 7
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)
end
end
f:close ()
end
if (EleType == 1) then
writedatal (displ ,’ Ex20HHTNodalDisp_-3.dat ’)
writedatal (react ,’ Ex20HHTReact-1.dat ’)
end
if (EleType == 2) then
writedatal (displ ,’ Ex21HHTNodalDisp_-3.dat ’)
writedatal (react ,’ Ex21HHTReact_1.dat )
end
print (” Transient analysis ended\n”)
end
ok ok ok ok ok ok oKk ok ok ok K ok ok ok K ok ok ok ok K ok ok sk ok ok ok ok ok sk sk kK ok K kK ok ok ok
J
3.5 Zero-length and Beam Column, Nonlinear Steel Element, |  oad control

The implementation of the zero-length element is examined next in combination with stiffness-based beam-column and zero-length
element, elastic and bilinear materials, Fig. The incremental forces are increase by —10kN up to —50kN at node 2 in the X
direction.

% Mercury Matlab Version 1.0.1

% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES

% Written : October 2009.

% File name: Ex23.m

% Description

Static analysis

Static force and load control

Iterative method

Stiffness —based 2D beam column and Zero—Length 2D element
General section

Bilinear material

Q
o Ul A W

% Preface

Unit = {'kip’, ’in'};

StrMode = {2, 3};

9

% Control block

Iteration = {’static’,{ {’InitialStiffness ’, 100, 1.0e—8, ’ForceNorm ' };

}s

9

% Geometry block

nodcoord = {1, 0, 0;
2, 0, 0O;
3, 0, 120};

constraint = {1, 1, 1, 1;
3, 1, 1, 1};

9

% Element block

elements = { {1, ’ZeroLength2D’, 1, 2, 0, 1, 0, deg2rad (90)}
{2, ’StiffnessBased2DBeamColumn ’, 2, 3, 1, 1};};

g

% Section block
sections = { 1, ’General’, {2, 20, 0, 0, 1400} };
9

% Material block

materials = { {1, ’Bilinear’, 1050, 21, 0.2, 0, 0, 1, 0, 1};
{2, ’Elastic’, 30000, 0, 0} };

9

% Force block

forces = { 1, ’Static’, {’ NodalForces ’, {2, 1, —10}};

2, 'LoadCtrl’, {2, 1, {—20,—30,—40,—50} } };

9
J
N\

ok ok ko o o K K o ok o o o ok o ko Kk Kok ok K ok K ok ok ok oK
nodes = { {1, 0, 0};

{2, 0, 0};

{3, 0, 120} };

kK sk ok ok o ok oK K ok oK K K ok K K oK oK K K ok K K ok oK K ok ok K K ok oK K oK oK K K oK oK K K ok ok ok ok ok oK K K ok K K K ok K

—— { eleTag, ’InterfaceElement2D’, inode, jnode, { {matTag, {1,0,0} } }, { {secTag}}, {0,1,0},{—1,0,0} }
elements = { {1, ’InterfaceElement2D’, 1, 2, { { 1, {1,0,0} } }, {} };
{2, ’StiffnessBased2DBeamColumn ’, 2, 3, {1, 1} } };
ko ok ok ok ok ok ok ok ook ok K oKk ok ok K ok K oK ok ok ok K ok ok ok ok K oKk ok sk sk sk ok K sk ok ok ok Kok ok
sections = { 1, ’general’, {2, 20, 1400} };
ok ok ok ok ok ok ok ok ook ok K oKk ok ok ok K oK ok ok K ok ok ok ok sk K sk ok sk sk sk ok K oKk ok ok ok koK ok
materials = { {1,’bilinear ’, 1050, 0, 21, 0.2, 0, 1, 0, 1};

{2, elastic *,30000, 0.0} };

sk sk sk ok K ok K K oK oK K K oK K K oK oK K K ok K K ok oK K K oK K K oK oK K K oK K K ok oK ok K ok ok ok koK oK K K ok oK K K ok K
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model = StructureModel (2,3)
model: addNodes(nodes)
model: addMaterials (materials)
model: addSections (sections)
model: addElements(elements )
sk kK K ok ok o K K oK ok K K oK oK o K K oK oK o K K oK oK oK K oK oK K K ok ok K K ok K K oK K K K oK oK K K Kk
model: constrainNode (1,1,1,1)
model: constrainNode (3,1,1,1)
sk sk K K ok o K oK oK S K oK oK o K oK oK o K oK oK S K oK oK o K K oK oK o K K oK o K K ok oK K K oK oK K K K K ok
staticloading = LoadDescription ()
staticloading :addLoad ({’incrementalnodalload’, 2, 1, —10,—20,—30,—40,—50})
sk ok ok ok ok K ok ok ok K K oK ok ok K K ok ok oK K K ok ok oK K K ok ok ok K K oK oK o K K ok ok o K K oK o K K oK oK ok K ok ok ok
displ = {}
function displperstep (increment)
dx2,dy2,dz2 = model:nodeDisplacements (2)
table.insert (displ, dx2)
end

solver = NonlinearSolver (” newtonraphson”, { displacementdeltatolerance=1le—5,

analysis = StaticAnalysis(solver)
analysis:setStructureModel (model)
analysis:addcallback (displperstep ,
analysis:solve(staticloading)

sk o K ok ok ok K oK oK o K K K oK oK R K K oK oK K K K oK oK K K K oK oK o K oK oK oK K K oK oK ok K ok oK K K oK oK K K K K ok
—— Set output file

function writedatal (x, fname)

”increment”)

local f = assert(io.open (fname, ' w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, ” 7
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)
end
end
f:close ()
end
writedatal (displ , ’Ex23NodalDisp-2.dat ’)

iterations =100})

3.6 Zero-length Section, and Beam Column, Fiber, Nonlinear Steel Element, load control

The zero length section element is validated next in a similar way as in the preceding example, Fig. B} Incremental forces of —20kN

up to —400kN are applied on node 2 in the X direction.

% Mercury Matlab Version 1.0.1

% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES

% Written : October 2009.

% File name: Ex24.m

9

% Description

% 1. Static analysis

% Static force and load control

% Iterative method

% Stiffness —based 2D beam column and Zero—Length 2D section element

General section
Bilinear material

% Preface

Unit = {’kip’, ’in’};

StrMode = {2, 3};

g

% Control block

Iteration = {’static ’,{ {’InitialStiffness ’, 100, 1.0e—8, ’'ForceNorm'};

}s

9

% Geometry block

nodcoord = {1, 0, 0;
2, 0, 0;
3, 0, 120};

constraint = {1, 1, 1, 1;
3, 1, 1, 1};

9

% Element block

elements = { {1, ’ZeroLength2DSection’, 1, 2, deg2rad (90), 1
{2, ’StiffnessBased2DBeamColumn ', 2, 3, 3, 2};}

}

% Section block
sections = { 2, ’Layer’, {

(SIS N S e

e
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1, 12, —4.5;
1, 12, —5.5} };
9
% Material block
materials = { {1, ’Bilinear’, 1050, 21, 0.2, 0, 0, 1, 0, 1};
{2, ’Elastic’, 30000, 0, 0} };
9
% Force block
forces = { 1, ’Static’, {’ NodalForces ’, {2, 1, —20}};
2, 'LoadCtrl’, {2, 1, {—40, —60, —80, —100, —120,...
—140, —160, —180, —200, —220,...
—240, —260, —280, —300, —320,...

—340, —360, —380, —400} } };

ok ok ok ok ok ok ok ok ok ok ook sk K oKk ok ok ok K ok ok ok K sk K ok ok ok ok K ok ok sk sk sk ok K ok ok ok ok koK ok
nodes = { {1, 0, 0};
{2, 0, 0};
{3, 0, 120} };
ke ke ko ko ok kR ok ok ok ok ok ok K Kk ok kK ok K ok kK ok K Kk ok kK ok K Kk ok kK kK kK ok K K kK kK kK ok
—— { eleTag, ’InterfaceElement2D ', inode, jnode, { {matTag, {1,0,0} } }, { {secTag}}, {0,1,0},{—1,0,0} }
elements = { {1, ’InterfaceElement2D ', 1, 2, {}, {{1}}, {0,1,0},{—1,0,0} };
{2, ’StiffnessBased2DBeamColumn ', 2, 3, {2, 3} ;
ko ke ko ko ok kR ok ok ok koK ok K Kk ok kK ok K ok kK ok K Kk ok kK ok K Kk ok kK kK kK ok K Kk ok kK ok ok ok
sections = {1, ’'Fiber’, {1, 12, 5. 0;
1, 12, 4
, 12, 3
, 12, 2.
1
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b
ok ok ok ok ok ok ok ok ok ok ook ok K oKk oK sk ok K ok ok sk K ok ok ok ok sk K ok ok ok sk sk sk ok K sk K ok ok Kok ok
materials = { {1,’bilinear ’, 1050, 0, 21, 0.2, 0, 1, 0, 1};
{2,%elastic ’,30000, 0.0} };
ke ko ok ok ok ok kR ok ok ok ok ok ok K Kk ok kK ok K ok kK ok K Kk ok kK ok K Kk ok kK kK kK ok K Kk ok kK kK ok
model = StructureModel (2,3)
model: addNodes (nodes )
model: addMaterials (materials)
model: addSections(sections)
model: addElements(elements)
sk ok ok ok ok koK ok ok ok ook ok K oKk ok ok K ok K ok ok ok K oKk ok kK ok K sk ok sk sk sk ok K Kk ok ok ok koK ok
model: constrainNode (1,1,1,1)
model: constrainNode (3,1,1,1)
sk ok ok ok ok koK ok ok ok ook ok K oKk ok ok K ok K ok ok ok K ok K ok ok ok ok K sk ok sk sk sk ok K ok ok ok ok Kok ok

staticloading = LoadDescription ()
staticloading :addLoad ({’incrementalnodalload’, 2, 1, —20,—40,—60,—80,—100,—120,—140,—160,—180,—200,—220,—240,—260,—38
sk ke ok ok ko K ok ok ok K K oK ok K K ok ok ok K K ok ok ok K K oK ok ok K K ok ok ok K K ok ok ok K K ok K K ok ok K K Kk
displ = {}
function displperstep (increment)
dx2,dy2,dz2 = model:nodeDisplacements (2)
table.insert (displ, dx2)
end
solver = NonlinearSolver (?” newtonraphson”, { displacementdeltatolerance=1le—5, iterations=100})
analysis = StaticAnalysis(solver)

analysis:setStructureModel (model)
analysis:addcallback (displperstep ,
analysis:solve (staticloading)
sk kK ok ok o K K oK ok K K oK oK o K K oK oK K K oK oK o K K oK ok o K K oK ok K K ok K K ok K K K oK oK K K Kk
—— Set output file
function writedatal (x, fname)

local f = assert(io.open(fname, w’))

local writenl = 0

for i,v in ipairs(x) do

f:write(v, 7 7

»increment”)

writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)
end
end
f:close ()

end

writedatal (displ ,’ Ex24NodalDisp_2.dat )

3.7 Beam-column, Fiber Section, Nonlinear Material, multi  -d.o.f.s displacement control, Pushover
Analysis
Validation of displacement control at multiple free degrees of freedom, as described in [L5] is performed next. Layered sections beam-

column elements with hardening material are used, Fig. ?7. Cyclic displacements shown in Fig. are applied at node 2 and 3
magnified by a facotr of -30 and 50 respectively. Ex25 has stiffness-based beam-column and Ex26 has flexibility-based beam-column.
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3.7 Beam-column, Fiber Section, Nonlinear Material, multi-d.o.f.s displacement control, Pushover

Analysis 121
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Figure 3.8: Examples 25- 26
-
o

% Mercury Matlab Version 1.0.1

% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES

% Written : October 2009.

% File name: Ex25t026 .m

C

% Description

% 1. Static analysis

% 2. Multiple displacement control

% 3. Iterative method

% 4. Stiffness —based 2D beam—column ,

Y% flexibility —based 2D beam—column 1 and 2

% 5. Layer sections

% 6. Hardening material

%

% Section EleType

% EleType = 1: Stiffness —based 2D beam—column

% EleType 2: Flexibility —based 2D beam—column by Spacone

EleType = 2;

oz

% Preface

Unit = {’kip’, ’in’};

StrMode = {2, 3};

%

% Control block

Iteration = {’static ',{ {’NewtonRaphson’, 100, 1.0e—8, ’'ForceNorm’};
{’ModifiedNewtonRaphson ’, 1000, 1.0e—8, ’ForceNorm’};
{"InitialStiffness ', 10000, 1.0e—8, ’ForceNorm'};

b
’element ’, { {’NewtonRaphson’, 100, 1.0e—5, ’'DisplNorm’};
{’ModifiedNewtonRaphson >, 1000, 1.0e—5, ’DisplNorm’};
{’InitialStiffness >, 100000, 1.0e—5, ’'DisplNorm’}
}s
}s

%

% Geometry block

if (EleType == 1)

nodcoord =

elseif (EleType
nodcoord =

end

Y% nodtag ,
constraint = {1, 1, 1, 1};
%

% Element block
% elements = { { eletag, ’eletype’, in, jn, nlp, sectag } };
if (EleType 1

elements { {1, ’StiffnessBased2DBeamColumn ’, 1, 4, 5, 1};
{2, ’StiffnessBased2DBeamColumn ’, 4, 2, 5, 1};
{3, ’StiffnessBased2DBeamColumn ', 2, 5, 5, 1};
{4, ’StiffnessBased2DBeamColumn ', 5, 3, 5, 1};};
elseif (EleType == 2)
elements = { {1, ’FlexibilityBased2DBeamColumnl’, 1, 2, 5, 1};
{2, ’FlexibilityBased2DBeamColumnl’, 2, 3, 5, 1};};
end
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>

% Section block
% b = 10, h = 20, number of layer = 10, hlayer = 2
area = 10; mtag = 1; count = 0;
for ydis = —9.5:1.0:9.5
count = count + 1; lay (count,1:3) = [mtag, area, ydis];
end
nlay = size (lay ,1);
for i = 1l:nla
laycell{i,1}=lay(i,1); laycell{i,2}=lay(i,2); laycell{i,3}=lay (i
end
% sections = { sectag , ’'Layer’, {mattag, A, y} }
sections = {1, ’Layer’, laycell };
clear area;clear mtag;clear count;clear nlay;clear lay;

clear laycell;clear i;clear ydis;
9

% Material block

»3) 5

% mass density = 15.2 (slug/ft"3)
% = 15.2 (lbxs 2/ft/ft " 3)
% = .2%(10° —3)/(12°4) (kips+s”2/in"4)
materials = { {1, ’'Hardening’, 29%10°3, 100, 290, 0, 7.3302e—007};};
% Force block
DispInput = load (’cyclicwave.txt ’);
row = size (Displnput ,1);
for i = 1l:row
DispCelll{i} = —30%DispInput(i);
DispCell2{i} = 50«DispInput(i);
end
forces = { 1, ’Static’, {’NodalForces’', {3, 1, 0} };
2, 'DispCtrl’, {2, 1, DispCelll;
3, 1, DispCell2 } };
clear DispInput; clear row; clear i; clear DispCelll;clear DispCell2;
o
sk kK K ok ok o K K oK oK K K oK oK o K K oK oK o K K oK oK o K K oK oK K K oK ok K K ok K K ok K K K oK ok K K Kk
—— EleType = 1: Stiffness—based beam—column
—— EleType = 2: Flexibility —based beam—column
EleType = 2
sk sk K K ok o K oK oK o K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K K ok
if (EleType then
nodes = {{1, 0, 0},
{4, 0, 100},
{2, 0, 200},
{5, 0, 300},
{3, 0, 400}};
elements = { { 1, ’StiffnessBased2DBeamColumn ', 1, 4, {1, 5} };
{ 2, ’StiffnessBased2DBeamColumn ’, 4, 2, {1, 5} };
{ 3, ’StiffnessBased2DBeamColumn ’, 2, 5, {1, 5} };
{ 4, ’StiffnessBased2DBeamColumn’, 5, 3, {1, 5} } };
end
if (EleType == 2) then
nodes = {{1, 0, 0},
{2, 0, 200},
{3, 0, 400}}
flexparams = {1000, le—5}
elements = { { 1, ’'FlexibilityBased2DBeamColumn’, 1, 2, {1 ,5}, flexparams };
{ 2, ’FlexibilityBased2DBeamColumn’, 2, 3, {1 ,5}, flexparams } }
end
sk sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K K ok
sections = {
1, ’Fiber ’,
—— MatTag, Area, y—loc, z—loc
{ 1, 10, —9.5, 0;
1, 10, —8.5, 0;
1, 10, —7.5, 0;
1, 10, —6.5, 0;
1, 10, —5.5, 0;
1, 10, —4.5, 0;
1, 10, —3.5, 0;
1, 10, —2.5, 0;
1, 10, —1.5, 0;
1, 10, —0.5, 0;
1, 10, 0.5, 0;
1, 10, 1.5, 0
1, 10, 2.5, 0;
1, 10, 3.5, 0;
1, 10, 4.5, 0;
1, 10, 5.5, 0;
1, 10, 6.5, 0;
1, 10, 7.5, 0;
1, 10, 8.5, 0;
1, 10, 9.5, 0; } };
sk sk K K ok o K oK oK S K oK oK o K oK oK o K K oK oK S K oK oK o K K oK oK o K K oK oK K K ok oK K K oK oK K K K K ok
materials = { {1, hardening’,29000, 0, 100, 290, 0} }
sk kK K ok ok o K K oK ok K K oK oK o K K oK ok K K oK oK o K K oK ok o K K oK ok K K oK K K ok K K K oK oK K K Kk ok
model = StructureModel (2,3)
model: addNodes (nodes )
model: addMaterials (materials)
model: addSections (sections)
model: addElements(elements)
model: constrainNode (1,1,1,1)
model: constrainNode (2,1,0,0)
model: constrainNode (3,1,0,0)
sk sk K K ok o K oK oK S K oK oK o K oK oK o K oK oK o K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K K ok
—— Static analysis
function generateincrementalload2 ()
—— format : tag node dof
local loadform = {’incrementalnodaldisplacement’, 2 , 1}
local f = assert (io.open(’cyclicwave.txt’, r’))
local n = f:read(”*number”)
while (n "= nil) do
table.insert (loadform , —30x%n)
n = f:read (”*number”)
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end
f:close ()
return loadform

end

function generateincrementalload3 ()

—— format : tag node dof
local loadform = {’incrementalnodaldisplacement’, 3 , 1}
local f = assert (io.open(’cyclicwave.txt’,’ r’))
local n = f:read (”*xnumber”)
while (n "= nil) do
table.insert (loadform , 50xn)

n = f:read (”*number”)
end

f:close ()

return loadform

end
sk ok ok ko K ok K ok o ok K ok ok K K ok ok K K ok ok o ok K ok ok K K ok sk K K oK oK K ok oK K K Kk K K K

staticloading = LoadDescription ()

—— format: ’staticnodalload ’ <node> <dof> <amplitude>

12 = generateincrementalload?2 ()

13 = generateincrementalload3 ()

staticloading :addLoad (12)

staticloading :addLoad (13)

sk sk K ok ok ok K oK oK oK R K K oK oK R K K oK oK K K K oK oK oK K K oK oK o K K oK oK o K oK oK oK K K oK o K K oK oK K K K

displ = {}

function displperstep (increment)

dx2,dy2,dz2 = model: nodeDisplacements (2)
dx3,dy3,dz3 = model: nodeDisplacements (3)
table.insert (displ, dx2)
table.insert (displ, dx3)

end

react = {}

function reactperstep (increment)
fx1 ,fyl ,fz1 = model: nodeRestoringForces (1)
print (?” Work\n”);
table.insert (react , fx1)

end

—— solver = NonlinearSolver (" newtonraphson”, { displacementdeltatolerance=le—5, iterations=100})

—— solver = NonlinearSolver(” initialstiffness”, { displacementdeltatolerance=1le—5, iterations=10000})

= multisolver <type> <disp delta> <residual> <max iterations >

solver = NonlinearSolver (?” multisolver”,

"newtonraphson”, le—5, le—5, 100,
“initialstiffness”, le—5, le—5, 1000)
analysis = StaticAnalysis (solver)

analysis:setStructureModel (model)

analysis:addcallback (displperstep ,” increment”)

analysis:addcallback (reactperstep ,” increment” )

analysis:solve (staticloading)

sk sk K ok ok o K K oK S K oK oK o K oK oK o K K oK oK S K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K ok ok

—— Set output file

function writedatal (x, fname)
local f = assert(io.open(fname, w’))
local writenl =
for i,v in ipairs(x) do

f:write(v, ” 7)
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)
end
end
f:close ()

end

function writedata2(x, fname)
local f = assert (io.open (fname,’'w’))
local writenl =
for i,v in ipairs(x) do

f:write(v, 7 7)
writenl = writenl 4 1
—— length of row size: writenl
if (writenl > 1) then
writenl = 0
f:write(”\n”)
end
end
£:close ()

end

if (EleType == 1) then
writedata2 (displ ,” Ex25NodalDisp_2_3.dat ’)
writedatal (react ,” Ex25React_1.dat )

end

if (EleType == 2) then
writedata2 (displ ,” Ex26NodalDisp_2_3 .dat ’)
writedatal (react ,”’ Ex26React_1.dat )

end

3.8 Reinforced Concrete Beam-Column, Fiber Section, Trans  ient Analysis

This example consists of four types of beam-column element with layer section and material constitutive models for reinforced concrete,
Fig. In Ex27, material constitutive model of confined (core) or unconfined (cover) concrete using the modified Kent-Park model,
whereas in Ex28, material constitutive model of confined (core) or unconfined (cover) concrete based on the anisotropic damage model
with permanent strain are used. Steel is modeled with the modified Giuffre-Monegotto-Pinto model, and the shear spring in the

zero-length element has a bilinear model.

At the base, a zero-length section and zero-length element are used to capture bond-slip. Fig. [3.10] succinctly describes the bar-slip

zero-length fiber-section element (?) used. ?

uses an empirically derived stress-deformation relation for the bar-slip fiber material

between concrete and reinforcement. The material properties of the concrete are the same as those in the adjacent column element

Mercury

Theory Manual; V. 1.




124 CHAPTER 3. STRUCTURAL MODELING

= - Reinforcement

5 .
6" Stiffness-based element = : Cover concrete
with 3 integration points === : Core concrete
4
0
A s A T
0
t 0 T
0 70.85in
27" : Flexibility-based element
: with 5 integration points
0 8@0.5375in
0
0
0
. v
3 e 0.85in
. Stiffness-based element
6 Y with 3 integration points
Zero-length and _ i
0" zero-length section elements 1.7in 43in

Cross-section A-A

Figure 3.9: Beam-column elements for Ex27 and Ex28

bheam-
codumn
element

zero-length
section
element

Figure 3.10: Bar slip zero-length fiber section element (?)
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except the residual stress at large strains is taken as 0.8 - o/, (?). Zero-length elements are used to account for shear-deformations using
elastic spring elements at both ends of beams and columns as well. The joints are assumed to be rigid otherwise.

Table[32to[35]l describe material properties of Ex27 and Ex28. Applied masses from node 2 to node 5 are 2.50712F —05, 0.000137891,
0.000137891, (2.50712E — 05 + 9.0/386.4)kips/in® respectively. There are no rotation masses.

Table 3.2: Material properties of concrete for Ex27 (unit: kips, in)

Element [ Concrete [[  Eis [ oc ] €c [ ocu | €cu [ A o
Beam-column Cover 549.231 -3.57 -0.0026 -1.19 -0.0078 0.3 0.448
Core 549.451 -7.5 -0.00546 -7.35 -0.01638 0.3 0.650
Zero-leneth section Cover 105.000 -3.57 -0.0136 -1.19 -0.0408 0.3 0.448
g Core 104.167 -7.5 -0.0288 -6.75 -0.0864 0.3 0.650

Table 3.3: Material properties of concrete for Ex28 (unit: kips, in)

Bloment [ Conaete T B[ v ] =0 S T T = [ %, [ Ds
B ! Cover 3820 | 0.2 | 5.855E-08 1870 0.003248 0.05168 | 3.880E+10 | 22.27 | 1.00
cam-cofumn Core T804 0.2 | 6.483E-06 | 503.6 | B3.125E-07 0.4054 3.150E+00 102 T.00
Zorolometh seotion Cover 5693 | 0.2 | 1.689B-10 | 3718 0.832 T.461 0.520B+13 | 100.4 | 1.00
gth s Tore 396.7 | 0.2 | 0.0008326 | 124.8 | 2.084B-07 T.61 S.856BF11 | 62.48 | 1.00

Table 3.4: Material properties of reinforcement for Ex27 and Ex28 (unit: kips, in)

Element I F [ oy, [ b TROJ] ¢cRlT [ cR2Jal ] a2 ] a3 | a4
Beam-column element [[ 26500 [ 87.5 [ 0.01 [ 15 [ 0.925 [ 0.156 [ 0 [ 55 ] 0 [ 55
Zero-length section element [[ 6949 [ 87.5 [ 0.01 [ 15 [ 0.925 [ 0.156 [ 0 [ 55 | 0 | 55

Fig. 77 describes results of Ex27 and Ex28.

1 9
2| % Mercury Matlab Version 1.0.1

3| % Written by Dae—Hung Kang, CU-NEES

4| % Copyright 2009, CU-NEES

5| % Written : October 2009.

6| % File name: Ex27.m (1 column)

7| ¢

8| % Preface

9| Unit = {'kip’, ’in'};

10| % ndim, ndofpn

11| StrMode = {2, 3};

12| 9

13| % Control block

14| Iteration = {’static ’,{ {’NewtonRaphson’, 100, 1.0e—6, ’'ForceNorm’};

15 {’InitialStiffness >, 10000, 1.0e—6, ’'DisplNorm’};
16 }

17 "element ' ,{ {’NewtonRaphson’, 1000, 1.0e—6, ’DisplNorm’};
18 {"InitialStiffness ', 100000, 1.0e—6, ’'DisplNorm’};
19 }

20 "transient ’',{ {’NewtonRaphson’, 100, 1.0e—6, ’'DisplNorm’};
21 {’InitialStiffness >, 100000, 1.0e—6, ’'DisplNorm’};
22 }

23 :

24 %Integration = {'HHT’, 0, —0.2, 0.36, 0.7, 0.6318799279194399, 0.00015503501814608252};
25 Integration = {’Shing’, 0, —0.2, 0.36, 0.7, 0.6318799279194399, 0.00015503501814608252 ,10};
26| addMass = {1, 0, 0, 0;

27 2, 2.50712E—-05, 2.50712E—-05, O0;

28 3, 0.000137891, 0.000137891, O

29 4, 0.000137891, 0.000137891, O0;

30 5, 2.50712E—05+9.0/386.4, 2.50712E—05+9.0/386.4, 0};

31| ¥

32| nodcoord = {1, 0, 0;

33 2, 0, O0;

34 3, 0, 6;

35 4, 0, 33;

36 5, 0, 39};

37| constraint = {1, 1, 1, 1};

38| ¥

39

40| elements = { {1, ’ZeroLength2D’, 1, 2, 0, 26, 0, pi()/2};

41 {2, ’ZeroLength2DSection ', 1, 2, pi()/2, 3};

42 {3, ’StiffnessBased2DBeamColumn ', 2, 3, 3, 1};

43 {4, ’FlexibilityBased2DBeamColumnl’, 3, 4, 5, 1};

44 {5, ’StiffnessBased2DBeamColumn ’, 4, 5, 3, 1}};

45| 9

46| sections = {1, ’'Layer’, {1, 5.1, 2.575;

47 1, &1, —2.575;

48 1, 0.91375, 1.88125;

49 1, 0.91375, 1.34375;

50 1, 0.91375, 0.80625;

51 1, 0.91375, 0.26875;

52 1, 0.91375, —0.26875;

53 1, 0.91375, —0.80625;

54 1, 0.91375, —1.34375;

55 1, 0.91375, —1.88125;

56 2, 2.31125, 1.88125;

57 2, 2.31125, 1.34375;

58 2, 2.31125, 0.80625;

59 2, 2.31125, 0.26875;

60 2, 2.31125, —0.26875;
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Table 3.5: Property of shear spring in zero-length element for Ex27 and Ex28 (unit: kips, in)

Element [ E [ o, [ b Jal a2 a3 ] a4
Shear spring in zero-length [[ 1690 [ 78.2 [ 0.173 [ 0 [ 55 [ 0 [ 55

61 2, 2.31125, —0.80625;
62 2, 2.31125, —1.34375;
63 2, 2.31125, —1.88125;
64 17, 0.147, 2.15;
65 17, 0.098, 03
66 17, 0.147, —2.15;};
67 3, ’'Layer’, {5, 5.1, 2.575;
68 5, 5.1, —2.575;
69 5, 0.91375, 1.88125;
70 5, 0.91375, 1.34375;
71 5, 0.91375, 0.80625;
72 5, 0.91375, 0.26875;
73 5, 0.91375, —0.26875;
74 5, 0.91375, —0.80625;
75 5, 0.91375, —1.34375;
76 5, 0.91375, —1.88125;
77 6, 2.31125, 1.88125;
78 6, 2.31125, 1.34375;
79 6, 2.31125, 0.80625;
80 6, 2.31125, 0.26875;
81 6, 2.31125, —0.26875;
82 6, 2.31125, —0.80625;
83 6, 2.31125, —1.34375;
84 6, 2.31125, —1.88125;
85 19, 0.147, 2.15;
86 19, 0.098, 03
87 19, 0.147, —2.15;};};
88| ¥
89 materials = { { 1 ,  'ModKP’ 5 —3.57 5 —0.0026 , —1.19 5 —0.0078 , 0.3 , 0.448121077 549.R307692 0
b
90 { 2 ,  'ModKP’ 5 —7.5 5 —0.00546 5 —7.35 5 —0.01638 5 0.3 , 0.649519053 |, 549.4505495
, 0 };
91 { 5 ,  'ModKP’ 5 —3.57 5 —0.0136 , —1.19 5 —0.0408 0.3 , 0.448121077 , 105 |, 0 }s;
92 { 6 ; 'ModKP’ 9 —7.5 9 —0.0288 , —6.75 9 —0.0864 0.3 , 0.649519053 104.1666667 0
s
93 { 17 ,  'ModGMP’ 9 26500 P 87.5 9 0.01 9 15 9 0.925 9 0.15 P 0 9 0 55 5
0 9 55 e
94 { 19 ,  'ModGMP’ 9 6949 P 87.5 9 0.01 9 15 9 0.925 9 0.15 P 0 9 0 55 5
0 9 55 e
95 { 26 , ’Bilinear ’ 5 1690 5 78.2 5 0.173 5 0 5 0 5 55 5 0 5 55 }i}s
96| ¥
97| % Force block
98| ga = load ('NR_g.dt_0_01_Matlab .txt ’
99 nga = size(ga, 1);
100| for i = 1l:nga
101 groundacceleration{i,1} = ga(i,1);
102 groundacceleration{i,2} = ga(i,2);
103 groundacceleration{i,3} = ga(i,3);
104 end
105| forces = { 1, ’Static’, {’NodalForces’, {5, 1, 0} };
106 2, ’Acceleration’, {386.4, groundacceleration} };
J
N\
1 A
2[ — 1 column
o,
4| —— o (39)
5 — | Stiffness —based beam—column with 2 integration points
6 o (33)
7 —
8| — | Flexibility —based beam—column with 5 integration points
9 |
o (6)
| Stiffness —based beam—column with 2 integration points
o (0)
Zero—Length and zero—Length section elements (bottom bar slip and shear deformation )
_o- (0) (Fixed support)
LB| ok ko o ok K ok o Kk o o o KRR o o o KR oK o o o KK ok o o o KK o ok K R o KK R o KK
17| elements = {}
iy} — ——
19| — create ductile column node coordinates
20 — create nodes
21| nodes = {{1, 0, 0, ’mass’, 0, 0,0};
22 {2, 0, 0, 'mass’, 2.50712E—05, 2.50712E—05,0};
23 {3, 0, 6, ’mass’, 0.000137891, 0.000137891, 0};
24 {4, 0, 33, ’mass’, 0.000137891, 0.000137891, 0};
25 {5, 0, 39, 'mass’, 2.50712E—05+4+9.0/386.4, 2.50712E—05+9.0/386.4, 0} }
26| —— figure out section names
27| barslipsectionf = ’'BSColDFSection’
28 barslipspringf = ’BSColDFSS’
29[ columnsection = ’'ColDSection’
30| columnrigidsection = ’'ColRigidSection ’
31| nIp_stif = 3;
32 nIp_-flex = 5;
33| flexparams = {10000,1e—6}
34 — Define elements
35| barslipbottom = { 1, ’InterfaceBElement2D’, 1, 2, { {barslipspringf, {1,0,0} } }, { {barslipsectionf}}, {0,1,0},{—1/0,0} }
36| plasticcolumnl = { 2, ’StiffnessBased2DBeamColumn ’, 2, 3, {columnsection, nlIp._stif} }
37| flexcolumn = { 3, 'FlexibilityBased2DBeamColumn’, 3, 4, {columnsection ,nlp_flex}, flexparams }
38| plasticcolumn2 = { 4, ’StiffnessBased2DBeamColumn ’,4, 5, {columnsection, nlIp_stif} }
39 table.insert (elements, barslipbottom)
40| table.insert (elements, plasticcolumnl)
41| table.insert (elements, flexcolumn )
42| table.insert (elements, plasticcolumn2)
43| sk osk sk ok sk ok sk R ok sk ok sk ok sk R ok R ok sk ok sk ok sk R ok o ok ok ok sk %k ok R ok R ok sk ok sk ok sk ok ok K ok K sk K ok K ok K ok K
44| —— Set section properties.
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45 —

46| allsections = {

47 —_—

48| 'ColDSection’ , ’Fiber ',

49| —— Tag, Area, y—loc, z—loc

50| { *ColDCover’ 5.1 2.575 , 0 ,

51 ’ColDCover’ 5.1 —2.575 0 ,

52 ’ColDCover’ , 0.91375 1.88125 0 P

53 ’ColDCover’ , 0.91375 1.34375 0 P

54 ’ColDCover’ 0.91375 0.80625 0 5

55 ’ColDCover’ 0.91375 0.26875 0 5

56 ’ColDCover’ 0.91375 —0.26875 5 0 5

57 ’ColDCover’ 0.91375 —0.80625 5 0 5

58 ’ColDCover’ 0.91375 —1.34375 5 0 5

59 ’ColDCover’ 0.91375 —1.88125 5 0 5

60 "ColDCore’ 5 2.31125 1.88125 0 s

61 ’ColDCore’ 9 2.31125 1.34375 0 s

62 "ColDCore’ 9 2.31125 0.80625 0 P

63 *ColDCore’ 2.31125 0.26875 0 ,

64 *ColDCore’ 2.31125 , —0.26875 X 0 R

65 ’ColDCore’ 5 2.31125 —0.80625 5 0 5

66 ’ColDCore’ 5 2.31125 —1.34375 5 0 5

67 ’ColDCore’ 5 2.31125 —1.88125 5 0 5

68 *ColDSteel * 0.147 X 2.15 s 0 K

69 *ColDSteel * 0.098 X 0 s 0 K

70 *ColDSteel * 0.147 s —2.15 R 0 }s

7 - ————

72| *BSColDFSection’ , 'Fiber’,

73| { *BSColDFCover’ 5.1 , 2.575 s 0 s

74 'BSColDFCover’ 5.1 —2.575 0 ,

75 'BSColDFCover’ 0.91375 1.88125 0 ,

76 "BSColDFCover’ 9 0.91375 1.34375 0 9

77 *BSColDFCover’ 0.91375 , 0.80625 , 0 R

78 *BSColDFCover’ 0.91375 , 0.26875 , 0 R

79 *BSColDFCover’ 0.91375 , —0.26875 s 0 s

80 "BSColDFCover’ 5 0.91375 —0.80625 5 0 5

81 "BSColDFCover’ P 0.91375 , —1.34375 P 0 9

82 "BSColDFCover’ P 0.91375 , —1.88125 P 0 9

83 *BSColDFCore’ s 2.31125 , 1.88125 0 s

84 ’BSColDFCore’ 9 2.31125 , 1.34375 0 5

85 "BSColDFCore’ , 2.31125 0.80625 0 ,

86 "BSColDFCore’ , 2.31125 , 0.26875 0 5

87 "BSColDFCore’ 5 2.31125 —0.26875 0 5

88 "BSColDFCore’ 5 2.31125 —0.80625 5 0 5

89 "BSColDFCore’ 5 2.31125 —1.34375 0 5

90 "BSColDFCore’ 5 2.31125 —1.88125 5 0 5

91 'BSColDFSteel > 0.147 , 2.15 , ) ,

92 "BSColDFSteel 0.098 , 0 , 0 ,

93 "BSColDFSteel’ 9 0.147 9 —2.15 9 0 Fe I

O4 [ —— sk sk ok sk ok sk ok ok ok sk sk ok sk ok sk K 3K K ok K ok 3 oK 3K K 3K K oK K ok K oK 3K K 3K K oK K ok K ok K ok ok K K ok K K K K K K K

95| —— Set material properties .

96| concretemat = ’ConcreteLinearTensionSoftening’

97| steelmat = ’'GiuffreMenegottoPinto ’

98| sspringmat = ’Bilinear ’

99 materials = {

100| {’ColDCover’ , concretemat , 549.2307692, 0, —3.57, —0.0026 , —1.19, —0.0078 0.3, 0.448121077},
101| {’ColDCore’ , concretemat , 549.4505495, 0, —-7.5 , —0.00546, —7.35, —0.01638, 0.3, 0.649519053} ,
102| {’BSColDFCover’ , concretemat , 105 , 0, —3.57, —0.0136 , —1.19, —0.0408 , 0.3, 0.448121077},
103| {’BSColDFCore’ , concretemat , 104.1666667, 0, —7.5 , —0.0288 , —6.75, —0.0864 0.3, 0.649519053} ,
104| {’ColDSteel ° , steelmat , 26500, 0, 87.5, 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
105 {'BSColDFSteel’ , steelmat , 6949 , 0, 87.5, 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
106 {'BSColDFSS’ , sspringmat, 1690, 0, 78.2, 0.173, 0, 55, 0, 55},

107| }

TO8| —— s sk 5k sk sk s sk sk 5k 5k sk s % ok % 5% sk sk sk ok %k ok ok sk ok ok o ok ok sk ok ok o o ok ok sk ok ok ok ok ok sk ok ok sk ok ok ok sk ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok o K K ok Ok ok
109| function dumptable (x)

110 local result = ’{’

111 for i,v in ipairs(x) do

112 if (type(v) == ’table’) then

113 result = result .. dumptable (v)

114 else

115 result = result .. v .. ’,°

116 end

117 end

118 return result .. ’'}\n’

119| end

120 [

121| —print (dumptable (nodes ))

122| —print (dumptable (elements ))

123 ——print (dumptable (materials ))

124 —print (dumptable (allsections ))

D25 | ko ok ko ok o ko o o KRk o o o Kok o o o KR oK o o o KK ok o o K R o ok o K ok o KK R o o KK R R o K R o o KKK
126 —— Preface ndim and ndofpn (ndim: dimension, ndofpn: number of degrees of freedom per node)
127| model = StructureModel (2,3)

128 — Assign all input data to Mercury

129| model: addNodes(nodes)

130| model: addMaterials (materials)

131| model: addSections(allsections)

132| model: addElements(elements )

133 —— sk sk sk sk sk sk ok ok ok ok sk ok ok ok ok ok sk ok ok ok ok ok ok ok sk ok o ok ok sk ok sk ok o ok ok sk sk ok ok ok ok sk ok ok sk ok ok ok ok ok ok sk ok sk ok ok ok ok ok ok ok ok ok ok o K K ok Ok ok
134 — constrain bottom nodes

135 model: constrainNode (1,1,1,1)

LBE| ke ko ko ok o o R o R o R R R o R o R K R K
137| print (” Transient analysis started\n”)

138| earthquakeloading = LoadDescription ()

139| ecarthquakeloading:addLoad ({’groundmotion ’,’ NR_g_dt_0_01_OpneSeces.txt ,dt=0.01", 1, 386.4})
TAO| —— s sk sk sk sk ok sk ok sk ok sk ok ok ok ok sk ok sk ok ok R ok ok ok sk ok sk % ok R ok o ok sk ok sk %k ok K ok K ok ok ok ok ok K ok ok K K K

141| displ = {}

142| function displpertime (time)

143 dx5,dy5,dz5 = model:nodeDisplacements (5)

144 table.insert (displ, dx5)

145 print (” Work\n”);

146 end

147 —

148| react = {}

149| function reactpertime (time)

150 fx1,fyl = model: nodeRestoringForces (1)

151 table.insert (react, fx1)
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end

sk sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K oK o K K ok oK K K oK oK K K K ok ok

solver = NonlinearSolver (” initialstiffness”, { displacementdeltatolerance=1le—6, iterations=10000})
transientanalysis = DynamicAnalysis(?’HHT” , model, solver, earthquakeloading , 0.01, —0.2, 0.36, 0.7)
transientanalysis:addcallback (displpertime, ”timestep”)

transientanalysis:addcallback(reactpertime, ”timestep”)

model: setRayleighCoefficients (0.6318799279194399, 0.00015503501814608252)

transientanalysis:solve (7641)
sk kK ok ok ok K K K oK ok K K oK ok K K K oK oK K K K oK ok K K oK ok K K oK oK K oK K K K K K K K K K K
function writedatal (x, fname)
local f = assert(io.open(fname, w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, 7 7

writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)
end
end
f:close ()

end

writedatal (displ , ’Ex27THHTNodalDisp_5.dat ’)
writedatal (react , ’Ex27THHTReact_1.dat ’)
print (” Transient analysis ended\n”)

% Mercury Matlab Version 1.0.1

% Written by Dae—Hung Kang, CU-NEES
% Copyright 2009, CU-NEES

% Written : October 2009.

% File name: Ex28.m (1 column)

o

% Preface

Unit = {’kip’, ’in’};
% ndim, ndofpn
StrMode = {2, 3};
g
% Control block
Iteration = {’static ’,{ {’NewtonRaphson’, 100, 1.0e—6, ’ForceNorm ' };
{’InitialStiffness >, 10000, 1.0e—6, ’'DisplNorm’};
}
"element ' ,{ {’NewtonRaphson’, 10, 1.0e—6, ’DisplNorm'};
{"InitialStiffness ', 100000, 1.0e—6, ’'DisplNorm’};
"transient ’',{ {’NewtonRaphson’, 10, 1.0e—6, ’DisplNorm’};
{’InitialStiffness >, 100000, 1.0e—6, ’'DisplNorm’};
}
}s
Integration = {'HHT’, 0, —0.2, 0.36, 0.7, 0.6318799279194399, 0.00015503501814608252};
addMass = {1, 0, 0, O;
2, 2.50712E—-05, 2.50712E—-05, O0;
3, 0.000137891, 0.000137891, O
4, 0.000137891, 0.000137891, O0;
5, 2.50712E—05+9.0/386.4, 2.50712E—05+9.0/386.4, 0};

9

nodcoord =

constraint

elements = { {1, ’ZeroLength2D’', 1, 2, 0, 26, 0, pi()/2};
{2, ’ZeroLength2DSection ', 1, 2, pi()/2, 3};
{3, ’StiffnessBased2DBeamColumn ', 2, 3, 3, 1};
{4, ’FlexibilityBased2DBeamColumnl’, 3, 4, 5, 1};
{5, ’StiffnessBased2DBeamColumn ’, 4, 5, 3, 1}};
9
sections = {1, ’Layer’, {1, 5.1, 2.575;
1, &1, —2.575;
1, 0.91375, 1.88125;
1, 0.91375, 1.34375;
1, 0.91375, 0.80625;
1, 0.91375, .26875;
1, 0.91375, —0.26875;
1, 0.91375, —0.80625;
1, 0.91375, —1.34375;
1, 0.91375, —1.88125;
2, 2.31125, 1.88125;
2, 2.31125, 1.34375;
2, 2.31125, 0.80625;
2, 2.31125, 0.26875;
2, 2.31125, —0.26875;
2, 2.31125, —0.80625;
2, 2.31125, —1.34375;
2, 2.31125, —1.88125;
17, 0.147, 2.15;
17, 0.098, 03
17, 0.147, —2.15;};
3, ’Layer’, {5, 5.1, D BYHg
5, 5.1, —2.575;
5, 0.91375, 1.88125;
5, 0.91375, 1.34375;
5, 0.91375, 0.80625;
5, 0.91375, 0.26875;
5, 0.91375, —0.26875;
5, 0.91375, —0.80625;
5, 0.91375, —1.34375;
5, 0.91375, —1.88125;
6, 2.31125, 1.88125;
6, 2.31125, 1.34375;
6 2.31125, 0.80625;
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79 6, 2.31125, 0.26875;
80 6, 2.31125, —0.26875;
81 6, 2.31125, —0.80625;
82 6, 2.31125, —1.34375;
83 6, 2.31125, —1.88125;
84 19, 0.147, 2.15;
85 19, 0.098, 03
86 19, 0.147, —2.15;};};
87( 7
88| materials = { { 1 , ’AnisotropicDamage ’ X 2829 s 0.2 , 5.855E—08 , 1870 , 0.003248 ,
38890000000 5 22.27 5 0.9999999 5 0 8
89 { 2 , "AnisotropicDamage’ B 1804 N 0.2 , 0.000006483 503.6 N 3.125E—07 N
3159000000 , 102 , 0.9999999 5 0 Is
90 { 5 , "AnisotropicDamage’ B 569.3 N 0.2 , 1.689E—19 B 371.8 N 0.832 B 1.46]
9.529E413 5 100.4 5 0.9999999 5 0 18
91 { 6 , ’AnisotropicDamage ’ 9 396.7 5 0.2 , 0.0008326 s 124.8 5 2.084E—-07 5
8.856E+11 9 62.48 P 0. 009880 0 e
92 { 17 "ModGMP’ 9 26500 P 87.5 9 0.01 9 15 9 0.925 9 0.15 9 0 9
o, 55 };
93 { 19 ,  'ModGMP’ 9 6949 P 87.5 9 0.01 9 15 9 0.925 9 0.15 9 0 9
o 55 };
94 { 26 , ’Bilinear’ s 1690 s 78.2 s 0.173 s 0 X 0 s 55 0 s 55
95( ¢
96| % Force block
97| ga = load (' NR_g_.dt_0_01_Matlab.txt ’);
98| nga = size (ga, 1);
99| for i = 1l:nga
100 groundacceleration{i,1} = ga(i,1);
101 groundacceleration{i,2} = ga(i,2);
102 groundacceleration{i,3} = ga(i,3);
103| end
104| forces = { 1, ’Static’, {’NodalForces’, {5, 1, 0} };
105 2 >Acceleration’, {386.4, groundacceleration} };
J
N\
1
2[ — 1 column
| ke sk ok sk sk sk ok ke sk ok sk sk sk ok sk sk ok sk ok sk ok ke sk oK R ok ok R Sk ok oK R ok ok R sk sk oK R ok sk ok R sk sk ok K Sk sk K K Sk oK K K
4| — o (39)
5 — | Stiffness —based beam—column with 2 integration points
6 o (33)
7| —
8| — | Flexibility —based beam—column with 5 integration points
9 |
o (6)
| Stiffness —based beam—column with 2 integration points
o (0)
Zero—Length and zero—Length section elements (bottom bar slip and shear deformation )
_o- (0) (Fixed support)
16| —— sk sk sk ok ok ok ok sk sk ok ok ok ok sk ok sk ok ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok o ok ok ok ok ok ok ok ok ok o K ok ok ok ok ok ok ok
17| elements = {}
iy} — ——
19| — create ductile column node coordinates
20 — create nodes
21| nodes = {{1, 0, 0, ’mass’, 0, 0,0};
22 {2, 0, 0, ’mass’, 2.50712E—05, 2.50712E—05,0};
23 {3, 0, 6, ’mass’, 0.000137891, 0.000137891, 0};
24 {4, 0, 33, ’mass’, 0.000137891, 0.000137891, 0};
25 {5, 0, 39, 'mass’, 2.50712E—05+9.0/386.4, 2.50712E—05+9.0/386.4, 0} }
26 — figure out section names
27| barslipsectionf = ’BSColDFSection’
28 barslipspringf = ’BSColDFSS’
29[ columnsection = ’'ColDSection’
30| columnrigidsection = ’ColRigidSection ’
31| nip-stif = 3;
32 nip_flex = 5;
33| flexparams = {10000 ,1e—3}
34| — Define elements
35| barslipbottom = { 1, ’InterfaceElement2D’, 1, 2, { {barslipspringf, {1,0,0} } }, { {barslipsectionf}}, {0,1,0},{—1
36 plasticcolumnl = { 2, ’StiffnessBased2DBeamColumn ', 2, 3, {columnsection, nlIp_stif}
37| flexcolumn = { 3, ’FlexibilityBased2DBeamColumn’, 3, 4, {columnsection ,nlp_flex}, flexparams }
38| plasticcolumn2 = { 4, ’StiffnessBased2DBeamColumn ’,4, 5, {columnsection, nlIp_stif} }
39 table.insert (elements, barslipbottom)
40| table.insert (elements, plasticcolumnl)
41| table.insert (elements, flexcolumn )
42| table.insert (elements, plasticcolumn?2)
] P AR
44| —— Set section properties.
45| ——
46| allsections = {
LY — ————————
48| 'ColDSection ’ ’Fiber ’ ,
49| — Tag, Area, y—loc, z—loc
50( { ’ColDCover’ 5.1 , 2.57% s 0 B
51 ’ColDCover’ 5.1 —2.575 N 0 B
52 ’ColDCover’ , 0.91375 1.88125 0 P
53 ’ColDCover’ , 0.91375 1.34375 0 P
54 ’ColDCover’ , 0.91375 0.80625 0 P
55 ’ColDCover’ , 0.91375 0.26875 0 P
56 ’ColDCover’ , 0.91375 —0.26875 P 0 9
57 ’ColDCover’ , 0.91375 —0.80625 P 0 9
58 ’ColDCover’ 0.91375 —1.34375 5 0 5
59 ’ColDCover’ 0.91375 —1.88125 5 0 5
60 ’ColDCore’ 5 2.31125 1.88125 0 5
61 ’ColDCore’ 5 2.31125 1.34375 0 5
62 ’ColDCore’ 5 2.31125 0.80625 0 5
63 *ColDCore’ 2.31125 0.26875 0 ,
64 *ColDCore’ 2.31125 , —0.26875 X 0 R
65 'ColDCore’ 2.31125 —0.80625 , 0 ,
66 *ColDCore’ 2.31125 , —1.34375 s 0 R
67 *ColDCore’ 2.31125 , —1.88125 s 0 R
68 *ColDSteel * 0.147 X 2.15 s 0 s
69 *ColDSteel * 0.098 X 0 R 0 K
70 *ColDSteel * 0.147 X —9,115 K 0 };
ey —— ———————
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"BSColDFSection’ , ’'Fiber ’,
{ "BSColDFCover’ B 5.1 , 2.575 s 0 B
"BSColDFCover’ B 5.1 —2.575 N 0 B
'BSColDFCover’ 0.91375 1.88125 0 R
"BSColDFCover’ 9 0.91375 1.34375 0 B
"BSColDFCover’ 9 0.91375 0.80625 , 0 B
"BSColDFCover’ 9 0.91375 0.26875 , 0 B
"BSColDFCover’ 9 0.91375 —0.26875 5 0 B
"BSColDFCover’ 9 0.91375 —0.80625 5 0 B
"BSColDFCover’ 9 0.91375 , —1.34375 0 D
'BSColDFCover’ 0.91375 —1.88125 s 0 R
"BSColDFCore’ 5 2.31125 1.88125 0 5
"BSColDF Core’ X 2.31125 1.34375 0 R
"BSColDFCore’ 5 2.31125 0.80625 0 5
"BSColDFCore’ , 2.31125 , 0.26875 0 s
"BSColDFCore’ 9 2.31125 , —0.26875 5 0 B
"BSColDFCore’ 9 2.31125 , —0.80625 5 0 B
"BSColDFCore’ 9 2.31125 , —1.34375 5 0 B
"BSColDFCore’ B 2.31125 , —1.88125 B 0 5
"BSColDFSteel’ B 0.147 5 2.15 B 0 5
"BSColDFSteel’ 9 0.098 D 0 D 0 9
"BSColDFSteel’ 9 0.147 D —2.15 9 (0] Fe B
sk sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K oK oK o K K oK oK o K K ok o K K ok oK K K oK oK K K K ok ok
—— Set material properties.
concretemat = ’ConcreteLinearTensionSoftening’
steelmat = ’GiuffreMenegottoPinto ’
sspringmat = ’Bilinear ’
materials = {
{’ColDCover’ , ’anisotropicdamage2 ’, 2829 9 0 9 0.2 , 5.855E—-08 B 1870 B 0.003248
38890000000 B 22.27 9 0.9999999 g
{’ColDCore’ , ’anisotropicdamage2’, 1804 9 0 9 0.2 , 0.000006483 , 503.6 9 3.125E-07 9
5 102 , 0.9999999 Is
{’BSColDFCover’ , ’anisotropicdamage2 ’, 569.3 B 0 N 0.2 , 1.689E—19 N 371.8 N 0.832 B
, 100.4 R 0.9999999 };
{’BSColDFCore’ , ’anisotropicdamage2 ’, 396.7 B 0 N 0.2 , 0.0008326 N 124.8 N 2.084E—07
8.856E411 5 62.48 5 0.9999999 Is
{’ColDSteel ’ , steelmat , 26500, 0, 87.5, 0.01, 15, 0.925, 0.15, O, 55, 0, 55, 0},
{’BSColDFSteel’ , steelmat , 6949 , 0, 87.5, 0.01, 15, 0.925, 0.15, O, 55, 0, 55, 0},
{ BSColDFSS’ , sspringmat, 1690, 0, 78.2, 0.173, 0, 55, 0, 55},
}
ks K K ok ok o K K K oK K K oK oK S K K oK oK S K K oK oK oK K oK oK o K K ok oK oK K ok ok K oK ok o K K oK o K K ok ok K oK K o K K K K K K oK K K K
function dumptable (x)

local result = ’{°
for i,v in ipairs(x) do
if (type(v) == ’table’) then
result = result .. dumptable(v)
else
result = result .. v .. °,°
end
end
return result .. ’}\n’
end
—print (dumptable (nodes ))

——print (dumptable (elements ))
——print (dumptable (materials))
—print (dumptable (allsections ))

o oKk o o Kk o o Kk o o Kk o o K Kk o o o KKK o o o Kk o o KK o o Kk o o K K o o K K K o o K KK o
—— Preface ndim and ndofpn (ndim: dimension, ndofpn: number of degrees of freedom
model = StructureModel (2,3)

—— Assign all input data to Mercury

model: addNodes (nodes )

model: addMaterials (materials)

model: addSections(allsections)

model: addElements(elements )

sk sk K oK ok o K K oK o K oK oK S K oK oK o K oK oK o K oK oK o K oK oK o oK oK oK o K ok oK oK K K oK o K K oK oK o K ok oK o K K oK oK K K oK K K K K
—— constrain bottom nodes

model: constrainNode (1,1,1,1)

per node)

ks K ok ok K K oK oK K K oK oK o K K oK oK o K K oK oK oK K oK oK K K ok oK o K K ok oK K oK ok o K K ok o K K ok ok K K K K K K K K K oK K K K
print (” Transient analysis started\n”)
earthquakeloading = LoadDescription ()
earthquakeloading:addLoad ({’groundmotion ’,’ NR.g-dt-0-01_-OpneSees.txt ,dt=0.01", 1, 386.4})
ks kK K ok ok K K K oK o K K K oK ok K K oK o K K oK ok K K oK ok K K oK oK K oK K K K K K K oK K K K
displ = {}
function displpertime (time)
dx5,dy5,dz5 = model:nodeDisplacements (5)
table.insert (displ, dx5)
print (?” Work\n”);
end
react = {}
function reactpertime (time)
fx1,fyl = model: nodeRestoringForces (1)
table.insert (react , fx1)
end
sk sk K K ok o K oK oK S K oK oK S K oK oK o K K oK oK o K K oK oK o K K oK oK o K K oK o ok K ok oK K K oK oK K K K K ok
solver = NonlinearSolver (” initialstiffness”, { displacementdeltatolerance=1le—3, iterations=100000})
transientanalysis = DynamicAnalysis(?’HHT” , model, solver, earthquakeloading , 0.01, —0.2, 0.36, 0.7)
transientanalysis:addcallback(displpertime , ”timestep”)
transientanalysis:addcallback(reactpertime , ”"timestep”

model: setRayleighCoefficients (0.6318799279194399, 0.00015503501814608252)
transientanalysis:solve (7641)
e

function writedatal (x, fname)

local f = assert(io.open (fname, ' w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, 7 7
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 0) then
writenl = 0
f:write(”\n”)
end
end
f:close ()
end
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Figure 3.11: Numerical model for real-time hybrid simulation

176| writedatal (react ,’ Ex28 HHTReact_1.dat )

175| writedatal (displ ,’ Ex28 HHTNodalDisp_5.dat )
177| print (” Transient analysis ended\n”)

3.9 Ex29: Full Reinforced Concrete Frame, HHT, Shing

This most complex validation example, Fig. [B.I0] analyses the reinforced concrete frame tested on a shake table by ?, Fig. and
which will be later used to assess the real time hybrid simulation of Mercury, Fig. B0
This example is sufficiently complex to warrant detailed description.

3.9.0.1 Frame discretization and properties

Beams and columns are modeled with one stiffness-based beam-columns (3 integration points) at each end, and one flexibility-based
beam-column with 5 integrations.

Nodes 7, 14, 21 and 49 are monitored, in Fig. [3I1] to assess the seismic while ignoring self-weight. Columns A and B are shear
critical (i.e under-reinforced), while C and D are ductile. Sectional characteristics are shown in Fig. B13] while Table 6] to 3201
summarize those properties ans constitutive model parameters used.

Nodal masses are used in the dynamic analysis, Table BI0] to 312l where each beam has an added lead bundle masses at 4" and
5" nodes. For comparison HHT integration scheme is used in OpenSees, and HHT and Shing integration scheme are used in Mercury

LCol: Column, Beam: Beam, F: Footing section, D: Ductile section, ND: Shear critical section, BS: Bar-Slip section, Rigid: Rigid
section, Cover: Concrete cover fiber, Core: Concrete core fiber, SS: Shear spring of zero-length element, steel: Reinforcement fiber,
ModKP: modifed Kent-Park model, ModGMP: modified Giuffre-Monegotto-Pinto
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Figure 3.12: Shake table test of reinforce concrete frame, ?
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Table 3.6: Concrete material properties of concrete for Ex29 (unit:kips, in)

Fiber name [ Material [ Eis | oc | €c [ ocu | €cu [ X ] o

Col-D-Cover ModKP 549.23 -3.57 -0.0026 -1.19 -0.0078 0.3 0.4481

Col-D-Core ModKP 549.45 -7.5 -0.00546 -7.35 -0.01638 0.3 0.6495
BS-Col-D-Cover ModKP 105.00 -3.57 -0.0136 -1.19 -0.0408 0.3 0.4481
BS-Col-D-Core ModKP 104.17 -7.5 -0.0288 -7.35 -0.0864 0.3 0.6495

BS-Col-D-F-Cover ModKP 105.00 | -3.57 -0.0136 -1.19 -0.0408 0.3 | 0.4481
BS-Col-D-F-Core ModKP 104.17 -7.5 -0.0288 -6.75 -0.0864 0.3 | 0.6495

Col-ND-Cover ModKP 549.23 | -3.57 -0.0026 -1.19 -0.0078 0.3 | 0.4481
Col-ND-Core ModKP 549.30 -3.9 -0.00284 | -3.51 | -0.00852 | 0.3 | 0.4684
BS-Col-ND-Cover ModKP 105.00 | -3.57 -0.0136 -1.19 -0.0408 0.3 | 0.4481
BS-Col-ND-Core ModKP 106.85 -3.9 -0.0146 -3.51 -0.0438 0.3 | 0.4684

BS-Col-ND-F-Cover ModKP 144.24 | -3.57 -0.0099 -1.19 -0.0297 0.3 | 0.4481
BS-Col-ND-F-Core ModKP 106.85 -3.9 -0.0146 -3.51 -0.0438 0.3 | 0.4684

Beam-Cover ModKP 549.23 | -3.57 -0.0026 -1.19 -0.0078 0.3 | 0.4481
Beam-Core ModKP 549.30 -3.9 -0.00284 | -3.51 | -0.00852 | 0.3 | 0.4684
BS-Beam-Cover ModKP 105.00 | -3.57 -0.0136 -1.19 -0.0408 0.3 | 0.4481
BS-Beam-Core ModKP 106.85 -3.9 -0.0146 -3.51 -0.0438 0.3 | 0.4684

Table 3.7: Material properties of reinforcement for Ex29 (unit: kips, in)

Fiber name [ Material | E [ o, [ b [RO] cRl [cR2[al [a2] a3 ] a4
Col-D-Steel ModGMP 26500 87.5 0.01 15 0.925 0.15 0 55 0 55
BS-Col-D-Steel ModGMP 5067 87.5 0.01 15 0.925 0.15 0 55 0 55
BS-Col-D-F-Steel ModGMP 6949 87.5 0.01 15 0.925 0.15 0 55 0 55
Col-ND-Steel ModGMP 27300 80 0.01 15 0.925 0.15 0 55 0 55
BS-Col-ND-Steel ModGMP 5220 80 0.01 15 0.925 0.15 0 55 0 55
BS-Col-ND-F-Steel ModGMP 5220 80 0.01 15 0.925 0.15 0 55 0 55
Beam-Steel ModGMP 27300 80 0.01 15 0.925 0.15 0 55 0 55
BS-Beam-Steel ModGMP 5220 80 0.01 15 0.925 0.15 0 55 0 55

Table 3.8: Property of shear spring for Ex29 (unit: kips, in)

Fiber name [ Material [ E [ o, [ b Jal ] a2 a3 [ a4
BS-Col-D-SS Bilinear 1690 78.2 0.173 0 55 0 55
BS-Col-D-F-SS Bilinear 1690 78.2 0.173 0 55 0 55
BS-Col-ND-SS Bilinear 1690 78.2 0.173 0 55 0 55
BS-Col-ND-F-SS Bilinear 1690 78.2 0.173 0 55 0 55
BS-Beam-SS Bilinear 1545 75.8 0.396 0 55 0 55

Table 3.9: Properties of rigid elements (unit: kips, in)

Element [ Model ] E
Col-Rigid | Elasitc | 1E+10
Beam-Rigid | Elastic | 1E+10
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c++ version with a« = —0.2. This last model is particularly relevant for the real-time hybrid simulation which will be conducted
later. Rayleigh damping coefficients were determined to be 1.177 for mass and 0.001599 for stiffness. The reinforced concrete frame is
subjected to the seismic excitation shown in Fig. [3I4] (which was measured at the base of the shake table in Ghannoum’s tests).

Figure 3.14: Seismic excitation for Ex29

Table 3.10: Mass properties in first floor column nodes (unit: kips - sec?/in)

First floor node | My [ m, [ m.
Tth 0.0000752 0.0000752 0.00000752
6th 0.0000188 0.0000188 0.00000188
5th 0.0000251 0.0000251 0.00000251
4th 0.0001379 0.0001379 0.00001379
3rd 0.0001379 0.0001379 0.00001379
2nd 0.0000251 0.0000251 0.00000251
1st 0.0000000 0.0000000 0.00000000

Table 3.11: Mass properties in column nodes except first floor columns (unit: kips - 8602/in)

Other floor node | My [ my [ m.
8th 0.0000627 0.0000627 0.00000627
7th 0.0000188 0.0000188 0.00000188
6th 0.0000251 0.0000251 0.00000251
5th 0.0001379 0.0001379 0.00001379
4th 0.0001379 0.0001379 0.00001379
3rd 0.0000251 0.0000251 0.00000251
2nd 0.0000188 0.0000188 0.00000188

1 ok sk sk ok Kk ok ok ok kK ok ok k K ok K K ok ok ok ok K K ok ok sk ok K Kk ok K K K K K K K ok Ok Kk X

2| earthquakefiles = {

3 "Testl6AccelHHalfYield . txt ’,

4 "Testl9AccelHlstCollapse. txt ’,

5 "Test30AccelH2ndCollapse. txt ’,

6 ’Test32AccelH3rdCollapse . txt ’

7|}

8| earthquakefile = earthquakefiles [2]

9| print (’ Excitation:’,earthquakefile)

TO| —— sk sk sk ok ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok ok ok sk ok ok ok ok sk ok ok ok o ok ok sk sk ok ok ok ok ok ok ok ok ok sk ok ok ok ok sk ok ok ok ok ok Ok ok ok K ok ok ok ok ok
11| alpha = —0.2

12| beta = (1—alpha)*(l1—alpha)/4

13| gamma = (1—2xalpha)/2

14| — alpha : alpha coefficient in HHT integration

15| — beta : beta coefficient in HHT integration

16| — gamma : gamma coefficient in HHT integration

L7 e o o o o o o o o o o o R R R R R R R R R R R ok ok o o o o o o o o o o o ok kK K K K K K K
18| —— Multiple bay/floor building model

TO| e o o o o o o o o o o R R R R R R R R R R R R o o o o o o o o o o o o o ok ko kK K K K K K K
20| — Column : first floor

21| — o (43.5)

22| — | Elastic stiffness —based beam—column

23| —— o (39)

24 — Zero—Length and zero—Length section elements (top bar slip and shear deformation)
25| — o (39)

26 —— | Stiffness —based beam—column with 2 integration points

27| —— o (33)

28 —— |

29 —— | Flexibility —based beam—column with 5 integration points

30| — |

31| — o (6)

32| — | Stiffness —based beam—column with 2 integration points

33| — o (0)

34| — Zero—Length and zero—Length section elements (bottom bar slip and shear deformation )
35| — _o- (0) (Fixed support)

36

BT| ko ok ok ok ok ok ok K K ok ok K K K ok ok K K K ok ok K K oK ok K K oK ok K K oK oK K K Sk K K oK oK o oK ok ok o K K oKk K K oK oK K oK oK K K K K
38| — Column : other floor

39| —— o (48)

40| — | Elastic stiffness —based beam—column

a1 — o (43.5)

42| — Zero—Length and zero—Length section elements (top bar slip and shear deformation)
43| —— o (43.5)

44 — | Stiffness —based beam—column with 2 integration points

45| —— o (37.5)

46 — |

47 — | Flexibility —based beam—column with 5 integration points

48| —— |

49 —— o (10.5)

50| — | Stiffness —based beam—column with 2 integration points

51| —— o (4.5)

52 —— Zero—Length and zero—Length section elements (bottom bar slip and shear deformation )
53] — o (4.5)

Mercury Theory Manual; V. 1.




3.9 Ex29: Full Reinforced Concrete Frame, HHT, Shing 135

Table 3.12: Mass properties in beam nodes (unit: kips - sec®/in)

Beam node | My | My | my
2nd 0.0000188 | 0.0000188 | 0.00000188
3rd 0.0000752 | 0.0000752 | 0.00000752
4th 0.0080899 | 0.0080899 | 0.00080899
5th 0.0080899 | 0.0080899 | 0.00080899
6th 0.0000752 | 0.0000752 | 0.00000752
7th 0.0000188 | 0.0000188 | 0.00000188

| Elastic stiffness —based beam—column

o (0)
S K oK oK o K K oK o K K oK S K K oK S K oK oK oK K oK oK oK K oK oK oK K oK oK o K oK oK K K oK oK oK K oK oK o K oK oK K K oK oK oK K oK oK K K K K
Beam

o o o
(0) a (3) b (3) ¢ (15) d (55)e(67) f (67) g (70)
: Elastic stiffness —based beam—column

Zero—Length and zero—Length section elements (left bar slip and shear deformation )
Stiffness —based beam—column with 2 integration points

Flexibility —based beam—column with 5 integration points

Stiffness —based beam—column with 2 integration points

Zero—Length and zero—Length section elements (right bar slip and shear deformation)
g: Elastic stiffness —based beam—column

S K oK ok o K K oK o K K oK S K K oK oK o K K oK oK oK K K oK oK oK K oK oK oK K oK oK o K oK ok K K oK oK oK K oK oK o K oK oK K K oK oK oK K oK oK K K K K

Basic variables for node information

"m0 0T

g : gravity acceleration

nbays : Number of bays (nbays must be odd number)
nflrs : Number of floors

nlcnod: Number of nodes of the first column
nocnod: Number of nodes of other columns

nbmnod: Number of nodes of beams

cllen Total length of the first column
colen : Total length of other columns
bmlen : Total length of beams
clnod : Coordinate information on the first column
conod : Coordinate information on ohter columns
bmnod : Coordinate information on beams
cdlnodmass : Nodal mass of the first ductile column
cdonodmass : Nodal mass of other ductile columns
cndlnodmass: Nodal mass of the first shear critical column
cndonodmass: Nodal mass of other shear critical column
nlp_elas : Number of integration points of elastic stiffness —based beam—column
nlp_stif : Number of integration points of nonlinear stiffness —based beam—column
nlp_flex : Number of integration points of nonlinear flexibility —based beam—column3
flexparams : Iteration config for flexibility elements
flexparams = {number of iterations , tolerance}
$8$ start of node and element information $$$
= 386.4
nbays = 3; —— nbays must be odd number.
nflrs = 3;

nlcnod= T7;

cllen = 43.5;
= 48;
bmlen = 70;
= {0,0,6,33,39,39,43.5};
{0,4.5,4.5,10.5,37.5,43.5,43.5,48};
bmnod = {0,3,3,15,55,67,67,70};
bmaddWeight = 3
bmaddMass

bmaddWeight /g

clnodmass {0.0, 2.50712E—05, 0.000137891, 0.000137891, 2.50712E—-05, 1.88034E—-05, 7.52135E—05}
conodmass = {0.0, 1.88034E—05, 2.50712E—05, 0.000137891 , 0.000137891 , 2.50712E-05, 1.88034E—-05, 6.26779E—-05}
bmnodmass {0.0, 1.88034E—05, 7.52135E—05, 0.000325925+ bmaddMass, 0.000325925+ bmaddMass, 7.52135E—05, 1.88034E—05,

137
138
139
140
141
142
143
144

nip_stif
nlp_flex = 5;

flexparams = {1000,le—6}

—— $88 END of node and element information $$$

ks K K ok ok K K K oK K K oK oK o K K oK ok o K K oK oK o K K oK ok o K K oK oK o K K oK ok K oK ok o K K oK o K K ok oK K oK K K K K K K K oK K K K
— Set nodes and elements .

nodes = {}
elements {}
function nodename(bay, floor)
return string.format (’node-%d_-%d’, bay, floor)
end
function columnnodename (bay, floor ,subsection)

if (subsection == 1 and floor > 1) then
— return columnnodename (bay, floor —1,nocnod)
if (floor == 2) then
return columnnodename (bay, floor —1,nlcnod)
else
return columnnodename (bay, floor —1,nocnod )
end
else
return string.format (’colnode-%d_-%d_%d’ ,bay, floor ,subsection)
end
end
function beamnodename (bay, floor ,subsection)

—— section 1 nodes re—use the column nodes
if (subsection == 1) then

return columnnodename (bay, floor ,1)
else

Mercury Theory Manual; V. 1.

0.0}



145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251

136

CHAPTER 3. STRUCTURAL MODELING

return

create ductile column node coordinates
(nbays+1)/2;
colbay = 1,ncold do
for colfloor = 1,nflrs do
x = (colbay —1)xbmlen
nodeyfirst = clnod
nodeyhigher = conod
create nodes
if (colfloor 1) then
bottomnode =
for k=1,nlcnod do
v = nodeyfirst [k]
masscdl = clnodmass [k]
curnode = {
table .

ncold =
for

end
else
bottomnode =
for k=2,nocnod do
= cllen 4 colen =*
masscdo = conodmass [k]
curnode = {
table .
end
end
—— figure out section names
barslipsectionf =
barslipspringf =
columnsection =
barslipspring = ’BSColDSS’
barslipsection = ’BSColDSection ’
columnrigidsection = ’*ColRigidSection
if (colfloor==1) then
nodel =

"BSColDFSS”’
’ColDSection

node2 =
node3
node4
nodeb

columnnodename (colbay
columnnodename (colbay
columnnodename (colbay
columnnodename (colbay
node6 columnnodename (colbay
node7 columnnodename (colbay
Define elements
barslipbottom
plasticcolumnl
flexcolumn
plasticcolumn2 =
barsliptop =
rigidcolumntop
table.insert (elements,
table.insert (elements,
table.insert (elements,
table.insert (elements,
table.insert (elements,
table.insert (elements,

else
if (colfloor == 2)
nodel =
else

nodel

end
node2
node3
node4
nodeb
node6

then

columnnodename (colbay
columnnodename (colbay
columnnodename (colbay
columnnodename (colbay
columnnodename (colbay
node7 columnnodename (colbay
node8 = columnnodename (colbay
Define elements

rigidcolumnbottom = { string.
barslipbottom { string.

s

s

s

columnnodename (colbay ,

= columnnodename (colbay ,

s
s
s

format (’columnrdb_%d_-%d’
format (’columnbsb_%d_-%d’

columnnodename (colbay
insert (nodes , curnode )

(colfloor —2) +

"BSColDFSection’

columnnodename (colbay , colfloor ,1)

colfloor
colfloor
colfloor

colfloor ,

colfloor

colfloor ,

colfloor

colfloor ,

colfloor
colfloor

colfloor ,

colfloor

colfloor ,

columnnodename (colbay ,colfloor ,1)

,colfloor ,k),

columnnodename (colbay , colfloor ,k),
insert (nodes , curnode )

= { string.format (’columnbsb_%d_%d’, colbay ,colfloor),
{ string.format (’columnpll_%d_%d’ ,colbay ,
{ string.format (’columnflx_%d_%d’

{ string.format (’columnpl2_-%d_%d’ ,colbay ,
{ string.format (’columnbst_-%d_%d’ ,colbay ,
= { string.format (’columnrdt_%d_%d’
barslipbottom)
plasticcolumnl)
flexcolumn )
plasticcolumn2)
barsliptop)
rigidcolumntop)

colfloor —1,

colfloor —1,

,colbay

,colbay ,

string . format (’beamnode_%d_%d_%d’ ,bay, floor ,subsection)

x,y, ’'mass’, masscdl, masscdl, 0.lxmasscdl }

columnnodename (colbay ,colfloor —1,nocnod)

nodeyhigher [k]

x,y, ’'mass’, masscdo, masscdo, 0.l%masscdo }

"InterfaceElement2D ’, nodel, node2,
’StiffnessBased2DBeamColumn ’, node2,
’FlexibilityBased2DBeamColumn’ ,
*StiffnessBased2DBeamColumn ’ ,node4 ,
"InterfaceElement2D ’, node5, node6, {
’StiffnessBased2DBeamColumn ’ ,

colfloor),
,colfloor ),
colfloor ),
colfloor ),
colfloor),

nlcnod)

nocnod)

,colbay ,colfloor ), ’StiffnessBased2DBeamColumn ', nq
,colbay ,colfloor ), ’InterfaceElement2D ’, node2, nod
"StiffnessBased2DBeamColumn ’, node]

node3|,

node6|,

plasticcolumnl
flexcolumn
plasticcolumn2
barsliptop
rigidcolumntop

|| P ]

string .
string .

format (’columnpll_%d_%d’, colbay , colfloor),
format (’columnflx_%d_%d’, colbay , colfloor),
string . format (’columnpl2_%d_%d’, colbay , colfloor),
string . format (’columnbst_%d_%d’, colbay , colfloor),
{ string.format (’columnrdt_%d_%d’ ,colbay ,colfloor),

’FlexibilityBased2DBeamColumn’, n
’StiffnessBased2DBeamColumn
"InterfaceElement2D ’ ,

’ ,nodeb
node6, node7
"StiffnessBased2DBeamColumn ’, n

table .
table .
table .
table .
table .
table .
table .

end

end

end

shear

—— create
colbay =

for

for ncold

x =
nodeyfirst

nodeyhigher =

create
if (colflo

bottomnode =
k=1,nlcnod do

for
y

masscndl =
curnode =
table .

end
else

bottomnode =

Mercury

critical

colfloor = 1

insert (elements
insert (elements
insert (elements
insert (elements
insert (elements
insert (elements
insert (elements ,

+1,nbays+1 do
nflrs do

(colbay —1)xbmlen

= clnod
conod
nodes
or==1) then

column node

rigidcolumnbottom )
barslipbottom)
plasticcolumnl)
flexcolumn )
plasticcolumn?2)
barsliptop)
rigidcolumntop)

coordinates

columnnodename (colbay ,colfloor ,1)

= nodeyfirst [k]

insert (nodes

clnodmass [k]
{ columnnodename (colbay , colfloor ,k),

x,y, 'mass’, masscndl,

,curnode )

columnnodename (colbay ,colfloor —1,nocnod)

masscndl, 0.1 masscndl }

{ {barslipspring

node3, {columns
node4, {column
ode5, {columnsect

{barslipspring ,

node7, {column
del, node2, {colu
3, { {barslipspr
3, node4, {colum
de4, node5, {colu
, node6, {column:
, { {barslipsprin
de7, node8, {colu
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3.9 Ex29: Full Reinforced Concrete Frame, HHT, Shing 137

for k=2,nocnod do
= cllen + colen * (colfloor —2) + nodeyhigher [k]
masscndo = conodmass [k]
curnode = columnnodename (colbay , colfloor ,k), x,y, ’'mass’, masscndo, masscndo, 0.lxmasscndo }
table.insert (nodes , curnode )
end
end
—— figure out section names
barslipsectionf = 'BSColNDFSection ’
barslipspringf = ’BSCoINDFSS’
columnsection = ’'ColNDSection ’
barslipspring = ’BSCoINDSS’
barslipsection = ’BSColNDSection’
columnrigidsection = ’ColRigidSection ’
if (colfloor==1) then
nodel = columnnodename (colbay , colfloor ,1)
node2 = columnnodename (colbay , colfloor ,2)
node3 = columnnodename (colbay , colfloor ,3)
node4 = columnnodename (colbay , colfloor ,4)
node5 = columnnodename (colbay , colfloor ,5)
node6 = columnnodename (colbay ,colfloor ,6)
node7 = columnnodename (colbay ,colfloor ,7)
—— Define elements
barslipbottom = { string.format (’columnbsb_%d_%d’, colbay ,colfloor), ’InterfaceElement2D ’, nodel, node2,
plasticcolumnl = { string.format (’columnpll_%d_%d’, colbay ,colfloor), ’StiffnessBased2DBeamColumn ’, node2,
flexcolumn = { string.format (’columnflx_%d_%d’ ,colbay , colfloor ), ’FlexibilityBased2DBeamColumn’, node3|,
plasticcolumn2 = { string.format (’columnpl2_%d._%d’,colbay ,colfloor), ’StiffnessBased2DBeamColumn ’,node4 ,
barsliptop = { string.format (’columnbst-%d_%d’,colbay , colfloor ), ’InterfaceElement2D ’, node5, node6, {
rigidcolumntop = { string.format (’columnrdt_%d._%d’,colbay ,colfloor), ’StiffnessBased2DBeamColumn ’, node6|,
table.insert (elements, barslipbottom)
table.insert (elements, plasticcolumnl)
table.insert (elements, flexcolumn)
table.insert (elements, plasticcolumn2)
table.insert (elements, barsliptop)
table.insert (elements, rigidcolumntop)
else
if (colfloor == 2) then
nodel = columnnodename (colbay , colfloor —1, nlcnod)
else
nodel = columnnodename (colbay , colfloor —1, nocnod)
end
node2 = columnnodename (colbay ,colfloor ,2)
node3 = columnnodename (colbay ,colfloor ,3)
node4 = columnnodename (colbay ,colfloor ,4)
node5 = columnnodename (colbay ,colfloor ,5)
node6 = columnnodename (colbay ,colfloor ,6)
node7 = columnnodename (colbay ,colfloor ,7)
node8 = columnnodename (colbay , colfloor ,8)
—— Define elements
rigidcolumnbottom = { string.format (’columnrdb._%d_%d’ ,colbay ,colfloor), 'StiffnessBased2DBeamColumn ’, no|
barslipbottom = { string.format (’columnbsb.%d_%d’ ,colbay , colfloor), ’InterfaceElement2D ’, node2, nod|
plasticcolumn1 = { string.format (’columnpll_%d_%d’ ,colbay , colfloor), ’StiffnessBased2DBeamColumn ', nod¢|
flexcolumn = { string.format (’columnflx_%d_%d’, colbay ,colfloor), ’FlexibilityBased2DBeamColumn’, n
plasticcolumn?2 = { string.format (’columnpl2_%d_%d’, colbay ,colfloor), ’StiffnessBased2DBeamColumn ’,nodeb
barsliptop = { string.format (’columnbst_%d_%d’, colbay ,colfloor), ’InterfaceElement2D ’, node6, node7
rigidcolumntop = { string.format (’columnrdt_%d_%d’,colbay , colfloor ), ’StiffnessBased2DBeamColumn ’, n
table.insert (elements, rigidcolumnbottom)
table.insert (elements, barslipbottom)
table.insert (elements, plasticcolumnl)
table.insert (elements, flexcolumn )
table.insert (elements, plasticcolumn2)
table.insert (elements, barsliptop)
table.insert (elements, rigidcolumntop)
end
end
end
—— create beam node coordinates
for beambay = 1,nbays do
for beamfloor = 2,nflrs+1 do
y=cllen+colen*(beamfloor —2)
—— create nodes
for k=2,nbmnod—1 do
x = (beambay—1)xbmlen + bmnod [k]
massbm= bmnodmass[k]
curnode = { beamnodename (beambay ,beamfloor k), x ,y, ’mass’, massbm, massbm, 0.1%massbm }
table.insert (nodes ,curnode)
end
—— figure out section names
beamsection = ’BeamSection ’
barslipsection = ’'BSBeamSection ’
beamrigidsection = 'BeamRigidSection ’
barslipspring = 'BSBeamSS’
—— figure out noda tag for node connectivity
nodel = beamnodename (beambay ,beamfloor 1)
node2 = beamnodename (beambay , beamfloor ,2)
node3 = beamnodename (beambay , beamfloor ,3)
node4 beamnodename (beambay , beamfloor ,4)
node5 = beamnodename (beambay , beamfloor ,5)
node6 = beamnodename (beambay , beamfloor ,6)
node7 = beamnodename (beambay , beamfloor ,7)
node8 = beamnodename (beambay+1, beamfloor ,1)
—— Define elements
rigidbeamleft = { string.format (’beamrdl_%d_%d’,beambay, beamfloor), ’StiffnessBased2DBeamColumn ’, nodel, node2,
barslipleft = { string.format (’beambsl_%d_%d’ ,beambay , beamfloor), ’InterfaceElement2D ’, node2, node3, { {H
plasticbeaml = { string.format (’beampll_%d_%d’,beambay, beamfloor), ’StiffnessBased2DBeamColumn ’, node3, no
flexbeam = { string.format (’beamflx_%d_%d’,beambay, beamfloor), ’FlexibilityBased2DBeamColumn’, node4, 1
plasticbeam2 = { string.format (’beampl2_%d_%d’ ,beambay, beamfloor), ’StiffnessBased2DBeamColumn ’,node5, node¢|
barslipright = { string.format (’beambsr_%d_%d’ ,beambay, beamfloor), ’'InterfaceElement2D ’, node6, node7, { {
rigidbeamright= { string.format (’beamrdr_%d_%d’ ,beambay, beamfloor), ’StiffnessBased2DBeamColumn ’, node7, no
table.insert (elements, rigidbeamleft)
table.insert (elements, barslipleft)
table.insert (elements, plasticbeaml)
table.insert (elements, flexbeam)
table.insert (elements, plasticbeam2)
table.insert (elements, barslipright)
table.insert (elements, rigidbeamright)

{ {barslipspring

node3, {columnsec
node4, {column:
ode5, {columnsect

{barslipspring ,

node7, {column
del, node2, {colu
3, { {barslipspr
3, node4, {colum
de4, node5, {colu
, node6, {column:
, { {barslipsprin
de7, node8, {colu

{beamrigidsec
arslipspring ,

e4, {beamsection ,
ode5, {beamsectio
6, {beamsection ,

arslipspring ,
e8 ,

{0,

{beamrigidsec
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end
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—— Set section properties.

*ColDSection’® , ’Fiber ’,

—— Tag, Area, y—loc, z—loc

{ ’ColDCover’ 5. s 2.575 s 0
’ColDCover’ 5.1 , —2.575 N 0
*ColDCover’ 0.91375 1.88125
’ColDCover’ 0.91375 , 1.34375
*ColDCover’ 0.91375 0.80625
’ColDCover’ , 0.91375 , 0.26875
’ColDCover’ , 0.91375 , —0.26875
’ColDCover’ , 0.91375 , —0.80625
’ColDCover’ , 0.91375 , —1.34375
’ColDCover’ , 0.91375 , —1.88125
'ColDCore’ 2.31125 1.88125
’ColDCore’ N 2.31125 , 1.34375
'ColDCore’ 2.31125 0.80625
'ColDCore’ 2.31125 0.26875
’ColDCore’ 5 2.31125 —0.26875
"ColDCore’ 9 2.31125 , —0.80625
"ColDCore’ 9 2.31125 , —1.34375
"ColDCore’ 5 2.31125 —1.88125
*ColDSteel * 0.147 s 2.15 s
’ColDSteel > , 0.098 5 0 B 0
*ColDSteel * 0.147 s —2.15 s

"BSColDSection ’ , ’'Fiber ’,

{ ’BSColDCover ’ B 5.1 , 2.575 s
"BSColDCover’ B 5.1 —2.575 N
"BSColDCover ’ 5 0.91375 , 1.88125
"BSColDCover’ 9 0.91375 , 1.34375
"BSColDCover’ 5 0.91375 , 0.80625
"BSColDCover’ 9 0.91375 , 0.26875
"BSColDCover’ 9 0.91375 , —0.26875
"BSColDCover’ 9 0.91375 , —0.80625
"BSColDCover ’ B 0.91375 , —1.34375
"BSColDCover ’ 5 0.91375 , —1.88125
"BSColDCore’ 5 2.31125 1.88125
"BSColDCore’ B 2.31125 , 1.34375
"BSColDCore’ 5 2.31125 0.80625
"BSColDCore’ 5 2.31125 0.26875
"BSColDCore’ 9 2.31125 , —0.26875
"BSColDCore’ 9 2.31125 , —0.80625
"BSColDCore’ 9 2.31125 , —1.34375
"BSColDCore’ B 2.31125 , —1.88125
"BSColDSteel ’ B 0.147 5 2.15
’BSColDSteel ’ 9 0.098 D 0 D
’BSColDSteel ’ 9 0.147 D —2.15

"BSColDFSection’ , ’'Fiber ’,

{ "BSColDFCover’ B 5.1 , 2.575 s
"BSColDFCover’ B 5.1 —2.575 N
"BSColDFCover’ 9 0.91375 , 1.88125
"BSColDFCover’ 9 0.91375 , 1.34375
"BSColDFCover’ 9 0.91375 , 0.80625
"BSColDFCover’ 9 0.91375 , 0.26875
"BSColDFCover’ 9 0.91375 , —0.26875
"BSColDFCover’ 5 0.91375 , —0.80625
"BSColDFCover’ 5 0.91375 , —1.34375
"BSColDFCover’ 5 0.91375 , —1.88125
"BSColDFCore’ , 2.31125 1.88125
"BSColDFCore’ , 2.31125 1.34375
"BSColDFCore’ , 2.31125 , 0.80625
"BSColDFCore’ 9 2.831125 , 0.26875
"BSColDFCore’ , 2.31125 , —0.26875
"BSColDFCore’ , 2.31125 , —0.80625
"BSColDFCore’ , 2.31125 —1.34375
"BSColDFCore’ , 2.31125 —1.88125
"BSColDFSteel’ 9 0.147 D 2.15
"BSColDFSteel’ 9 0.098 D 0 D
"BSColDFSteel’ 9 0.147 D —2.15

’ColNDSection ’ , ’'Fiber ’,

{ ’ColNDCover’ 9 5.1 , 2.575 B
’ColNDCover’ 9 5.1 , —2.575 B
’ColNDCover’ 9 0.91375 , 1.88125
’ColNDCover’ 9 0.91375 , 1.34375
’ColNDCover’ 9 0.91375 , 0.80625
’ColNDCover’ 5 0.91375 , 0.26875
’ColNDCover’ 5 0.91375 , —0.26875
’ColNDCover’ 5 0.91375 , —0.80625
"ColNDCover’ B 0.91375 , —1.34375
’ColNDCover’ 5 0.91375 , —1.88125
’ColNDCore’ , 2.31125 1.88125
’ColNDCore’ , 2.31125 1.34375
’ColNDCore’ , 2.31125 0.80625 ,
’ColNDCore’ , 2.31125 0.26875
’ColNDCore’ , 2.31125 —0.26875
’ColNDCore’ , 2.31125 —0.80625
’ColNDCore’ , 2.31125 , —1.34375
’ColNDCore’ , 2.31125 , —1.88125
’ColNDSteel ’ 9 0.33 D 2.15
’ColNDSteel ’ 9 0.22 D 0 D
’ColNDSteel ’ 9 0.33 D —2.15

"BSColNDSection’ , ’'Fiber’

{ "BSColNDCover’ B Bl 2.575 5
"BSColNDCover’ 9 5.1 , —2.575 B
"BSColNDCover’ 9 0.91375 1.88125
"BSColNDCover’ 9 0.91375 1.34375
"BSColNDCover’ 5 0.91375 0.80625
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466 "BSColNDCover’ 5 0.91375 , 0.26875 0 5
467 "BSColNDCover’ 5 0.91375 , —0.26875 5 0 5
468 "BSColNDCover’ 5 0.91375 , —0.80625 5 0 5
469 "BSColNDCover’ 5 0.91375 , —1.34375 5 0 5
470 "BSColNDCover’ 9 0.91375 , —1.88125 5 0 B
471 "BSColNDCore’ , 2.31125 1.88125 0 5

472 "BSColNDCore’ , 2.31125 1.34375 0 5
473 "BSColNDCore’ , 2.31125 , 0.80625 , 0 B
474 "BSColNDCore’ , 2.31125 0.26875 0 5

475 "BSColNDCore’ , 2.31125 , —0.26875 5 0 5
476 "BSColNDCore’ , 2.31125 , —0.80625 5 0 5
477 "BSColNDCore’ , 2.31125 —1.34375 9 0 D
478 "BSColNDCore’ , 2.31125 , —1.88125 5 0 5
479 "BSColNDSteel ’ 9 0.33 D 2.15 9 0 D

480 "BSColNDSteel ’ 9 0.22 D 0 D 0 9

481 "BSColNDSteel ’ s 0.33 5 —2.15 B 0 e
482 — ———————————

483 'BSColNDFSection’ , ’'Fiber ’,

484| { "BSColNDFCover ’ , Bl 2.575 5 0 B

485 "BSColNDFCover ’ , Bl —2.575 5 0 B

486 "BSColNDFCover ' , 0.91375 , 1.88125 0 5
487 "BSColNDFCover ’ 0.91375 , 1.34375 0 D

488 "BSColNDFCover ' , 0.91375 , 0.80625 0 5
489 "BSColNDFCover ' , 0.91375 , 0.26875 0 5
490 "BSColNDFCover ' , 0.91375 , —0.26875 5 0 5
491 "BSColNDFCover ’ , 0.91375 , —0.80625 5 0 B
492 "BSColNDFCover ’ , 0.91375 , —1.34375 5 0 B
493 "BSColNDFCover ’ , 0.91375 , —1.88125 B 0 5
494 "BSCoINDFCore’ s 2.31125 , 1.88125 0 5

495 "BSCoINDFCore’ s 2.31125 , 1.34375 0 5
496 "BSCoINDFCore’ s 2.31125 , 0.80625 0 5
497 "BSColNDFCore’ 5 2.31125 , 0.26875 0 5
498 "BSColNDFCore’ 5 2.31125 , —0.26875 5 0 5
499 "BSColNDFCore’ 5 2.31125 —0.80625 5 0 5
500 "BSColNDFCore’ 5 2.31125 —1.34375 5 0 5
501 "BSColNDFCore’ 5 2.31125 —1.88125 5 0 5
502 'BSCoINDFSteel * 0.33 R 2.15 X 0 R

503 'BSCoINDFSteel * 0.22 R 0 s 0 s

504 'BSCoINDFSteel * 0.33 R —2.15 X 0 ¥
ey — ——————

506 'BeamSection ’ , ’Fiber ',

507 { ’BeamCover’ 5.1 , 4.075 s 0 B

508 ’BeamCover’ 5.1 —4.075 N 0 B

509 ’BeamCover’ 1.55125 3.19375 , 0 B

510 ’BeamCover’ 1.55125 2.28125 , 0 5

511 ’BeamCover’ 1.55125 1.36875 0 B

512 ’BeamCover’ 1.55125 0.45625 0 B

513 "BeamCover’ , 1.55125 —0.45625 B o,

514 "BeamCover’ , 1.55125 , —1.36875 5 o ,

515 "BeamCover’ , 1.55125 —2.28125 B o,

516 "BeamCover’ , 1.55125 , —3.19375 5 o ,

517 "BeamCore’ 9 3.92375 , 3.19375 0 9

518 ’BeamCore’ 5 3.92375 2.28125 , 0 5

519 "BeamCore’ N 3.92375 1.36875 0 B

520 "BeamCore’ N 3.92375 0.45625 0 B

521 ’BeamCore’ 5 3.92375 —0.45625 5 0 5

522 ’BeamCore’ 5 3.92375 —1.36875 5 0 5

523 ’BeamCore’ 5 3.92375 —2.28125 5 0 5

524 "BeamCore’ 9 3.92375 , —3.19375 5 0 s
525 *BeamSteel * 0.44 s 3.65 R 0 X

526 ’BeamSteel * 0.44 B —3.65 5 0 5

527 —— ————————

528 *BSBeamSection ’ , 'Fiber’,

529 { ’BSBeamCover ’ B 5.1 , 4.075 s 0 B

530 "BSBeamCover ’ B 5.1 —4.075 N 0 B

531 "BSBeamCover ’ B 1.55125 , 3.19375 0 N

532 "BSBeamCover ’ B 1.55125 , 2.28125 0 N

533 "BSBeamCover ’ B 1.55125 , 1.36875 0 N

534 "BSBeamCover ’ B 1.55125 0.45625 0 5

535 'BSBeamCover ’ X 1.55125 —0.45625 X 0 s
536 "BSBeamCover ’ 9 1.55125 , —1.36875 5 0 B
537 'BSBeamCover ’ s 1.55125 —2.28125 s 0 R
538 "BSBeamCover ’ 9 1.55125 , —3.19375 5 0 B
539 "BSBeamCore’ 5 3.92375 , 3.19375 , 0 B

540 "BSBeamCore’ B 3.92375 , 2.28125 0 N

541 "BSBeamCore’ B 3.92375 , 1.36875 0 N

542 "BSBeamCore’ B 3.92375 , 0.45625 0 N

543 "BSBeamCore’ B 3.92375 , —0.45625 B 0 N
544 "BSBeamCore’ B 3.92375 , —1.36875 B 0 N
545 "BSBeamCore’ B 3.92375 , —2.28125 B 0 5
546 "BSBeamCore’ 5 3.92375 , —3.19375 5 0 B
547 ’BSBeamSteel ’ s 0.44 5 3.65 B 0 5

548 ’BSBeamSteel ’ s 0.44 5 —3.65 B 0 e
549 —— ————————

550 ’ColRigidSection ’ , ’general ’,

551 { 'ColRigid * 36 108 };

552 — ——

553| 'BeamRigidSection’, ’general’,

554 { ’BeamRigid’ 54 B 364.5 Is

555( }

BEG| sk sk ok ok ok ok ok ok ok K ok ok ok K K K ok ok K K oK ok K K oK ok K K oK ok K K oK ok K ok ok ok K K ok o K K oK oK K oK oK K K oK K K K oK K K
557| —— Set material properties .

558

559 ——

560| concretemat ’ConcreteLinearTensionSoftening’

561| steelmat ’GiuffreMenegottoPinto ’

562| sspringmat = ’Bilinear ’

563 materials = {

564 — Concrete (ConcreteLinearTensionSoftening)

565 — Tag , mat_-type, Ets , density , sc, ec , scu , ecu, lam, st
566 {’ColDCover’ , concretemat , 549.2307692, 0, —3.57, —0.0026 , —1.19, —0.0078 , 0.3, 0.448121077},
567| {’ColDCore’ , concretemat , 549.4505495, 0, —7.5 , —0.00546, —7.35, —0.01638, 0.3, 0.649519053} ,
568| { BSColDCover’ , concretemat , 105 , 0, —3.57, —0.0136 , —1.19, —0.0408 , 0.3, 0.448121077},
569 { BSColDCore’ , concretemat , 104.1666667, 0, —7.5 , —0.0288 , —7.35, —0.0864 , 0.3, 0.649519053} ,
570| {’BSColDFCover’ , concretemat , 105 , 0, —3.57, —0.0136 , —1.19, —0.0408 , 0.3, 0.448121077} ,
571| { BSColDFCore’ , concretemat , 104.1666667, 0, —7.5 , —0.0288 , —6.75, —0.0864 , 0.3, 0.649519053} ,
572| {’ColNDCover’ , concretemat , 549.2307692, 0, —3.57, —0.0026 , —1.19, —0.0078 , 0.3, 0.448121077},
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{’ColNDCore’ , concretemat , 549.2957746 , 0, —3.9 , —0.00284, —-3.51, —0.00852, 0.3,
{’BSCoINDCover’ , concretemat , 105 , 0, —-3.57, —0.0136 , —1.19, —0.0408 , 0.3,
{’BSCoINDCore’ , concretemat , 106.8493151, 0, —-3.9 , —0.0146 , —3.51, —0.0438 , 0.3,
{’BSCoINDFCover’, concretemat , 144.2424242, 0, —3.57, —0.0099 , —1.19, —0.0297 , 0.3,
{ ’BSCoINDFCore’ , concretemat , 106.8493151, 0, —3.9 , —0.0146 , —3.51, —0.0438 , 0.3,
{’BeamCover’ , concretemat , 549.2307692, 0, -—3.57, —0.0026 , —1.19, —0.0078 , 0.3,
{’BeamCore’ , concretemat , 549.2957746 , 0, —3.9 , —0.00284, —-3.51, —0.00852, 0.3,
{ ’BSBeamCover ’ , concretemat , 105 , 0, —38.57, —0.0136 , —1.19, —0.0408 0.3,
{ ’BSBeamCore’ , concretemat , 106.8493151, 0, —3.9 , —0.0146 , —3.51, —0.0438 0.3,
—— Steel (GiuffreMenegottoPinto )
== Tag, mat_type, E, density , sy, b, RO, cR1, cR2,al, a2,a3,
{’ColDSteel ’ , steelmat , 26500, 0, 87.5, 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
{’BSColDSteel ° , steelmat , 5067 , 0, 87.5, 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
{’BSColDFSteel’ , steelmat , 6949 , 0, 87.5, 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
{’ColNDSteel ’ , steelmat , 27300, 0, 80 , 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
{’BSCoINDSteel ° , steelmat , 5220 , 0, 80 , 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
{’BSCoINDFSteel ’, steelmat , 5220 0, 80 , 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
{’BeamSteel ’ , steelmat , 27300, 0, 80 , 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
{’BSBeamSteel ° , steelmat , 5220 , 0, 80 , 0.01, 15, 0.925, 0.15, 0, 55, 0, 55, 0},
—— Shear spring (Bilinear)
S Tag, mat_type , E, density , sy, b, al, a2, a3, a4
{’BSColDSS’ , sspringmat, 1690, 0, 78.2, 0.173, 0, 55, 0, 55},
{’BSCoIDFSS’ , sspringmat, 1690, 0, 78.2, 0.173, 0, 55, 0, 55},
{’BSCoINDSS’ , sspringmat, 1690, 0, 78.2, 0.173, 0, 55, 0, 55},
{’BSCoINDFSS’, sspringmat, 1690, 0, 78.2, 0.173, 0, 55, 0, 55},
{’BSBeamSS’ , sspringmat, 1545, 0, 75.8, 0.396, 0, 55, 0, 55},
—— Rigid element (Elastic)
— Tag, mat_type, E, density
{’ColRigid * , ’Elastic’, 10000000000, 0},
{’BeamRigid’, ’Elastic’, 10000000000, 0}
}
sk sk K oK ok o K oK oK o K oK oK o K oK oK oK K oK oK o K oK oK o oK oK oK o K oK oK oK o K ok ok oK K K oK o K K oK oK o K ok oK o K K ok oK K K oK K K K K
function dumptable (x)
local result = ’{°
for i,v in ipairs(x) do
if (type(v) == ’table’) then
result = result dumptable (v)
else
result = result .. v .. °,°
end
end
return result "}\n’
end
—print (dumptable (nodes))
—print (dumptable (elements ))
——print (dumptable (materials))
——print (dumptable (allsections ))
sk kK ok ok K K K oK o K K K oK o K K K oK o K K K oK o K K K oK o K K ok o K oK oK o K K ok o K ok K oK K K K oK ok K K ok ok Kk K K K K K oK K K K
—— Preface ndim and ndofpn (ndim: dimension, ndofpn: number of degrees of freedom per
model = StructureModel (2,3)
—— Assign all input data to Mercury
model: addNodes(nodes)
model: addMaterials (materials)
model: addSections(allsections)
model: addElements(elements )
sk sk K oK ok o K oK oK o K oK oK o K oK oK o K oK oK o K oK oK o K oK oK o K oK oK o K ok ok o K K oK o K K oK oK o K ok oK o K K ok oK K K oK K K K K
—— constrain bottom nodes
for bay=1,nbays+1 do
model: constrainNode (columnnodename (bay,1,1),1,1,1)
end
ks K K ok ok o K K oK oK K K oK oK S K K oK ok o K K oK oK o K K oK ok o K K ok oK o K K ok ok K oK ok o K K oK o K K ok ok K K K K K K K K K oK K K K
solver = NonlinearSolver (” initialstiffness”, { displacementdeltatolerance=le—5,
sk sk K oK ok o K K oK o K oK oK S K oK oK o K oK oK o K oK oK o K oK oK o K K oK oK o K ok ok oK K K oK o K K oK oK o K ok oK o K K ok oK K K oK K K K K
—— Monitoring node number
node06 = columnnodename (1,1 ,6)
nodel3 = columnnodename (1,2,7)
node20 = columnnodename (1,3,7)
node07 = columnnodename (1,1,7)
nodeld = columnnodename (1,2 ,8)
node21 = columnnodename (1,3 ,8)
node48 = columnnodename (3,1 ,6)
node49 = columnnodename (3,1,7)
node01 = columnnodename (1,1 ,1)
node22 columnnodename (2,1 ,1)
node43 = columnnodename (3 ,1,1)
node64 = columnnodename (4 ,1,1)
sk sk K K ok o K K oK o K oK oK S K oK oK o K oK oK o K oK oK o K oK oK o K oK oK o K ok ok oK K K oK o K K oK oK o K ok oK o K K oK oK K K oK K K K K
disp_06_13_.20 = {}
function displpertime(timestep)

dx06 ,dy06 ,dz06 = model: nodeDisplacements (node06 )
dx13,dy13 ,dz13 = model: nodeDisplacements (nodel3 )
dx20,dy20,dz20 = model: nodeDisplacements (node20 )
table.insert (disp-06-13-20 ,dx06)
table.insert (disp-06_-13_20 ,dy06)
table.insert (disp-06_-13_20 ,dz06)
table.insert (disp-06_-13_20 ,dx13)
table.insert (disp-06_-13_20 ,dy13)
table.insert (disp-06_-13_20 ,dz13)
table.insert (disp-06_-13_20 ,dx20)
table.insert (disp-06_-13_.20 ,dy20)
table.insert (disp-06_-13_.20 ,dz20)
end
disp-07-14-.21 = {}
function disp2pertime(timestep)
dx07 ,dy07 ,dz07 = model: nodeDisplacements (node07)
dx14 ,dy14 ,dz14 = model: nodeDisplacements (nodel4)
dx21,dy21,dz21 = model: nodeDisplacements (node21)
table.insert (disp-07_-14_21 ,dx07)
table.insert (disp-07_-14_21 ,dy07)
table.insert (disp-07-14_21 ,dz07)
table.insert (disp-07-14_21 ,dx14)
table.insert (disp.07-14_.21 ,dy14)
table.insert (disp-07-14_21 ,dz14)
table.insert (disp-07-14_21 ,dx21)
table.insert (disp.07-14_.21 ,dy21)
table.insert (disp-07_14_21 ,dz21)

Mercury

0.46837485 },
0.448121077} ,
0.46837485 },
0.448121077} ,
0.46837485 },
0.448121077} ,
0.46837485 1},
0.448121077} ,
0.46837485 },
s_init
node )

iterations =100000})
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end
disp-48_49 = {}
function disp3pertime(timestep)
dx48 ,dy48 ,dz48 = model: nodeDisplacements (node48)
dx49 ,dy49 ,dz49 = model: nodeDisplacements (noded9 )
table.insert (disp-48.49 ,dx48)
table.insert (disp-48.49 ,dy48)
table.insert (disp-48.-49 ,dz48)
table.insert (disp-48.49 ,dx49)
table.insert (disp-48_.49 ,dy49)
table.insert (disp-48_.49 ,dz49)
end
react = {}
function reactpertime (timestep)
fx01 ,fy01l ,fz01 = model: nodeRestoringForces(node0l)
fx22 ,fy22 ,fz22 = model: nodeRestoringForces(node22)
fx43 ,fy43 ,fz43 = model: nodeRestoringForces(noded3)
fx64 ,fy64 ,fz64 = model: nodeRestoringForces(node64)
table .insert (react, fxO01)
table.insert (react, fy01l)
table.insert (react, fz01)
table.insert (react, fx22)
table.insert (react, fy22)
table.insert (react, fz22)
table .insert (react , fx43)
table.insert (react , fy43)
table.insert (react , fz43)
table.insert (react , fx64)
table.insert (react , fy64)
table .insert (react , fz64)
print (timestep);
end
sk K oK ok o K oK oK S K oK oK S K oK oK o K oK oK o K oK oK o K oK oK o oK oK oK o K ok ok o K K oK o K K oK oK o K oK oK o K K ok oK K K oK K K K K
earthquakeloading = LoadDescription ()
accelamp = 1.0%g
earthquakeloading:addLoad ({’groundmotion ’,earthquakefile .. °’,dt=0.005’, 1,accelamp})
sk K K K ok ok K K K ok o K K K oK oK K K oK ok K K oK oK K K oK oK K K oK K K K K K K K
——transientanalysis = DynamicAnalysis(” hht”, model, solver , earthquakeloading , ——[[ dt, alpha, beta, gamma]] 0.005,
transientanalysis = DynamicAnalysis(” hybridhht”, model, solver, earthquakeloading , — [[ dt, alpha, beta, gamma, iter
model: setRayleighCoefficients (1.1770500887303603 ,0.0015992014979696392)
sk sk o K K ok ok R K oK oK oK R K K oK oK K K K oK oK K K K oK oK K K oK oK o K K oK K K K oK oK K K K K
transientanalysis:addcallback(displpertime , ”"timestep”)
transientanalysis:addcallback (disp2pertime , timestep”)
transientanalysis:addcallback (disp3pertime , timestep”)
transientanalysis:addcallback(reactpertime , timestep”)
sk K K K ok ok K K K ok o K K K oK oK K K K oK ok K K oK oK K K oK oK K K K K K K Kk K K K
——transientanalysis:solve (15281)
transientanalysis:solve (152810)
sk kK K ok ok o K K oK ok K K oK oK o K K oK oK K K oK oK oK K oK oK K K oK ok K K oK K K ok KK K oK oK K K Kk
—— Set output file
function writedata6 (x, fname)

»

»

»

local f = assert(io.open(fname, w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, 7 7
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 5) then
writenl = 0
f:write(”\n”)
end
end
f:close ()
end
function writedata9 (x, fname)

local f = assert (io.open (fname, ' w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, 7 7)
writenl = writenl 4 1
—— length of row size: writenl
if (writenl > 8) then
writenl = 0
f:write(”\n”)
end
end
f:close ()
end
function writedatal2(x, fname)

alpha ,
htion ||

local f = assert (io.open (fname,’w’))
local writenl = 0
for i,v in ipairs(x) do
f:write(v, 7 7
writenl = writenl + 1
—— length of row size: writenl
if (writenl > 11) then
writenl = 0
f:write(?\n”)
end
end
f:close ()
end
sk sk K K ok o K oK oK o K oK oK o K oK oK o K oK oK o K oK oK o K K oK oK o K K oK o K K ok oK K K oK oK K K K ok ok
——writedata9 (disp-06_13_20 ,’ Ex29HHT_06_-13_20_displ.dat ’)
——writedata9 (disp-07_-14_21 ,’ Ex29HHT_07_-14_21_displ.dat ’)
——writedata6 (disp-48_-49 ,’ Ex29HHT_48_49_displ.dat’)
——writedatal2(react ,”’ Ex29HHT_01_-22_43_64_react .dat ’)
writedata9 (disp-06-13_-20 ,  Ex29Shing_-06-13_20_-displ.dat’)
writedata9 (disp-07-14_21 ,’ Ex29Shing_-07-14_21_displ.dat’)
writedata6 (disp_-48_49 ,’ Ex29Shing_-48_49_displ.dat’)
writedatal2 (react ,”’ Ex29Shing_-01-22_43_64_react.dat’)
sk K K ok o K oK oK S K K oK oK S K oK oK o K oK oK o K oK oK o K K oK oK o K K oK o K K oK oK K K oK oK K K K ok ok
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Chapter 4
NONLINEAR PUSHOVER ANALYSIS

first part requires some major editing

4.1 pushover

A pushover analysis is a nonlinear static procedure wherein monotonically increasing lateral loads are applied to the structure till a
target displacement is achieved or the structure is unable to resist further loads.

A pushover analysis is associated with a load pattern. In this case, use the same later load pattern that was used for the seismic
design. It is necessary to apply dead and live loads before doing a pushover analysis. Since the pushover procedure is nonlinear, it is
necessary to setup a new load case for dead and live which is also nonlinear The recent advent of performance based design has brought
the static nonlinear analysis, also known as sequential yield analysis, or simply “push-over” analysis has gained significant popularity
during the past few years. It is a static, nonlinear procedure in which the magnitude of the structural loading is incrementally increased
in accordance with a certain predefined pattern. Typically, a predefined lateral load pattern is distributed along the building height.
The lateral forces are then monotonically increased in constant proportion with a displacement control at the top of the building until
a certain level of deformation is reached. The target top displacement may be the deformation expected in the design earthquake in
case of designing a new structure, or the drift corresponding to structural collapse for assessment purposes. The method allows tracing
the sequence of yielding and failure on the member and the structure levels as well as the progress of the overall capacity curve of the
structure, (7).

With the increase in the magnitude of the loading, weak links and failure modes of the structure are found. The loading is monotonic
with the effects of the cyclic behavior and load reversals being estimated by using a modified monotonic force-deformation criteria and
with damping approximations. Static pushover analysis is an attempt by the structural engineering profession to evaluate the real
strength of the structure and it promises to be a useful and effective tool for performance based design. The ATC-40 and FEMA-273
documents have developed modeling procedures, acceptance criteria and analysis procedures for pushover analysis. These documents
define force-deformation criteria for hinges used in pushover analysis.

The design of structures based on plastic approach is calledlimit design and is at the core of most modern design codes (ACI,

AISC).

4.2 Shakedown

A structure subjected to a general variable load can collapse even if the loads remain inside the elastic plastic domain of the load space.
Thus the elasto plastic domain represents a safe domain only for monotonic loads.Under general, non-monotonic loading, a structure
can nevertheless fail by incremental collapse or plastic fatigue.The behavior of a structure is termed shakedown

4.3 Control Method

In pushover analysis it is highly desirable to first subject the structure to an initial force without constrained degrees of freedom for
imposed pushover displacements. This would allow the structure to properly deform, be subjected to the correct state of initial stress
prior to the application of the actual imposed pushover displacements. This section presents a simple method to perform such an
analysis in one step. Traditional method in Sec. 4] would require two separate analysis shown in Fig. ??. Sec. L8] describes pushover
analysis with imposed displacement on unconstrained degrees of freedom.

4.4 Classical Pushover

A nonlinear pushover analysis entails two parts, Fig.

Vertical Load is the first step where the structure is subjected to the vertical load (such as gravity and possibly a fraction of the live
load).

Lateral Loas is the application of increasing lateral force or displacement up to failure. Imposed displacement is preferred as it enables
us to capture the post-peak response.

A nonlinear pushover analysis can not separate the vertical loads from the lateral loads. Application of the vertical loads will results
in an initial state of stress to which those induced by the lateral loads must be added.

Traditional methods entail performing the first analysis under load control, and then results are either used as part of the restart
(correct), or they are added to the results of the displacement control when this one is complete (erroneous).

Since only imposed displacements can enable us to capture the post-peak response, the question is how should those displacements
be applied.

With reference to Fig. one could apply a single imposed displacement at the top of the discretized building. However, the
resulting displacements may not be compatible with the dynamic response of the structure.

A better approach consists in first evaluating the first mode shape, determine the normalized displacements (with respect to the one
of the top floor) of each floor «;, and then use this «; distribution for the imposed lateral displacements in the subsequent nonlinear
pushover analysis.

4.5 Improved Pushover Analysis Procedure

With reference to Fig. we shall examine the two steps of the pushover analysis.
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Initial Vertical Load
Load Control

Pushover Lateral “Load”
Displacement Control

Initial Vertical Load
Load Control

Pushover Lateral “Load”
Displacement Control

Two separate analysis

One single analysis

Figure 4.1: Pushover analysis
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Figure 4.2: Determination of pushover displacements magnitudes

L

Load Control

Displacement Control

P{'=Vg, Mg; Uf'=Vs, 05
P[p:N];; ulp'eXt:uli
Pu=Na,Va.My Uy=Uy, Va, 0a

Figure 4.3: Pushover Analysis of a Frame
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4.5.1 Load Control

This first part is consistent with classical methods where the governing equilibrium equation of a nonlinear system can be expressed as

Pyt | _ [ Kie  Kia uy
{ Py T Kur Kuu uy (4.1)
—— N ———— e —
P K u

where P, u and K are the nodal force, nodal displacement and stiffness terms expressed in the structural level, and the subscript u
and t are associated with I',, and I't where the essential and natural boundary conditions are defined.
Equilibrium is satisfied when external nodal forces are equal to the internal ones,

Pezt _ Pint -0 (42)

and P*"t is determined from state determination in Ch. [II
In nonlinear system, the incremental displacement vector is defined by

Au, =u, —Up_1

and the corresponding nodal displacement vector at the k'™ iteration is given by:

k k—1 k
u, =u, = +du,

Eo_ ok k—1
where duy; =u,; —u; .

h

We can rewrite Eq. E]in incremental form at the k" iteration of the n'" increment as:

R,k _ pextv int, kv k—1 k—1 k7
Pt,'n. = Pt,'n. . Pt,'n. . _ K,@“{ Kéu{z 5ut,n . (4.3)
R,k __ k ks int,k - — ext .
Pu,n - Pu,n - P:Lnn Kut,n Kuu,n Auu,n
R.k k—1 ke
P =Pl Kh suk

where, superscript ‘v’ and ‘?’ refer to known and unknown quantities. It should be noted that the known imposed displacement
Aufifl‘/ is applied in the first iteration only, and then it is set to 0.
The incremental displacements can now be expressed as:

5 k7T _ k7 k—1v

Wpn = Un — W,

A extv _ __extV ext v
uu,n - Hu,n - uu,nfl

and the essence of the finite element analysis is to first determine the displacement (5uic n?, and then Pﬁ n? from Eq.
In this preliminary analysis, the structure is subjected to its original load, the (yet to be constrained dofs in the pushover analysis)
are left as free. At the end of this analysis, we keep track of the nodal displacement

4.5.2 Displacement Control

Following the load control part, we now move to displacement control for the pushover analysis.
Rewriting Eq. EI] with prescribed external nodal displacements

v ff f f7
P{;ﬁ Kttf K/ Ko u; i

? — sex
L =|_Ki K uy (4.4)
Pu' Kut | Kuu Uy,

where, superscript ‘f’ and ’p’ refer to unknown and prescribed displacement. With reference to Fig. 7?7, we would have
v
pl" = Vg, Mp|"
? T
Py =[Nz
P,” = |Na,Va,Ma|"

ul’ = vp,05)"
uf,cxt/ _ I_UBJT
uuf = |ua,va, GAJT
Again, in the context of a nonlinear pushover analysis, we rewrite the K¢ submatrix in incremental form for the k" iteration of the
nth increment, and since we are now in displacement control, there are no more applied forces. Thus:

Jk—1 Jk—1 17
pokfl? = tht;i 1 K{tpTZ 1 éuf’k 1/ (4.5)
oPY Ky Ky Aupert

We should keep in mind that we are primarily interested in 5Pf’7§71 which is the vector of force(s) corresponding to the imposed

displacement(s) in the pushover analysis. Also, it should be noted that Auf"en is only applied in the first iteration, and in subsequent

ones, it is 0.
B
We first solve for the unknown displacements corresponding to the free degrees of freedom 5u{‘k71 .

. ? c—
0=K{/F1 sul T P KIPFT sulentY

(4.6)
Ju{*k’l? _ _[K{t{f71]71 .tht;j,:fl ~Auf‘e“(

Then we address the second row of Eq. to solve for the forces corresponding to the imposed displacements in the pushover analysis,
c—17
SPPk—1t
It should be noted that the original ID matrix which refers to the global degrees of freedom has to be readjusted into a new one
dispID.
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Also, the internal forces computed from the load control part are transferred to the displacement control part. Thus the entire
nonlinear pushover analysis can be performed in a single analysis in Mercury without the need for a restart.
The algorithm for this procedure is shown in Fig. A4l
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Initialize Compute
ut,n=0 :0' L‘Iu,n=0 = O, 5en=0: O’den=0: ( Ktan —_ K K tan _ K
_ _ ext tt,n=0 — "Mt Ntun=0" Ntu
as,e,n:o - 0' es,en=0 - 0' Pm:o_ 0
k=0 _ tank=0 — tan =0 _— k=0 _ 4 i k=0 _ i i k=0 _ i
ut,n - ut,n—l K tt,n =K tt,n—-1 6:,n - Je,n—l’ de,n - de,n—l as,e,n - as,e,n’ J;,e,n - 6;,en
P =Py | ouP, =uf —ul | (K0 K PO K 270 K ) = MatrixAssembleDispCtrI(K &, displD,nfdofs;

if (nfdofs # ndcdofs ) {
k=1: 00" = [K X THf-K P u? )
k#1:0u/* =[K /T THRR )
L]

ou =0
Assemble duy, from{ o }
ougy

where, k :1:5utp'k =adu k# 1:5Ulp'k =0

k — k-1 k
ut,n _ut,n +5ut,n

PL =P% -PL"
PR extracted fromP%* (if nfdofst ndcdofs )
[K @k K ek K ek ) BR] = MatrixAssembleK #™ | nfdofs,LM)

tt,n P N tun TN ut,n N uun en

[K o K PO K PHOK P 1= MatrixAssembleDispCtr I (K &%, displD, nfdofs;

tt,n? tt,n 77 M tt,n Y
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Figure 4.4: Implementation for displacement control
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Chapter 5
DYNAMIC ANALYSIS

5.1 Preliminaries

1 When the frequency of excitation of a structure is less than about a third of its lowest natural frequency of vibration, then we can
neglect inertia effects and treat the problem as a quasi-static one.

2 If the structure is subjected to an impact load, than one must be primarily concerned with (stress) wave propagation. In such a
problem, we often have high frequencies and the duration of the dynamic analysis is about the time it takes for the wave to travel
across the structure.

3 If inertia forces are present, then we are confronted with a dynamic problem and can analyse it through any one of the following
solution procedures:
1. Natural frequencies and mode shapes (only linear elastic systems)

2. Time history analysis through modal analysis (again linear elastic), or direct integration.

4 Methods of structural dynamics are essentially independent of finite element analysis as these methods presume that we already
have the stiffness, mass, and damping matrices. Those matrices may be obtained from a single degree of freedom system, from an
idealization/simplification of a frame structure, or from a very complex finite element mesh. The time history analysis procedure
remains the same.

5.1.1 Variational Formulation

5 In a general three-dimensional continuum, the equations of motion of an elementary volume Q without damping is

LYo +b = mi (5.1)
where m is the mass density matrix equal to pI, and b is the vector of body forces. The Differential operator L is
e}
5 9 0
0 Em 0
o o £
L= 2 2 o (5.2)
@ Dz
9 0 2
T o @
Oz Ay
6 For linear elastic material
o=D.e (5.3)
for nonlinear material, the constitutive equations can be written as
o =D;é (5.4)

where D; is the tangent stiffness matrix.

7 Whereas Eq. [E]] describes the body motion in a strong sense, a weak formulation is obtained by the principle of minimum comple-
mentary virtual work (or Weighted Residual/Galerkin)

/ su’[LTe + b — mii]d2 =0 (5.5)
Q
Applying Gauss divergence theorem, Eq. 77:

//Aqsdiv qu:fiqqunds—//A(v(p)quA (5.6)

and recalling that Lu = g,
/ su'LTod = —/ 455To'dQ+/ su”ondr (5.7)
Q Q r
thus, Eq. [E5] transforms into
/ [bu” (mii — b) + se” )dQ — / su”tdl =0 (5.8)
Q r
so far no assumption has been made with regard to material behavior.

8 Next we will seek the spatial discretization of the virtual work equation (Eq. [58). From the previous chapters, we have the following
relations

u = Nu su?l = su’'NT, i = Nu
B = LN; e = BTy s’ = sut'B” (5.9)
¢ = Bu
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o For implicit time integration, equilibrium was reached at time step n — 1, and we write the equation of equilibrium for time step n.
thus Eq. transforms into

/ 6udeQﬁt+At+/ 5eTat,ndQ:/ 5uTtt,ndr+/ sul'by,,dQ (5.10)
Q Q T Q

10 For linear problems

Ot,n — DeBﬁt,n (511)

11 Again, upon proper substitution, this would yield

su’ / NTmNdQﬁt,nJr/ B"D.BdQu;,, — (/ NTPf’;dQJr/ NTtt,ndr> =0 (5.12)
Q Q Q ’ r
Myt K pext
—_— t,n
pint
or
M, , + Kty = P (5.13)

Which represents the semi-discrete linear equation of motion in the implicit time integration.
Generalizing the previous equation to include the effect of damping, and replacing W by u we have

My, - ity + Cyy - 1y 4+ PI"F = PE7E (5.14)

where My¢; and Cy; are the mass and viscous damping matrices for the idealization of the structure; iy is the nodal acceleration vector,
u; is the nodal velocity vector, Pint is the static restoring or internal nodal force vector resulting from the nodal displacement vector
ug, and an is the vector of applied nodal forces due to a seismic loading. Numerical methods for solving Eq. [F.14] are divided into two
major categories; explicit and implicit methods. This chapter will limit its coverage to implicit schemes and in particular: 1) Newmark
B method, 2) the Hilber-Hughes-Taylor(HHT) method.

5.1.2 Mass Representation

There are two possible representation of the mass matrix: lumped and consisten.

Nodal lumped masses contribute only to the diagonal terms of the mass matrix and the terms associated with the rotational degrees
of freedom are often taken as zero. However, in some cases the rotational inertias can be accounted for. The z, y and z inertia quantities
may be different in a structure particularly in a two-dimensional analysis where the frame being analyzed is flanked by adjoining frames
which carry vertical loads but have relatively insignificant lateral stiffness. In this case the vertical inertia is associated only with
that of the frame being analyzed while the horizontal inertia has to represent the sum of the inertia contributions of all frames being
supported, in the lateral direction, by the frame being analyzed.

The mass matrix may take one of two forms.

1. In this formulation it is assumed that all the masses are concentrated at the end nodes. Though not exactly correct, the advantage
of this model is that we will have a diagonal matrix which can be easily inverted. The term associated with rotation is often
neglected.

2. The consistent mass model uses a kinematically equivalent mass matrix where inertia forces are associated with all degrees of
freedom. This will result in a mass matrix for the structures with the same skyline form as that of the stiffness matrix. The
consistent mass model requires a greater computational cost in the multiplication by the nodal accelerations to get the inertia
forces at each time-step in the analysis. It also includes all natural frequencies and consequently gives a slight bias to the
frequency content of the structure.

5.1.2.1 Lumped mass

In prismatic 2D framed structure, the lumped mass matrix in the global reference is simply given by

/2 0 0 0 0 0
0 1/2 0 0 0 0
0 0 oar-L2 0 0 0
Me=p-A-Le| g 0 /2 0 0 (5.15)
0 0 0 0 1/2 0
0 0 0 0 0 o L2

Here «, is a nonnegative coefficient for rotation. «, zero will result in a singular mass matrix which is undesirable if we have to invert
the mass matrix. An ad hoc solution to define a;,. is to imagine that a uniform slender bar of length L. /2 and mass m/2 is attached to
each node and rotates with it. The associated mass moment of inertia would I, = (m/2)(L./2)“/3, and consequently «a, = 1/24, (7).
It should be noted that models based on lumped mass can run substantially faster than those based on consistent mass.

5.1.2.2 Consistent mass

The consistent mass matrix is defined in the local reference frame as

m, = /0“ P A@)  Na(@)” - No(z)de
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where,
N (o) 1-£ 0 0 . = 0 0
d z = xT xT x x x x xT
0 1+2(£)% - 3(&)? r(l—L—e) 0 —2(£)%+3(£)? x((L—e)Q—L—e)
Hence,
140 0 0 70 0 0
0 156 22-L, 0 54 —13- L,
AL, . 72 . e, 72
P 0 22 L, VN 0 13- L. 3. L? (5.16)
420 70 0 0 140 0 0
0 54 13-L. 0O 156 —22. L,
0 -13-L. -3-L?) 0o —22-L. 4-L?

The mass matrix is then transformed into the global reference by rewriting Eq. [BI0] in terms of the rotation matrix, T'..
M, =TI".m,-T,

5.1.3 Damping Representation

All structures are damped, otherwise their oscillations will never stop. Damping can be viewed as a frictional force which dissipates
energy, and can take different form.

The most commonly used form of damping is the so-called viscous or Rayleigh damping which, when inserted in the equation of
motion, has the following form

t,n

.. . int t
Myt - Ogn + Cor -0y, + P = P:,In

where, Uit n, U¢,n and ug , are the nodal acceleration, velocity, and displacement vectors at the current time step, respectively; Pi”nt is
the static restoring or internal nodal force vector at the current time step.

Damping is supposed to model the dissipation of energy. In a nonlinear analysis, this is accounted for by some constitutive models
which include hysterisis damping, such as the Modified Kent and Park model for concrete (Sect. [ZZ.I1). In linear elastic analysis, the
most common form of damping is the so-called viscous damping (better known as Rayleigh damping). In this simplification, we assume
the presence of a viscous damper (which by definition is sensitive to velocity) between the structure and an external fixed point (mass
proportional), and another set of dampers inside the structure connecting all the degrees of freedom (stiffness proportional damper).
Hence, we assume that

Cit = am - My + by - Ky (5.17)

where, a,, and by are coefficients which pre-multiply the mass and stiffness terms respectively. Eq. [EI7l is known as proportional
Rayleigh damping, Fig. B1}

Sm
|
|
1
|
\
|
-2 \ Rayleigh 7 Mas_s
g \ Damping 2N proportional
= \ z o :
2 \ A 7 S \,\\0 damping
. \
g \ 4 - %Q(O
Eg¢ 28 &Qe*
o \ <
VG
AN
NPad
o Mass . .
B - S Proportional Stiffness proportional
B -4 _troportional o damping
n
» ®

Natural frequencies

Figure 5.1: Rayleigh damping

Rayleigh damping is the most widely used (but not only) model for damping. The coefficients a,, and by, in Eq. [EI7 are calculated
based upon two circular frequencies (w1 and ws, radians/sec.) to be damped at £; and £ respectively. Where w,, and &,, are the
circular frequency and the damping ratio of the m*” mode.

We recall that the damping ratio for a single degree of freedom (SDF) for mode m is given by

Cit,m
S V. (6-18)
Thus for mass proportional damping of multi degree of freedom (MDF) system, with Cy¢ s = @, - My, this would lead to
[o . 1
=L

The damping ratio is thus inversely proportional to the natural frequency and a,, can be selected to obtain a specified damping ratio
in any one mode i or

am =2-( - w;

(5.19)
Similarly, and recalling that K¢t - ¢ = w?n - Myt - m, a stiffness proportional damping Ci¢,;m = by - K¢¢,m combined with Eq. [5.18]
will lead to
by
Cm = 5 wm (5.20)
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In this case the damping ratio is proportional to the natural frequency and by can be selected to obtain a specified damping ratio in
any one mode j or

2 . .
by = 29 (5.21)
wj

Combining Eq. and [521] leads to the following linear equations

T oo{e-{e) @)

J

-

If one assumes the same damping ratio ¢ for both modes (reasonable practical assumption), then

2(1.)1' c Wy
Ay = (———=
w;i + wj

b ¢ 2
k=6 — "
wi + wj

Again, it should be emphasized that different damping coefficients should be used in linear and in nonlinear analysis (specially if the
nonlinear constitutive model accounts for hysterisis damping. Furthermore, if Rayleigh damping is used in a nonlinear analysis, then
coefficients a,, abd b, may have to be updated at each time increment to reflect the change in the tangential stiffness matrix K.

5.1.4 Euler Methods

Euler method is a numerical procedure to solve initial values ordinary differential equations (as in structural dynamics). In other words,
given a solution t time ¢,,, how do we get the solution at time ¢,,41.

In our case, we discretize space by the finite element, and discretize time by the finite difference. Spatial discretization is by now
well understood, the question is how do we discretize time, or in its most elementary form a derivative.

As with Newton’s method, it all start with the Taylor’s series. We begin with the forward version

d
Yt +h) = yar =y(ta) +h S| O (5.23-a)
tn

= Ynt1 =2 Yn +hf(Yn,tn) (5.23-b)

This forward Euler method is also referred to as explicit since yn41 is given explicitly in terms of known quantities such as y,, and
f(yn, tn) and there is no equation to solve. Explicit methods are easy to implement but are conditionally sable (i.e. h should be smaller
than a critical value).

An alternative formulation is one based on the backward Euler method which starts with the following Taylor series expansion

dy
y(tn) = yn =y(tnt1 —h) =y(tnt1) — h P + O(hz) (5.24-a)
tn41

= Ynt1 =2 Yn +Af(Ynt1,tnt1) (5.24-b)

This is an implicit method since f(yn+1,tn+1) is not known and a (usually) nonlinear equation must be solved at every time step
(possibly by the Newton-Raphson method). Evidently, this is more computationally expensive than the explicit method, however the
method is unconditionally stable.

The geometric interpretation of Euler’s method is shown in Fig. We note that the implicit method (at the cost of a Newton-
Raphson solution) always provides an “exact” solution. In the context of structural dynamics, we can say that equilibrium is satisfied.
This is not the case in the explicit method.

[ | Example 5.1. Euler Method

Solve the following ordinary linear first order differential equation:

dy

o =1+ (t-y% 2<t<3; y(2)=1 (5.25)

Solution:

Forward Euler with h=0.1

Ynt1 = Yn + hf(Yn,tn) (5.26-a)
vi = 1401 [1 + (2. — 1.)2] =12 (5.26-b)
The Backward Euler will give
Ynt1 = Yn T hf(Ynt1,tnyr) (5.27-a)
yio= 1+01[1+(21-y)’] (5.27-b)
0 = 0.1y%—1.42y +1.541 (5.27-c)
v = 1.1839 (5.27-d)
In this case we had a quadratic equation to solve, however in general we may have to use Newton’s method to solve for y,,. [ |

5.2 Time Integration Methods

Time integration is performed through a finite difference solution of the time discretization. We will (have to) assume that equilibrium
was reached in the previous time step n — 1

.. . int t
Myt - tig,n—1 + Cot - Wen—1 + P =P
At the current time step n, the equation of motion will be given by

My - ie,n + Cot - Og,n + Pznnt = Pimnt (5.28)
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Figure 5.2: Geometric interpretation of Euler’s method

There are two broad classes of solution to solve this equation

1. Explicit methods
The nodal displacement vector u¢,, at the current time step can be calculated from a function of structural response solutions
at the previous time step n — 1. The effective stiffness matrix for solving the equation of motion consists of mass matrix and/or
damping matrix. This indicates that it is not necessary to invert the structural stiffness matrix.

2. Implicit methods
The nodal displacement vector u; , at the current time step is often represented as a function of structural response quantities
with both the previous time step n —1 and the current time step n. For this reason, iteration procedure such as Newton-Raphson
iterative method has to be applied so as to solve equations and to achieve convergence if the response is nonlinear.

Advantages of using explicit methods for transient analysis include the simplicity of the algorithm, easy implementation and their fast
and efficient computation without the demand for iterations. In addition, there are no need for the knowledge of the tangent stiffness
during the test. However, explicit methods are only conditionally stable. This means that the computed response may grow without
bond when the product of the time step and the highest natural frequency of the structure At - w exceeds a limitation. In analyzing
a structure with a very high natural frequency w, a small time interval needs to be used and it can be too small to be practical. On
the other hand, most implicit methods are unconditionally stable. This means that it is possible to analyze a multi-degree-of-freedom
system with high frequency modes using a reasonably large time step without stability problems. Furthermore, implicit methods can
be customized to provide favorable numerical energy dissipation properties. In addition to the prescribed viscous damping matrix Cy+,
implicit methods provide numerical damping which can be controlled by certain parameters. The value of these parameters can be
selected in order to suppress the spurious higher-mode responses, excited by experimental errors during the test. However, an iterative
solution procedure for a nonlinear system is computationally more demanding. It introduces the possibility of inducing undesirable
loading and unloading hysteresis in a structure whose behavior can be highly sensitive to prior inelastic deformation history. Last but
not least implicit methods are ideal candidates fro real time hybrid simulation.

5.2.1 Newmark 3 method

Euler’s method is now generalized for second order differential equations (equation of motion)

n n—1 . n—1
( u ) = ( N ) +At( u ) Forward Euler
u u
(5.29)

n—1 u n
( ) + At ( - ) Backward Euler

u

Newmark’s method is a variation of Euler’s method, where higher order derivatives (Eq. m) are computed with lower accuracy for
the sake of efficiency.

Again, we first consider the Taylor series expansions of the nodal displacement and velocity vector terms about the values at the

previous time n — 1.

e &c

7~
=2 =}
~
3

Il

duy n_1 %uyn1 a2 3upn A3
Uyn R UWgn-1+ 5 At + Sr + — =S+

92t a3t 5.30
; ~ 1 0%uy 1 0%uy,p 42 ( )
U R Wpo1+ —m At + g S

The above two equations represent the approximate displacement and velocity vectors (u¢,, and 1y,,) except for high order terms
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Table 5.1: Properties of the Newmark g method

Method [ Type [ B [ ~ [ Stability condition [ Order of accuracy
Constant acceleration Implicit | 1/4 | 1/2 Unconditional 2
Linear acceleration implicit | 1/6 | 1/2 At < 2V/3/w 2
Central difference Explicit 0 1/2 At < 2/w 2

of Taylor series. We represent the last terms of the above two equations as follow:

a2 22 _
Oy, AL? e — el A3 . At?
% 3 At g~ (fen —Hen-a) =
A B, — 1) A2 (5.31)
a2 a2 _
O3y, AL - Sohnsl A2 . At
5t a1 At o % (Ben = Ben—1) S
~ oy (lgn — Ugn-1) At (5.32)

where 8 and 7 are parameters which depict numerical approximations. These parameters will account for Eq. [E31] and Eq.
including additional terms which were dropped from Taylor series approximation. Substituting Eq. (31 and Eq. 32 into Eq. 77 and
Eq. B30 respectively, we obtain the two equations as follow:

. N ) )
Ut = Ugp—1+ At Uy n—1 + — e + A B (fgyn — Uen—1)

(5.33)
Wep = Wen—1 + AUy o1 + ALy - (Ug,n — Ug,n—1)
Hence, we obtain the Newmark $ method, which consists of the following equations:
P:Int = My tg,n + Cp - Uen + Pznnt (5.34)
‘ At? . .
Utn = Ugn—1+ At Qgn_1+ - [(1—=28)0¢,n—1 + 2B - lit,] (5.35)
Upn = Uyn—1 + A1 —y)lgn—1+7 - 0] (5.36)

where, Eq. [[234]is the equation of equilibrium expressed at time n+ 1, and Eq. 35l and Eq530] are finite difference formulas describing
the evolution of the approximation solution. 8 and « are parameters that determine the stability and accuracy characteristics. Stability
conditions for the Newmark 8 method follows:

1. unconditionally stable if

> 1
o=
y

> L
Bz 2

2. conditionally stable if

N 1
o=
y

< —

A 2

with the following stability limit:

_ -2+ /2 - B+ E(y —1/2)7]?
v¥/2-8
where w is maximum natural frequency, 2.+ is critical sampling frequency, and ¢ is the damping ratio.

The constant acceleration (trapezoidal rule) method is implicit and unconditionally stable. The linear acceleration method is implicit
and conditionally stable. The central difference method is conditionally stable. Note that if ¥ = 1/2 has no effect on stability. In

w - At < Qepit

(5.37)

practice it is more convenient to express Eq. [E37] in terms of the period of vibration, T' = 27 /w, in which case Eq. [37] becomes
At/T < Qcrit/(27). In the case of the linear acceleration, At/T is calculated as follows:

At 1 1
T = 2w /v —2pB

A summary for the Newmark 8 method is shown in Table. [E11

= 0.551

5.2.1.1 Newmark S implicit method
The Newmark 3 implicit method can be expressed with Eq. (.34} and [£36l Rewritting Eq. and 36
, A+ A By, (5.38)
Uep = Upp+ Atey-iien (5.39)

Ut,n

where we have labeled the known quantities at time step n — 1 as (~)

) . At? .
Qtn = Ugn-1+AL- -1+ T(l—Qﬁ)ut,n—l

Ut = Wep—1+ A1 — )l n-1
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Rewritting Eq. [:38] we can solve for ¢, :

Ut,.n — Ugn

u = 5.40
t,n At2 ﬁ ( )

Substituting Eq. 40l into Eq. we can rewrite Uy ,:

Ut = flt,n + ﬁ(ut,n — U¢n) (5.41)
Substituting Eq. (.40l and Eq. -4l into Eq. [£.34] we have:

U¢,n — ﬁt,n < Y ~ int ext

Mt [7At2 B :| + Cu |:ut,'n. + i B B(ut,n - Ut,n)] +P, =P, (5.42)
Rewriting Eq.

%Mtt B Lctt s Ugpn t+ Pinrf

At? . B At - B ’ (5.43)

1 o < '
=Py 4 — My -1 —_Cyt-tyn—C -1
tn T A2 tt t,n + N tt t,n tt t,n

If the trial solutions in given iteration step k are u’;n, and Pinrf’k, then it does not satisfy the equations of motion. Hence, we can

write for this particular step with residual force vector Pf;zk:
R,k NA ~ k e int,k
PLY =PI 4 Mot (Gen —ufl,,) = Coe - Gien — U
where,
— Mt + At -~y - C
Myt = ——F5 7
At? - B

Using initial stiffness iterative method, we can solve for Auic n
R,k k
Pin =Kepr - Auy, (5.44)
where, K.y is the effective stiffness matrix, and AuiC b is:

ko K
Aut,n = U¢,n — Uy o

nt

In elastic section, we can rewrite Pi,n to compute the effective stiffness matrix with initial stiffness matrix Ky;:

P =Ky upn (5.45)
Substituting Eq. [£45] into Eq. [243] we can solve for uy,,:
ext

Kepp-upn =P + My - Utn — Cyt - ﬁt,n

t,n
where,
Kerr = My + Ko

From Eq. [44] we can solve for du¥ = and the updated displacement vector uftl at the next iteration step k + 1:

k —1 R,k
du;,, = (Kery] P
k+1 k k
uy ., =u, + Jut,n

Fig. and [B4] explain the implementation of transient analysis using the Newmark B implicit method with flexibility-based 2D
beam-column elements.

5.2.2 Hilber-Hughes-Taylor Method
5.2.2.1 General Formulation

A major drawback of Newmark S method is the tendency for high frequency noise to persist in the solution. On the other hand, when
linear damping or artificial viscosity is added via the parameter «, the accuracy is markedly degraded. The « method, (?7) improves
numerical dissipation for high frequency without degrading the accuracy as much.
Equation of motion in HHT method is written at current time step n (forward difference) as:
Mt - Ge,n + Pin,f = P:Znt

Seeking an approximate solution of this equation by one-step difference, we write,
My - e + (1 + @)PYT) —a - P, =Py

t,n
with Eq. 33 ‘ »

We note that the HHT method introduces a(Pi"" — Pi"! ) which is akin of stiffness proportional damping (indeed it is commonlay
said that the a method provides numerical damping). If the above equation is expanded, effect of damping introduced, and possible
material nonlinearity introduced, we obtain:

A+ a)P{ —aPy™ | =My ityn + (1+a)Cry -ttt — - Cop -1 + (1+ )P —a - P (5.46)
If —1/3<a<0,8=(1-a)?/4, and v = (1 — 2a)/2, then the o method is unconditionally stable and has a second-order accuracy.
Hence, Eq. B33] and [5.46] must all be simultaneously satisfied through an iterative method.

Assuming that we have obtained the response at the previous time step n — 1, i.e. u¢n—1, U¢ n—1 and Q¢ ,—1 which satisfy the

equation of motion, we now seek to determine the solution at the current time step n by iteration. First of all, we need to determine
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Uinzo = 0, u, tn=0" =0, utn 0~ =0, 6en 0~ Oden 0= Kar =My + Ky, InVK =[K3"J
~ ~ tan  _ tan —
de,n—o 0 fen 0 Oasen 0o~ 0 £sc-:n = OPta: 0_ OPtn 0 ke,nzo_kevcse,n=o Cse
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Figure 5.3: Flow chart (1) of transient analysis using the Newmark g implicit method
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Figure 5.4: Flow chart (2) of transient analysis using the Newmark 8 implicit method

Theory Manual; V. 1.



158 CHAPTER 5. DYNAMIC ANALYSIS

effective external force and effective stiffness. These are calculated from Eq. 40 [-41] and (.40

1 2 int
tht cU¢n m(l 4+ a)Ct - upn + (14 Ot)P?nn
1 ~ Y ~ 5.47
=(1+a)P —a P+ tht Sl 1 B(l +)Cyt - Upyn (5.47)

int

— (14 a)Cy - flt,n +a-Cy-p_1+a- P,

The trial solutions in iteration step k are ufn, and Pi"nt‘k, does not necessarily satisfy the equations of motion. Hence, we can write
for this particular step:

PRF = (14 )P — - PE%_ | 4+ My, (ﬁt,n — uf‘m) —(1+a)Cu T+ Cpp -1ty p1

t,n n
— 1+ P ta P
where,
Myt + At - y(1 4+ a)Cye
At? . B

Mtt =

and P?;lk is the residual force vector.

Using the initial stiffness iterative method, we can solve for AuiC nt
R,k k
Py =Kepr - Auy (5.48)
where, K.y is the effective stiffness matrix, and Aufn is:

ko k
Aut,n = U¢,n — Uy

nt

In elastic section, we can express P;" to compute the effective stiffness matrix with initial stiffness matrix Ky as:

PI" = Ky upn (5.49)
Substituting Eq. [(49] into Eq. [E47] we solve for uy ,:

Kepp uion = (14 )P —a PE L 4 My - o

—(14+a) Cy - flt,n +a-Cy-Ugp_1+a- Pi,nrf_l

where,

Kerr = Mt + 1+ a)Ky
From Eq. we solve for 5“?,71 and the updated displacement vector ufytl at the next iteration step k + 1:

duy, = [Kegs] P

aktt

tn — u’tc,'n. + 611’:’"

Finally, we note that:

1. « introduces a damping that grows with the ratio of time increment to the period of vibration of a node.
2. Negative values of a provide damping

3. If @ = 0, we have no artificial damping (energy preseving) and is exactly the constant acceleration (trapezoidal rule) - Newmark’s
B method if 8 =1/4 and v = 1/2.

4. Maximum value is « = —1/3 which provides the maximum artificial damping. This results in a damping ratio of about 6% when
the time increment is 40% of the period of oscillation of the mode being studied and smaller if the oscillation period increases.

5. This artificial damping is not very substantial for realistic time increment and low frequencies, but is non-negligible for high
frequencies.

6. A default value of -0.05 is recommended.

Fig. explains the implementation of transient analysis using the HHT implicit method in structural level. Element state
determination is identical to Fig. 4}

5.3 Free Vibration

12 The governing equation for the free (undamped) vibration of a structure is
Mi + Ku =0 (5.50)

where the motion is referred to being free, since there are no applied loads.

13 By assuming a harmonic motion

u = ¢sinwt (5.51)
the natural frequencies w and the corresponding mode shapes ¢ can be determined from the generalized eigenvalue problem

w’Me¢ = K (5.52)
or

(K — w’M)¢p =0 (5.53)

Since ¢ is nontrivial

K — w’M| =0 (5.54)
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Figure 5.5: Flow chart of transient analysis using the HHT implicit method
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or with w? = A

K — AM| =0 (5.55)

which is the characteristic equation, and X is called the eigenvalue of the equation, and the structure is said to respond in the mode
corresponding to a particular frequency.

14 For computational purposes, if we premultiply each side of the preceding equation by M ™!, then

(M™'K — AI)¢p =0 (5.56)

It should be noted that a zero eigenvalue is obtained for each possible rigid body motion of a structure that is not completely supported.

15 Depending on which mass matrix is adopted, slightly different results are obtained. In general, lumped mass matrices approach the
exact value (consistent mass matrix) from below.

16 The mode shapes ¢ are “shapes” , anfd give a relative magnitude of the DOF, not the absolute values (since they are the solution
to a set of homogeneous equations).

17 The natural frequencies and mode shapes provide a fundamental description of the vibrating structure.
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Chapter 6

Notation
Pg"t : Internal nodal force vector
an : External nodal force vector at free degrees of freedom at structural level
Pint : Internal nodal force vector at free degrees of freedom at structural level
Pint : Internal nodal force vector at constraint degrees of freedom at structural level
Pf : Residual nodal force vector at free degrees of freedom at structural level
us : Nodal displacement vector at free degrees of freedom at structural level
F. : Element nodal force vector in global reference
F. = |Nx1, V1, Mz1, Nxa, Vya, Mza]"
Fé"t Internal element nodal force vector in global reference
[ Element nodal displacement vector in global reference
S = |ux1, vy1, 0z1, uxa, vya, 0z2]7
f. Element nodal force vector in local reference with rigid body modes
fg: = I_Nzh Vyl) M217 N127 Vy2) Mz2JT
F;m Internal element nodal force vector in local reference with rigid body modes
d. Element nodal displacement vector in local reference with rigid body modes
d. = |T@e1s Ty1, 021, Uxz, Tyz2, Oz2]7
f. Element nodal force vector in local reference without rigid body modes

e
3
b

|

= |M.1, M.z, Neo|”

: Internal element nodal force vector in local reference without rigid body modes
Residual element nodal force vector in local reference without rigid body modes

: Element nodal displacement vector in local reference without rigid body modes

- I_Gzh 922) ﬁ/mQJT

Residual element nodal displacement vector in local reference without rigid body modes
Section displacement vector

[u(z), v(@)]T

Section force vector

Plastic stress

v omo o 0 X

PG

SOC

SEE
Il

)

RS e P e P e Ry e Mo Mty e el
|
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o () = |N(@), M@)]T

ol (x) Internal section force vector

ali(x) Residual section force vector

es(x) Section deformation vector

e() = lealw), du(2))T

el (z) Residual section deformation vector

o Uniaxial stress

€ Uniaxial strain

o Uniaxial stress of layer/fiber

Er Uniaxial strain of layer/fiber

Ng(z) Shape function on displacement field

B,(x) The matrix derived from the derivatives of Ny (z)

Ny (x) Shape function on force field

Ks Augmented stiffness matrix at structural level

Kyt Stiffness matrix associated natural boundary conditions

Ko Stiffness matrix associated natural and essential boundary conditions

K.t Stiffness matrix associated essential and natural boundary conditions

Ky Stiffness matrix associated essential boundary conditions

K. Element stiffness matrix in global reference

k. Element stiffness matrix in local reference with rigid body modes

Kzan Element tangent stiffness matrix in local reference with rigid body modes

ke Element stiffness matrix in local reference without rigid body modes

Ce Element flexibility matrix in local reference without rigid body modes

k(x) Section stiffness matrix

kiom(x) Section tangent stiffness matrix

cs(x) Section flexibility matrix

E(x) Elastic modulus

A(x) Section area

I.(z) Moment of inertia on section area

od. Virtual element nodal displacement vector in local reference

des(x) Virtual section deformation vector

L. Element length

Tr. Transformation matrix between local and global coordinate system

r. Transformation matrix between rigid body modes and no rigid body modes
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Subscript
t .

“an I 0 pne

n :
Superscrip
int
ext
R
k

J

Mercury

Known traction
Known displacement
Structural level
Element level or e element at element state determination
Layer/fiber level or 7t" layer/fiber at layer/fiber state determination
Section level or st section at section state determination
Displacement field
Force field
Current step of External force/displacement vector
t
Internal
External
Residual
E'" iteration at structural level

j”‘ iteration at element level
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NOTATION; Old Matrix Lecture Notes

a Vector of coefficcients in assumed displacement field

A Area

A Kinematics Matrix

b Body force vector

B Statics Matrix, relating external nodal forces to internal forces
[B'] Statics Matrix relating nodal load to internal forces p = [B']P
[B] Matrix relating assumed displacement fields parameters to joint displacements
C Cosine

[C1]C2] Matrices derived from the statics matrix

{d Element flexibility matrix (lc)

{d.}

D] Structure flexibility matrix (GC)

E Elastic Modulus

[E] Matrix of elastic constants (Constitutive Matrix)

{F} Unknown element forces and unknown support reactions

{Fo} Nonredundant element forces (Ic)

{F.} Redundant element forces (Ic)

{F.} Element forces (Ic)

{FO} Nodal initial forces

{F°} Nodal energy equivalent forces

{F} Externally applied nodal forces

FEA Fixed end actions of a restrained member

G Shear modulus

I Moment of inertia

[£] Matrix relating the assumed displacement field parameters

to joint displacements

Idendity matrix

Matrix relating nodal dof to structure dof

St Venant’s torsional constant

Element stiffness matrix (Ic)

Matrix of coefficients of a polynomial series

Geometric element stiffness matrix (lc)

Rotational stiffness matrix ( [d] inverse )

Structure stiffness matrix (GC)

Structure’s geometric stiffness matrix (GC)

Length

Linear differential operator relating displacement to strains
Direction cosine of rotated axis i with respect to original axis j
structure dof of nodes connected to a given element

Shape functions

Element nodal forces = F (lc)

Structure nodal forces (GC)

CESRRERTRE ~EE
= QEL@_*“ i=}

A A A ey

2rzo
2

s

P, V,M, T Internal forces acting on a beam column (axial, shear, moment, torsion)

R Structure reactions (GC)

S Sine

t Traction vector

t Specified tractions along I'¢

u Displacement vector

a Neighbour function to u(z)

u(z) Specified displacements along I'y,

U, v, W Translational displacements along the x, y, and z directions
Strain energy

U~ Complementary strain energy

T,y loacal coordinate system (lc)

XY Global coordinate system (GC)

w Work

« Coefficient of thermal expansion

] Transformation matrix

{6} Element nodal displacements (lc)

{A} Nodal displacements in a continuous system

{A} Structure nodal displacements (GC)

€ Strain vector

g0 Initial strain vector

{r} Element relative displacement (Ic)

{Yo} Nonredundant element relative displacement (lc)

{Y.} Redundant element relative displacement (lc)

0 rotational displacement with respect to z direction (for 2D structures)

§ Variational operator

oM Virtual moment

oP Virtual force

60 Virtual rotation

ou Virtual displacement

[ Y0) Virtual curvature

oU Virtual internal strain energy

1244 Virtual external work

de Virtual strain vector

oo Virtual stress vector

r Surface

Mercury Theory Manual; V. 1.



165

T Surface subjected to surface tractions

Ty Surface associated with known displacements
o Stress vector

oo Initial stress vector

Q Volume of body

lc: Local Coordinate system
GC: Global Coordinate System

Mercury
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