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� Alkali–silica reaction (ASR) affects reinforced structures shear strength.
� Statistical analysis indicates large scattering of post-ASR strength losses/gains.
� Competitive structural and materials mechanisms affect the residual shear strength.
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The residual structural shear resistance of concrete members without shear reinforcement and subject to
alkali–aggregate reaction (ASR) is investigated by finite element analysis. A parametric numerical study of
648 analyses considering various structural members’ geometries, boundary conditions, ASR-induced
losses of materials properties, ASR expansions and reinforcement ratios is conducted. As a result of com-
petitive mechanisms (e.g., ASR-induced prestressing caused by the longitudinal reinforcement) and loss of
concrete materials properties, important scatter in terms of gain or loss of shear strength is observed:
about 50% of the studied configurations lead to a degradation of structural performance. The range of vari-
ation in terms of post-ASR shear resistance is extremely scattered, in particular, when ASR results in out-
of-plane expansion only. Influencing factors are derived by two methods: (i) visual inspection of boxplots
and probability distributions, and (ii) information criteria within multiple-linear regression analysis.

� 2016 Elsevier B.V. All rights reserved.
1. Introduction Regulatory Commission (NRC) issued Information Notice (IN)
Whereas alkali–silica reaction (ASR) has been reported in
numerous hydro-electric dams, only recently has there been evi-
dence of such occurrences in nuclear power plants (NPPs): in
Japan, Ikata No. 1, Shikoku Electric Power (Takatura et al., 2005;
Shimizu et al., 2005); in Canada, Gentilly 2 (Tcherner and Aziz,
2009; Sanborn, 2015); and in the United States, Seabrook
(ML121160422, 2012; Haberman, 2013), for which the US Nuclear
2011-20, ‘‘Concrete Degradation by Alkali Silica Reaction,” on
November 18, 2011. Considering that US commercial reactors in
operation have reached the age when ASR degradation could be
visually detected and that numerous nonnuclear infrastructures
(transportation, energy production) have already experienced
ASR in a large majority of the States (e.g., a US Department of
Transportation (DOT) survey reported by Touma (2000)), the sus-
ceptibility and significance of ASR for nuclear concrete structures
must be addressed in the perspective of license renewal and
long-term operation beyond 60 years. Yet, ASR has seldom, if ever,
been reported in the open literature in connection with its signifi-
cance for Safety Class I1 nuclear concrete structural components,
e.g., the concrete biological shield, the concrete containment build-
ing (CCB) and the fuel handling building.

The interaction of ASR with concrete shear strength is of pri-
mary interest. At the material level, the concrete degrades and
t of ASR-
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undoubtedly its shear resistance is decreased. On the other hand,
at the structural level, ASR induces additional compressive stres-
ses, similar to a prestressing effect, which increase the shear resis-
tance of the structural component. An illustration of this effect is
given by the analysis of the simple Mohr–Coulomb equation:
s ¼ c þ r tan/. For a cohesion of c ¼ 3 MPa and an internal friction
angle of / ¼ 40�, then for a compressive stress r of 0, 3 and 5 MPa,
the resulting shear strength would be 3.0, 5.5 and 7.2 MPa respec-
tively. Furthermore, the ASR expansion is likely to reduce the crack
opening due to shear, hence additional aggregate interlock is pre-
sent Blight and Alexander (2008).

The effects of ASR on structural members’ resistance are appar-
ently contradictory. When shear reinforcement is present, the
expansion confinement results in a prestressing of concrete that
contributes to an increasing shear capacity, e.g., Giannini et al.
(2013), or an absence of significant change Fan and Hanson (1998).
However, it was observed that shear failure may shift from a truss
mechanism to a arch mechanismWang andMorikawa (2012). Also,
excessive ASR-induced self-prestressing may cause reinforcement
yielding and failure (Nakamura et al., 2008; Miyagawa, 2013). Of
particular concern is the case of beams, or slabs, in absence of shear
reinforcement (Bachet al., 1993;denUijl andKaptijn, 2003; Schmidt
et al., 2014). den and Kaptijn (2002, 2003) tested the shear capacity
of six beams sawn from two flat-slab bridges suffering from ASR in
the Netherlands. The failure mode was of the shear-tension type,
whereas flexural-shear failure would have been expected if no ASR
was present. The shear failure capacity was 25% lower than the
expected theoretical resisting capacity in absence of ASR. In situ
shear tests on a cantilever bridge deck conducted by Schmidt et al.
(2014) in Denmark showed significant loss of bearing capacity
(i.e., smaller shear failure force) in the severely ASR-affected area.
Finally, effect of shear span ratios on the failure modes of ASR-
affected beams (truss or arch like) has not been investigated to the
best of the authors’ knowledge.

The absence of shear reinforcement (i.e., in thickness) permitted
by ACI 349 (Code Requirements for Nuclear Safety-Related Con-
crete Structures) is common in nuclear concrete structures, result-
ing in a lack of confinement that primarily imposes out-of-plane
ASR expansion. Hence, the residual (i.e., post-ASR) shear-bearing
capacity relies in large part on the concrete bulk shear resistance.
The residual shear capacity (i.e., reduced shear-carrying capacity
following an accidental design scenario, such as a seismic excita-
tion) of ASR-affected Safety Class I structural components is
expected to depend on two competitive mechanisms: (1) the
extent of material damage, i.e., microcracking, potentially facilitat-
ing their coalescence into a macrocrack and(2) the relative in-plane
compressive prestressing induced by some level of structural con-
finement and the orientations of the reinforcement, potentially
increasing the shear capacity.

This question remains unresolved, and further investigation is
needed to determine the potential impact of ASR on the structural
resistance of nuclear structures. This article presents an extensive
parametric numerical study providing novel insight on the effect
of ASR on the shear capacity of reinforced concrete (RC) members
without shear reinforcement.
2. Model and methodology

2.1. ASR constitutive law

The theoretical underpinning of the model used in this paper
has been presented by the authors separately, Saouma and
Perotti (2006). It will be briefly reviewed. The ASR expansion is
considered to be a volumetric one, whose rate is given by the
function
_eASRV ðtÞ ¼ Ctðf 0t jwc;rIjCODmaxÞCcðr; f 0cÞgðhÞ _nðt; hÞe1jh¼h0
ð1Þ

where e1 is the final volumetric expansion as determined from lab-
oratory tests at temperature h0. 0 6 Ct 6 1 is a parameter that
reduces the expansion in the presence of large tensile stresses
(macrocracks absorbing the gel), f 0t the tensile strength, and rI

the major (tensile) principal stress. Similarly, 0 6 Cc 6 1 is a param-
eter that accounts for the absorption of the gel due to compression-
induced stresses, and r and f 0c are the hydrostatic stress and the
compressive strength of the concrete. 0 6 f ðhÞ 6 1 is a function of
the humidity (set to zero if the humidity is below 80%), and _nt; h
is the kinetics law given by

nðt; hÞ ¼ 1� e�
t

sc ðhÞ

1þ e�
ðt�slðhÞÞ
sc ðhÞ

ð2Þ

where sl and sc are the latency and characteristic times respec-
tively. The first corresponds to the inflexion point, and the second
is defined in terms of the intersection of the tangent at sL with
the asymptotic unit value of n, Fig. 1.

The latency time sl and characteristic times sc are given by

slðhÞ ¼ slðh0Þ exp Ul
1
h � 1

h0

� �h i

scðhÞ ¼ scðh0Þ exp Uc
1
h � 1

h0

� �h i ð3Þ

expressed in terms of the absolute temperature (hoK ¼ 273þ T�C)
and the corresponding activation energies. Ul and Uc are the activa-
tion energies’ minimum energy required to trigger the reaction for
the latency and characteristic times respectively.

Once the volumetric ASR strain is determined, it is decomposed
into a tensorial strain in accordance with the three weight factors
associated with the principal stresses (Saouma and Perotti, 2006).
Note that the material follows a time-dependent deterioration as

Eðt; hÞ
E0

¼ 1� 1� bEð Þnðt; hÞ ð4Þ

f 0tðt; hÞ
f 0t0

¼ 1� 1� bf

� �
nðt; hÞ ð5Þ

where E0 and f 0t0 are the original elastic modulus and tensile
strength, and bE and bf are the corresponding residual fractional
values when eASR tends to e1ASR.

2.2. Model selection

A representation of the analyzed structural components in
regard to actual CCB geometry is illustrated in Fig. 2. On the left
side are sketched the beam, the truncated beam and the panel under
investigation. Because of the large curvature radius of the CCB
(about 20–25 m), reinforcements are considered straight for the
sake of simplicity.

2.3. Boundary conditions

As stated earlier, two sets of boundary conditions are consid-
ered: (1) those applicable during ASR expansion (simulation incre-
ments 1–73) and (2) those applicable during the application of
external shear force (simulation increments 74–174). The former
is to capture potential ASR strain realignments caused by external
constraints (Multon, 2004) as implemented in the author’s model
(Saouma and Perotti, 2006).

The choice of geometries (beam, truncated beam and panel) and
boundary conditions (unrestrained, restrained and fully restrained)
reflects an attempt to model gradually increasing structural
restraints, as existing in actual Safety Class I concrete structures



Fig. 1. Physical interpretation of parameters describing the swelling evolution of an
ASR affected concrete Larive (1998).
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due to the presence of adjacent or internal structures, as well as
other connecting structural members (basemat, floors and walls).
Note that Safety Class I structures are not limited to the contain-
ment buildings: the International Agency for Atomic Energy (IAEA
Specific Safety Guide No. SSG-30) labels Safety Class I as ‘‘any
structures, systems and components whose failure would lead to
consequences of ’high severity,” for example, primary contain-
ment, basemat, internal structures, auxiliary building, diesel gener-
ator building, and part of the turbine building.

The boundary conditions are presented schematically in Fig. 3.
Details are also provided in Table 1. It should be noted that for both
‘‘restrained” and ‘‘fully restrained” cases, there is a lateral confine-
ment for ASR expansion; however, the difference lies in the
absence or presence of a vertical one.

2.4. Dimensions

Two different depths are considered: 24 and 48 in. (0.61 m and
1.22 m) in an attempt to cover the range of Safety Class I reinforced
concrete walls in NPPs. In particular, the thickness of the CCB is
typically greater than 3 ft (0.91 m). Actual dimensions of the three
structural members under consideration in this study are shown in
Fig. 4 with reference to Table 2.

2.5. Finite element meshes and analyses

The finite element meshes were generated with Kumo Saouma,
2009. A sample finite element mesh with detailed reinforcements
is shown in Fig. 5 with the indication of the number of nodes
and elements shown (same numbers for 24 and 48 in.) in Table 3.
In all cases, 3D eight-node linear continuum elements are used.
Fig. 2. From containment shell to concrete m
Meshes were ‘‘optimized” so as to guarantee sufficient refinement
while maintaining computational ‘‘affordability.” This was
achieved by testing various meshes and convergence criteria, and
comparing displacements. The mesh is refined at the location of
applied load and also support (for the beam and truncated beam
models) to properly capture the load transfer mechanism and also
possible cracking at these locations.

Two orthogonal sets of reinforcements are used at the top and
bottom of the concrete specimen. The longitudinal and transverse
ones correspond to the vertical and hoop reinforcement in the
nuclear containment structure, Fig. 2. Full bond is assumed, and
reinforcement is modeled by properly altering the stiffness matrix
of crossed finite elements (which greatly facilitates mesh prepara-
tion) using an elasto-plastic constitutive model.

All analyses were performed with the Merlin finite element
code (Saouma et al., 2010) using the Secant Newton algorithm
and setting the maximum number of iterations to 300. The conver-
gence criterion for both energy (ratio of the absolute values of the
external work done by the applied incremental loads and the resid-
ual loads for the current increment) and displacements (ratio of the
Euclidean norms of the iterative displacement correction and
incremental displacement vectors) was set to 0.01. Though far
from ideal, these analyses were compared with others having tigh-
ter convergence criteria and though oscillatory behaviors were
observed in the post-shear failure, i.e., post-peak, they were kept
in the interest of computability. A rotating crack model was used
(Rots, 1991).

Four workstations are used to perform the analyses (Intel
Xenon 3.6 GHz, RAM 8.00 GB). Each simulation had a computa-
tional cost between 6 and 60 h. Higher computational time is a
result of unfavorable combinations of the input random variables
(e.g., ASR expansion, reinforcement ratio, strength reduction coef-
ficient). These input parameters are explained in Section 4.

In all ASR simulations followed by a shear test (ASR + Shear),
ASR was applied through the first 73 increments, while incremen-
tal shear was applied from increment 74 through 174. At the end of
the ASR expansion, the results were visualized to assess whether
full expansion was reached.

Finally, it should be noted that a good indicator for discarding
diverging results is the out-of-plane displacements. A threshold
value of 5 mm (based on examination of finite element analyses
results) was set.

2.6. Variables

Two set of meshes are generated (Table 4):
ASR + Shear cases for which seven variables were included in

the study, see Table 4. Thus, for each of the three geometries a total
odel (beam, truncated beam and panel).



Fig. 3. Unrestrained (U), Restrained (R) and Fully Restrained (FR) boundary conditions for the Beam (B), Truncated Beam (TB) and Panel (P) models; (Single orb = vertex
restriction; group of orbs = restriction in perpendicular direction on surface; single rod = edge restriction; group of rods = roller boundary conditions on surface).
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of (3� 2� 3� 3� 2� 2) 216 meshes were generated, i.e., 648
total.

Reference cases with no ASR modeling. For each of the three
geometries a total of (3� 2� 3) 18 meshes were generated (or
54 total).

3. Material properties

The constant material properties for the concrete nonlinear
model described previously (Saouma and Perotti, 2006) are given
in Table 5. Details on the constitutive model are provided in
Appendix 2.1. These values were adopted as representative of an
ordinary structural concrete with a compressive strength of 4500
psi (31 MPa). This value corresponds to a standard design require-
ment for structural concrete in NPPs in the 1970s and 1980s,
although higher values could have been obtained in practice
(Granger, 1995). Table 6 provides the characteristics of the ASR
model. The maximum ASR expansion, in unrestrained conditions,
is taken equal to 0.1%, 0.2% and 0.3% to increase the severity of
the induced damage before applying the shear loading. The resid-
ual elastic modulus and tensile strength resulting form ASR degra-
dation are assumed to be either 70% or 90%. The mechanical
constitutive model for the reinforcing steel bars is assumed
elasto-plastic. The corresponding properties are given in Table 7.
Three flexural reinforcement ratios (defined for each of the two
layers) are considered: 0.2%, 0.5% and 1%.



Table 1
Boundary conditions for ASR expansion and shear loading.

Spec. BC Bottom Front Back Left Right

x y z x y z x y z x y z x y z

ASR expansion (Increments = 1–73)

B U – – � – – – – – – I – – –
R – – � – � – – � – � – – � – –
FR – – – � � � � � � � � � � � �

TB U – – � – – – – – – II � – –
R – – � – � – – � – � – – � – –
FR – – – � � � � � � � � � � � �

P U – – � – – – – – – � III – � – –
R – – � – � – – � – � – – � – –
FR – – – � � � � � � � � � � � �

Shear Load (Increments = 74–174)
B U IV – – – – – – – – – – – –

R IV – � – – � � – – � – – –
FR IV � � – � � – � � – � � –

TB U V – – – – – – – – – � – –
R V – � – – � – � – – � – –
FR V � � – � � – � � � � � –

P U – – – – – – – – – � VI – – – –
R – – – – � – – � – � VI – � – –
FR – – – � � – � � – � � � � � –

Dash (–): No surface boundary condition.
Bullet (�): Restrained surface boundary condition.
I: Bottom edge restrained in x-dir; bottom corner vertex restrained in y-dir.
II: Bottom corner vertex restrained in y-dir.
III: Bottom corner vertex restrained in y-dir.
IV: Left support restrained in three directions; right one only in z-dir.
V: The only left support restrained in three directions.
VI: Bottom edge restrained in y- and z-dir.
Note: This table should be used in conjunction with Figs. 3 and 4.
x-dir: longitudinal direction.
y-dir: out-of-plane direction.
z-dir: vertical (gravitational) direction.
Bottom face: z ¼ 0; Top face: z ¼ thickness.
Left face: x ¼ 0; Right face: x ¼ length.
Front face: y ¼ 0; Back face: y ¼ width.
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Fig. 4. Dimensions.
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4. Deterministic simulation

A set of 648 cases were simulated corresponding to different
geometries, conditions or material properties:

AGeometry (B—TB—P): for beam, truncated beam or panel;
BDepth (2—4): for 24

00
(61 cm) and 48” (1.22 m);
CBoundary conditions (U—R—FR): for unrestrained, restrained
and fully restrained;
DFinal ASR expansion, e1, (1—2—3): for 0.1%, 0.2% and 0.3%;
EReinforcement ratio, q, (2—5—10): for 0.2%, 0.5% and 1%;
FResidual Young modulus relative coefficient, bE, (7—9): for 70%
and 90%;
GResidual tensile strength relative coefficient, bft , (7—9): for
70% and 90%.



Table 2
Models dimensions in inch (meter).

Model Sub-model a1 a2 a3 a4 a5 d Ltot w t

B B2 8 (0.2032) 4 (0.1016) 51.5 (1.3081) 4 (0.1016) 111 (2.8194) 23 (0.5842) 190.5 (4.8387) 48 (1.2192) 24 (0.6096)
B4 8 (0.2032) 4 (0.1016) 111.5 (2.8321) 4 (0.1016) 231 (5.8674) 47 (1.1938) 370.5 (9.4107) 96 (2.4384) 48 (1.2192)

TB TB2 8 (0.2032) 4 (0.1016) 51.5 (1.3081) 4 (0.1016) – 23 (0.5842) 67.5 (1.7145) 48 (1.2192) 24 (0.6096)
TB4 8 (0.2032) 4 (0.1016) 111.5 (2.8321) 4 (0.1016) – 47 (1.1938) 127.5 (3.2385) 96 (2.4384) 48 (1.2192)

P P2 – – – 4 (0.1016) – 23 (0.5842) 57.5 (1.4605) 48 (1.2192) 24 (0.6096)
P4 – – – 4 (0.1016) – 47 (1.1938) 117.5 (2.9845) 96 (2.4384) 48 (1.2192)

Geometry to finite element model FE model with reinforcement

Fig. 5. Mesh preparation (from geometrical model to finite element with reinforcement).

Table 3
Finite element mesh characteristics.

Geometry # of Nodes # of Elements

Beam 1520 1.036
Truncated beam 1323 960
Panel 2233 1680

Table 4
Varying parameters.

Variable Values

ASR Expansion + Shear Loading
Geometry Beam (B), Truncated Beam (TB), Panel (P)
Boundary Conditions Unrestrained, Restrained, Partially Restrained
Thickness 2 ft (0.6096 m), 4 ft (1.2192 m)
Reinforcement Ratio 0.2% (0.002), 0.5% (0.005), 1% (0.010)
ASR Expansion 0.1% (0.001), 0.2% (0.002), 0.3% (0.003)
Residual Elastic Modulus 0.7, 0.9
Residual Tensile Strength 0.7, 0.9

Shear Loading
Geometry Beam (B), Truncated Beam (TB), Panel (P)
Boundary Conditions Unrestrained, Restrained, Partially Restrained
Thickness 2 ft (0.6096 m), 4 ft (1.2192 m)
Reinforcement Ratio 0.2% (0.002), 0.5% (0.005), 1% (0.010)

Table 5
Concrete mechanical properties (smeared crack model).

Characteristics Symbol Unit Value

Mass density q kg m�3 2250
Modulus of elasticity E MPa 26,000
Poisson’s ratio m – 0.2
Tensile strength f t MPa 3.1
Fracture energy (Exponential softening) GF Nm�1 150
Compressive strength f c MPa �31.0
Critical displacement in compression wd mm �0.5
Factor beta for return direction b – 0
Factor e for roundness of failure surface e – 0.55
Onset of nonlinearity in compression f c0 MPa �20.0
Plastic strain at compressive strength �cp – �1‰

Table 6
Characteristics of the ASR model. ATU: arbitrary time unit.

Characteristics Symbol Unit Value

Reference temperature T0 �C 35
Maximum volumetric expansion at Ttest

0
e1ASR – 0.1%,

0.2% 0.3%
Characteristic time at Ttest

0
sC ATU 7.58

Latency time at Ttest
0

sL ATU 17.71

Activation energy for sC UC K 5400
Activation energy for sL UL K 9400
Residual reduction factor Cr – 0.5
Fraction of et prior to reduction of ASR

expansion due to macro cracking
ct – 0.5

ASR expansion annealing stress rU MPa �8
Post-ASR residual relative Young modulus bE – 70%, 90%
Post-ASR residual tensile strength bf t – 70%, 90%

Table 7
Materials properties and ratios of reinforcing bars.

Characteristics Symbol Unit Value

Reinforcement ratio q – 0.002, 0.005 and 0.01
Elastic modulus E MPa 200,000
Poisson’s ratio m – 0.3
Yield stress rY MPa 248
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Each simulation corresponds to the successive modeling of (1)
the ASR development and induced damage (pre-shear-testing)
and (2) the residual shear test. The results of the residual shear test
are compared with the reference shear test obtained on the corre-
sponding pristine structural element. For each simulation, a set of
scalar outputs are calculated: variation of the shear capacity, vari-
ation of stiffness, ASR dimensional change in the unreinforced
direction of the structural element, and median and maximum
stresses in the reinforcement bars in both directions. With rare
exception, the general shear force–displacement curve exhibits a
shear capacity peak followed by a sudden drop. Increasing post-
peak displacements leads to varied behaviors including hardening
or softening.

Note that the ultimate shear capacity is the absolute peak of the
curve, whereas the yield value is defined as shear deviating by 15%
from the elastic stiffness (Fig. 6). Whereas this definition of yield
shear may appear to be arbitrary, it was the most adequate con-
vention for the automatic processing of hundreds of simulation
results.
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Fig. 6. Definition of yield and ultimate points on the capacity curve.
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A total of 648 2D plots, similar to those presented in Fig. 7, are
generated for each individual analysis. In the 2D plots, the top-left
portion shows the shear behavior in term of shear force vs the
shear displacement before (‘‘only shear,” solid red line) and after
ASR (‘‘ASR + shear,” solid blue line). The variations of shear
strength and stiffness are also provided in the legend. The top-
right portion shows the progression of the ASR out-of-plane expan-
sion as a function of the computational increments. Full expansion
at the end of the 73rd increment is expected.The lower plots corre-
spond to the representation of the stress distribution in the longi-
tudinal and transverse reinforcing bar using box-and-whisker
diagrams, also known as boxplots. Note that boxplots are a stan-
dardized way of displaying the distribution of data based on five
numbers. In this investigation (Core Team (2015)) was used, and
top and bottom horizontal lines correspond to the third and first
quartiles (Q3 and Q1), respectively. The height of the box is the
interquartile range (IQR). The line in the middle is the median
(or the second quartile, Q2). The top whisker denotes the maxi-
mum value or ‘‘Q3 + 1.5 � IQR,” whichever is smaller. The bottom
whisker denotes either the minimum value or ‘‘Q1 � 1.5 � IQR,”
whichever is larger. Any data point beyond the top and bottom
whisker is referred to as an outlier.

5. Probabilistic analysis

Though we began by looking at individual results, it quickly
became clear that such an effort was not only monumental but
could easily lead to erroneous interpretation.

As such, it was rapidly concluded that a thorough statistical
analysis of results was the only practical approach. A statistical
analysis was performed using the R package (Core Team, 2015).
The results of the analysis are reported in the following sections.

5.1. ASR effects on material and structures

The nonlinear numerical model used in Merlin is a fracture-
plastic based on the work (and implemented) by Červenka and
Papanikolaou (2008). It combines constitutive models for tensile
(fracturing) and compressive (plastic) behavior. The fracture model
is based on the classical orthotropic smeared crack formulation
and crack band model. It employs Rankine failure criterion, expo-
nential (or user-defined) softening, and it can be used as a rotating
or fixed-crack model. The hardening/softening plasticity model is
based on the Menétrey and Willam (1995) failure surface. Both
models use a return mapping algorithm for the integration of con-
stitutive equations. The model can be used to simulate concrete
cracking, crushing under high confinement, and crack closure due
to crushing in other material directions. Dowel effects are not mod-
eled, while interlocking effects are implicitly accounted for. Hence,
the model does take into account the confining effect and will
result in higher shear strength.

As such, differentiation will be made between results showing
positive or negative shear strength changes. This task is simply
achieved by properly filtering the R dataset in terms of the shear
strength change. Among the full set of 648 analyses, 53% resulted
in overall shear strength decrease, and 47% in increase.

5.2. Statistical analysis

In this second part of statistics-based data interpretation, we
seek to develop a model for shear strength change—not to gain a
mathematical model, per se, that could be plotted (use of unor-
dered categorical variables), but rather to identify the most rele-
vant parameters among those used. In this exercise, each of the
18 sub-variables in Table 8 will be separately considered. The
employed multiple linear regression analysis is described in some
details in Appendix A.

Three fitting models are considered:

1. Full data set:
� General model: considering all variables;
� Best model based on Akaike Information Criterion (AIC):

filters the final sub-variables based on AIC;
� Best model based on Bayesian Information Criterion (BIC):

filters the final sub-variables based on BIC.
2. Increased shear strength change data set:

� General model;
� Best model based on AIC;
� Best model based on BIC.

3. Decreased shear strength change data set:
� General model;
� Best model based on AIC;
� Best model based on BIC.

6. Joint statistical analysis of the full dataset

6.1. Boxplots and histograms

Before any statistical model is developed to assess the influence
of the studied parameters, all results are presented as boxplots and
histograms. However, rather than dealing with the seven classes of
main variables, it was deemed necessary to express the model in
terms of each one of their possible values, see Table 8. It should
be noted that the R code internally uses normalized/integer values
for each of the 18 sub-variables. Boxplots for each of the 18 sub-
variables are presented in the next section. For each specific case,
it is assumed to be a function of that specific sub-variable and
the coupled effect of all 17 others.

The analysis separates the simulations for which the shear
strength increases from those showing a decrease of shear
strength.

6.1.1. Shear strength increase
Fig. 8 presents the boxplots relative to increasing shear

strength. The following observations can be made (trends corre-
sponding to average values primarily):

� The impact of the nature of the structural elements, (B) and (TB)
geometries, on the increase in shear strength is nearly
identical; however, P geometry leads to increased variability,
Fig. 8(a).

� The 24 in. thick specimens (smaller dimensions) have a slightly
larger shear strength increase, possibly attributable to a size
effect, than the larger specimens, Fig. 8(b).



Fig. 7. Examples of all individual 2D plots.
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� Restrained boundary conditions (R) appear to significantly
increase the shear strength although important scatter is found,
Fig. 8(c).

� Greater reinforcement (higher q) leads to greater increase in
shear strength, Fig. 8(e).

� Higher reduction in bE results in higher reduction in stiffness,
Fig. 8(f).

� Similarly, a larger decrease in bft results in a smaller increase in
strength, Fig. 8(g).

In all of the above, factors of influence are what one may antic-
ipate, although their quantitative impact may be judged quite
limited.
6.1.2. Shear strength decrease (negative set)
Following a similar approach, this subsection seeks to

understand the underlying reasons for shear strength decrease
at the structural level due to each of the 18 subvariables. Again,
each boxplot is an indicator of the impact of a given subvariable
in terms of all 17 others and its impact on shear strength
decrease.

Fig. 9 shows the boxplots for the shear strength decrease, and
the following observations can be made:

� (P) geometry results in higher decreases than (B) or (TB) geome-
tries, Fig. 9(a).



Table 8
Main classes of variables and R Sub-variables.

Main Variables Analyses Normalized R R Sub-variables

1 Type B 1 1
TB 2 2
P 3 3

2 Depth 24” 2 4
48” 4 5

3 B.C. U 1 6
R 2 7
FR 3 8

4 e 0.001 1 9
0.002 2 10
0.003 3 11

5 q 0.002 1 12
0.005 2 13
0.01 3 14

6 bE 0.7 1 15
0.9 2 16

7 bft 0.7 1 17
0.9 2 18
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� Greater depth (48 in.) results in higher shear strength reduction
than 24 in. components, Fig. 9(b). Also, the variation in response
for the larger structural members is smaller.

� The largest shear strength decrease occurs for the restrained (R)
situation for which the out-of-plane expansion is uniform in the
vertical direction and constrained in the lateral hoop direction
only. It is noteworthy that this configuration is quite represen-
tative of large structural walls, Fig. 9(c). Furthermore, the vari-
ations corresponding to the (R) boundary conditions are much
higher than when associated with the (U) and (FR) BCs. Fifty
percent of the strength reduction cases associated with the (R)
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Fig. 8. Boxplots for Shear Strength Increase
BCs fall in the range of [20%; 95%] (higher reduction). Corre-
sponding ranges for (U) and (FR) BCs are [7%; 27%] and [2%;
7%], respectively.

� Increasing ASR expansion, �ASR, increases the mean value of the
strength reduction in the models. This is consistent with intu-
ition, Fig. 9(d). In addition, for the case with �ASR ¼ 0:3% (the lar-
gest expansion considered in this study), the structural
responses are more scattered than for lower expansions. In par-
ticular, the number of cases with strength reduction of nearly
100% is significantly higher.

� The effect of reinforcement ratio is rather puzzling: strength
reductions are closely independent of the value of the
reinforcement ratio, i.e., q may not have a determining
effect in these analyses since steel may not have yielded,
Fig. 9(e).

� bE and bft do not seem to have important impact on the results.
This is understandable as the zone in shear is largely dominated
by compression. Their impact would be greater in assessing the
out-of-plane displacements, Figs. 9(f) and 9(g).

6.1.3. Model fitting and preliminary conclusions
As mentioned earlier, the effect of ASR on the shear strength of

concrete structural components is a complex interplay between
two effects: (1) material degradation,] where undoubtedly ASR
reduces the tensile strength of the concrete and is very likely to
affect the shear strength of concrete, and (2) structural effect,
where steel constrains the concrete expansion, thus putting the
later in compression, which will de facto increase its shear
resistance.

Those effects coalesce in the 648 analyses performed, and corre-
sponding interpretation was provided through the statistical
approach previously presented. Table 9 summarizes the three sets
of results in terms of relevance of the 18 studied sub-variables. For
each dataset and statistical method, the top seven most relevant
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in terms of each of the seven variables.
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Fig. 9. Boxplots for Shear Strength Decrease in terms of each of the seven variables.
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sub-variables are ranked (1 being the most prominent variable).
The most important preliminary conclusions are:

1. The boundary conditions (R), i.e., ‘‘restrained,” are the primary
cause of shear strength increase or decrease. Note that this
effect is masked when the whole results dataset is considered,
i.e., when increasing and decreasing shear strengths are com-
bined in the analysis.

2. For shear strength increase the second most important param-
eter is q ¼ 1%, i.e., the highest reinforcement ratio considered.

3. For shear strength decrease, the second most important param-
eter is the maximum ASR expansion e ¼ 0:3%.

7. Statistical analysis of restrained boundary (R) conditions
scenario

The preponderant role played by the (R) boundary condition
was just demonstrated. To better focus on that scenario, a more
refined investigation of this specific case and its 216 analyses is
performed by filtering out the (FR) and (U) BCs cases.

7.1. BoxPlots

7.1.1. Shear strength increase (positive set)
Fig. 10 shows the boxplots for the shear strength increase only

for the restrained BCs (R) models. It can be noted that:

� The impact of (B) geometry on shear strength increase is more
important than for (TB) and (P) geometries. Variability associ-
ated with the (TB) geometry is higher than for other geometries,
Fig. 10(a).

� The 24 in. specimens (smaller dimensions) have a slightly larger
variability in shear strength increase (size effect?) than the lar-
ger specimens, Fig. 10(b).
� Lower reinforcement ratio leads to larger shear strength
increase, Fig. 10(d).

� Higher ASR-induced reduction of Young’s modulus (bE) results
in smaller shear strength increase, Fig. 10(e).

� Similarly, a larger decrease in the ASR-induced loss of strength
(bft) results in smaller increase in shear strength, Fig. 10(f).

Fig. fig:histogramspR(a) shows the histogram of the reduced
dataset relative to shear strength increase (due to ASR). Fig. 11(b)
shows the probability distribution function (PDF) of this data set.
The dataset does not appear to follow a specific standard distribu-
tion. About 80% of the data falls in the range [0; 50%] of increase in
strength.

7.1.2. Shear strength decrease (negative set)
As previously, this subsection seeks to understand the underly-

ing reasons for shear strength decrease at the structural level due
to each of the 15 sub-variables. Again, each boxplot is an indicator
of the impact of a given sub-variable in terms of all 14 others and
its impact on shear strength decrease.

Fig. 12 shows the boxplots for the shear strength decrease and
only the restrained model. The following observations can be
made:

� (P) geometry results in higher decreases than (B) and (TB)
geometries, Fig. 12(a). However, the variability of the data is
nearly identical.

� Greater depth (48 in.) results in greater shear strength reduc-
tion than for 24 in. members, Fig. 12(b). The variation in output
strength is nearly identical in both cases.

� Increasing the ASR expansion, �ASR, increases the mean value of
the strength reduction in the models, as intuition would sug-
gest, Fig. 12(c). Considerably higher variation is observed for
the 0.2% expansion-case.



Table 9
Summary of linear model fitting.

Full Set Positive Set Negative Set

General AIC BIC General AIC BIC General AIC BIC

1 Type B
2 Type TB 4 4 5 5 5
3 Type P 6 6 4 4 3
4 Depth 2
5 Depth 4 6 7 7
6 B.C. U
7 B.C. R 7 7 5 1 1 1 1 1 1
8 B.C. FR 2 2 2 4 4 4 6 6 6
9 � 0.001
10 � 0.002 7 7 6 6 7
11 � 0.003 3 3 3 5 5 5 2 2 2
12 q 0.002
13 q 0.005 6
14 q 0.010 1 1 1 2 2 2 3 3 4
15 bE 0.7
16 bE 0.9 7 7
17 bft 0.7
18 bft 0.9 5 5 4 3 3 3
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Fig. 10. Boxplots for Shear Strength Increase in terms of each of the six variables; only restrained model.
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� The values of bE and bft do not seem to have a significant impact
on the loss-of-strength distribution. Their impact would
be greater while assessing the out-of-plane displacements,
Figs. 12(e) and 12(f).

Fig. 13(a) shows a histogram of the data set for shear strength
decrease. Fig. 13(b) displays the probability distribution function
(PDF) for this data set. About 20% of the data falls in the range
[�100%; �90%], i.e., corresponding to very limited, if any, residual
shear capacity.
7.2. Model fitting: increased shear strength

This sub-subsection repeats the statistical analysis previously
presented but is limited to positive shear strength change data
points (i.e., strength increase) and the restrained model. First, the
general model is fitted, followed by the AIC and BIC best-fit models.
7.2.1. General model for increased shear strength data set
Table 10 shows the results of linear model fitting based on pos-

itive shear strength change data points. Three different techniques
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are used for fitting the data points: general model, AIC and BIC.
These three approaches provide nearly identical results.

The main factors influencing the gain of shear strength for a
structural member exhibiting only out-of-plane expansion, labeled
in this study by type-(R) boundary conditions, are (i) higher rein-
forcement ratios of 0.5% and 1%; (ii) an ASR-induced residual the
tensile strength at 90% of its initial value; (iii) ASR expansion of
0.2%; and to a lesser extent, (iv) the nature of the structural mem-
ber, as (P)-member appears also as a factor of importance. The role
of ASR expansion on the shear strength increase appears non-
monotonic: while the 0.2%-value is a significant factor of influence,
the lower expansion value (0.1%) does not contribute notably, and
the higher expansion value (0.3%) contributes more moderately.
This tends to support the hypothesis of a potential ambivalent role
of ASR on the structural capacity of members without shear rein-
forcement: ASR in-plane-restrained expansion results in a pre-
stressing effect that enhances the shear resistance of the
member, but loss of materials properties affects the shear resis-
tance, i.e., fracture propagation, in the bulk of the structural mem-
ber. Limited loss of concrete tensile strength (10%) impacts the
structural shear capacity as it helps the transfer of shear force in
the bulk of the member. Higher loss (30%) of the concrete tensile
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Table 10
Three Fitting Models for Positive Shear Strength Data Set; (restrained model only).

Coefficients: Estimate Std. error t value Prð> jtj) Signif.

General (Intercept) 48.887 11.795 4.145 9.16E�05 ***
TB �9.443 5.384 �1.754 0.083711
P �12.887 5.196 �2.48 0.01546 *
48” �6.444 4.804 �1.341 0.183982
e1 ¼ 0:002 7.699 4.728 1.628 0.107809
e1 ¼ 0:003 4.478 5.645 0.793 0.430251
q ¼ 0:005 �28.164 9.588 �2.937 0.004442 **
q ¼ 0:01 �16.081 9.585 �1.678 0.097734
bE ¼ 0:9 2.996 4.287 0.699 0.486908
bft ¼ 0:9 15.207 4.277 3.556 0.000671 ***

AIC (Intercept) 56.016 10.688 5.241 1.42E�06 ***
TB �9.993 5.342 �1.871 0.065292
P �13.615 5.162 �2.638 0.01014 *
48” �7.074 4.782 �1.479 0.143296
q ¼ 0:005 �29.831 9.413 �3.169 0.002215 **
q ¼ 0:01 �17.79 9.376 �1.897 0.061634
bft ¼ 0:9 15.598 4.267 3.655 0.000474 ***

BIC (Intercept) 41.581 9.414 4.417 3.19E�05 ***
q ¼ 0:005 �27.611 9.53 �2.897 0.00488 **
q ¼ 0:01 �13.706 9.224 �1.486 0.14133
bft ¼ 0:9 14.806 4.417 3.352 0.00124 **

Note: The stars are shorthand for significance levels. *** for high significance and * for low significance.
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strength does not play a role in potential increase of the structural
shear capacity, suggesting that a significant portion of the shear
capacity is related to shear stress in concrete that could rapidly
vanish with even limited material strength loss. That the panel
(P) geometry appears a factor of influence, albeit low, could be
related to the failure mechanism for this specific geometry and
loading conditions: while the (B) beam and (TB) truncated beam
develop flexural behavior accompanying shear, the (P) condition
develops primarily shear failure mode.

7.3. Model fitting: negative shear strength change data set

The analysis presented here is limited to the simulation outputs
exhibiting decreased shear strengths. Table 11 shows the results of
linear model fitting. First, the general model is fitted, followed by
the AIC and BIC best-fit models. The important parameters are:

� General model: �ASR ¼ 0:3%;q ¼ 1%, and member height, 48in.
are the most significant sub-variables.
� AIC: The number of contributing subvariables reduces to 5
(compared to the original 9 subvariables). Still
�ASR ¼ 0:3%;q ¼ 1%, and the member height of, 48in. are the
most significant sub-variables.

� BIC: The number of contributing sub-variables reduces to 2.
�ASR ¼ 0:3%, and �ASR ¼ 0:2% are the most significant sub-
variables.

That higher expansions lead to loss of shear strength is some-
what in agreement with intuition, as more damage develops in
the bulk of concrete. More surprising is the importance of the rein-
forcement ratio. Higher reinforcement ratio is susceptible to
increasing the ASR-induced prestressing of the structural member.
Conversely, lower reinforcement ratios reduce the benefit of ASR-
induced prestressing on structural shear capacity. The highest
value of reinforcement ratio chosen for this particular study is
identified by the general and the AIC models as highly significant
for the reduction of structural shear capacity is an indication that
other combined factors, such as the anisotropic expansion-



Table 11
Three Fitting Models for Negative Shear Strength Data Set; (restrained model only).

Coefficients: Estimate Std. error t value Pr(> jtj) Signif.

General (Intercept) �15.6835 8.7845 �1.785 0.0772
TB �12.1158 8.0128 �1.512 0.1336
P �10.0268 7.6347 �1.313 0.192
48

00 �13.6526 6.4079 �2.131 0.0355 *
e1 ¼ 0:002 �9.0327 7.612 �1.187 0.2381
e1 ¼ 0:003 �45.1145 7.5992 �5.937 4.04E�08 ***
q ¼ 0:005 �4.61 6.6249 �0.696 0.4881
q ¼ 0:01 �20.2409 10.1427 �1.996 0.0486 *
bE ¼ 0:9 5.7823 6.0569 0.955 0.342
bft ¼ 0:9 �0.3567 6.0729 �0.059 0.9533

AIC (Intercept) �20.639 6.384 �3.233 0.00163 **
48

00 �13.423 6.139 �2.186 0.03098 *
e1 ¼ 0:002 �9.436 7.569 �1.247 0.21527
e1 ¼ 0:003 �45.082 7.557 �5.965 3.27E�08 ***
q ¼ 0:005 �4.462 6.586 �0.677 0.49956
q ¼ 0:01 �22.453 9.607 �2.337 0.02131 *

BIC (Intercept) �28.141 5.588 �5.036 1.90E�06 ***
e1 ¼ 0:002 �11.857 7.741 �1.532 0.128
e1 ¼ 0:003 �50.139 7.558 �6.634 1.31E�09 ***

Note: The stars are shorthand for significance levels. *** for high significance and * for low significance.
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induced damage, play a significant role regarding the susceptibility
of deteriorating the members’ shear resistance.
7.4. Partial conclusions on the model fitting (Level 2)

The model-fitting analysis that limited the structural members
subjected to (R) restrained boundary condition indicates that the
impactful variables, i.e., ASR-induced expansion and loss of
mechanical properties, reinforcement ratio, and structural member
geometry, in terms of structural shear capacity reduction or gain,
are not intuitive. The convergent results obtained by the general
model, AIC and BIC analysis, suggest that ‘‘competitive” mecha-
nisms drive the structural response against shear loading, particu-
larly ASR-induced prestressing against materials properties
degradation.
8. Conclusion

A parametric numerical study of the residual structural shear
capacity of structural members without shear reinforcement and
subject to ASR was conducted using finite element analysis. Differ-
ent sets of parameters were investigated: geometry of the struc-
tural members, boundary conditions, ASR-induced loss of
materials properties, ASR expansion and reinforcement ratio.
Among the full set of 648 analyses, 53% resulted in overall post-
ASR shear strength decrease, and 47% in an increase. The range
of variation in post-ASR shear strength is particularly large.

Statistically speaking (mean and deviation), highest gains of
structural shear strength are achieved for greater reinforcement
ratio and restrained boundary conditions, while highest losses
are observed for the same boundary conditions and higher ASR
expansions.

Because the restrained boundary (R) configuration, i.e., causing
out-of-plane expansion only, produces large variations of shear
resistance and is representative of a nuclear Safety Class I ’large
wall,’ a subsequent analysis, focusing on that particular case, was
performed.

In terms of variation (mean values), it was found that (1) the
highest gains of shear resistance are obtained with the lowest rein-
forcement ratio, (2) multilinear regression and parameter selec-
tions analysis show that minimal loss of concrete tensile strength
has a significant impact on potential gain in structural resistance,
(3) the loss shear capacity amplitude is extremely scattered, and
(4) the greater losses appear to result from large ASR expansions
and, nonintuitively, high reinforcement ratios.

However, these general trends cannot be generalized to any
specific set of configuration as complex interactions appear to
occur. In particular, the role of the structural constraint during
the development of ASR appears critical to the out-of plane shear
resistance of the structures, which results from the competition
between the ASR-induced prestressing of reinforced concrete and
the degradation of the materials properties. These results indicate
that each structural configuration needs to be studied specifically.
However, these tests provide valuable data for the validation of
structural models that can be applied subsequently to analyze
the resilience of Safety Class I nuclear concrete structures under
accidental scenarios. It is recommended that a full three-
dimensional analysis of such structures be undertaken to further
confirm this finding.
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Appendix A. Multiple linear regression

Multiple linear regression (MLR) is the extension of simple linear
regression (SLR) to the case of multiple explanatory variables
(which may or may not be truly independent). Hence, rather than
modeling the mean response as a straight line, as in simple regres-
sion, it is now modeled as a function of several explanatory vari-
ables. The regression theory behind this approach, the
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procedures for parameter estimation, best model selection and
hypothesis testing are very well developed and can be found in
any standard statistics text book (Helsel and Hirsch, 1992). How-
ever, for the benefit of the reader we provide a brief description
of the approach.

Multiple explanatory variables are required when scientific
knowledge and experience tells us they are likely to be useful. In
the problem at hand, this may be the depth of the beam, the max-
imum ASR expansion or others.

Simply put the model is:

y ¼ b0 þ
Xn

i¼1

bixi þ e ð6Þ

where y is the response variable (such as shear strength variation),
b0 the intercept, bi is the slope coefficient of explanatory variable i,
and e is the remaining unexplained noise in the date (the error), xi
are all the constituents of the 18 variables listed in Table 8, and the
bi coefficients are to be determined.

Given the normalized approach taken by R, a higher b coeffi-
cient is indicative of a higher ‘‘participation factor” or relevant
parameter in the shear strength change.

This equation will be solved by minimizing the error between
data points and the estimated one (̂:):

ŷ ¼ argminðy� ŷÞ2 ð7Þ
A.1. Dummy variables

A categorical variable is one which is not continuous, yet it can
take a value that is one of several possible categories.

In the statistical analysis of the results, none of the variables is
continuous (such as load), but are rather dichotomous (such as
depth of 2400 or 4800), or (multiple) categorical variable, such as
Boundary Conditions (U, R, or FR), or type of structure (B, TB or
P). Yet internally statistical programs use numbers in all of their
calculations, not words. So, even if one did not code dichotomous
or multi-categorical variables using numbers, they will be con-
verted by the program into numbers.

We can have R automatically do dummy variable coding, using
a ‘‘factor” declaration.

A.2. Hypothesis tests for multiple regression

The single most important hypothesis test for MLR is the F test
for comparing any two nested models. Let model ‘‘s” be the ‘‘sim-
pler” MLR model

ys ¼ b0 þ b1x1 þ b2x2 þ � � � þ bkxk þ es ð8Þ
It has kþ 1 parameters including the intercept, with degrees of

freedom, dfs, of nðkþ 1Þ. Again, the degrees of freedom equals the
number of observation minus the number of parameters esti-
mated, as in SLR. Its sum of squared errors is SSEs.

Let model ‘‘c” be the more complex regression model

ys ¼ b0 þ b1x1 þ b2x2 þ � � � þ bkxk þ bkþ1xkþ1 þ � � � þ bmxm þ es ð9Þ
It has mþ 1 parameters and residual degrees of freedom, dfc, of

nðmþ 1Þ. Its sum of squared errors is SSEc.
The test of interest is whether the more complex model pro-

vides a sufficiently better explanation of the variation in y than
does the simpler model. In other words, do the extra explanatory
variables xkþ1 to xm add any new explanatory power to the equa-
tion? The models are ‘‘nested” because all of the k explanatory
variables in the simpler model are also present in the complex
model, and thus the simpler model is nested within the more com-
plex model. The null hypothesis is
H0 : bkþ1 ¼ bkþ2 ¼ � � � ¼ bm ¼ 0versus the alternative ð10Þ

H1 : at least one of these mk coefficients is not equal to zero:

ð11Þ
If the slope coefficients for the additional explanatory variables

are all not significantly different from zero, the variables are not
adding any explanatory power in comparison to the cost of adding
them to the model. This cost is measured by the loss in the degrees
of freedom =mk, the number of additional variables in the more
complex equation.

The test statistic is

F ¼ SSEs � SSEcð Þ df s � dfcð Þ
SSEc=dfcð Þ ð12Þ

where (dfs-dfc)=m� k.
If F exceeds the tabulated value of the F distribution with (dfs–

dfc) and dfc degrees of freedom for the selected a (say a=0.05), then
H0 is rejected. Rejection indicates that the more complex model
should be chosen in preference to the simpler model. If F is small,
the additional variables are adding little to the model, and the sim-
pler model would be chosen over the more complex.

A.3. Variable selections: Akaike and Bayesian Information Criteria

How can we decide what variables to include? Following Ock-
ham’s razor (or in Latin ex parsimoniae) ‘‘Among competing
hypotheses that predict equally well, the one with the fewest
assumptions should be selected”. In the context of MLR this means
that a model with fewer parameters is to be preferred to one with
more. However, this needs to be weighed against the ability of the
model to actually predict anything.

Or one can say that the cost of adding additional variables is
that the degrees of freedom decreases, making it more difficult to
find significance in hypothesis tests and increasing the width of
confidence intervals. Hence, a ‘‘good” model should explain as
much of the variance of y as possible with a small number of
explanatory variables.

Two particular statistical models are considered:
Akaike Information Criterion (AIC) is one of the most common

model selection for model selection procedure that is available in
most statistical software packages. It is based on maximum likeli-
hood and a penalty for each parameter, Akaike, 1974. For each
model, compute

AIC ¼ n lnðSSEÞ � n lnðnÞ þ 2p ð13Þ
where SSE is the usual residual sum of squares from that model, p is
the number of parameters in the current model, and n is the sample
size. After doing this for all possible models, the ‘‘best” model is the
one with the smallest AIC.

Note that the AIC is formed from three terms: The first is a mea-
sure of fit, since n lnðSSEÞ is essentially the sum of squared residu-
als. The second term, n lnðnÞ is a constant, and really plays no role
in selecting the model. The third term, 2p is a ‘‘penalty” term for
adding more terms to the model. This is because the first term
always decreases as more terms are added into the model, so this
is needed for ‘‘balance”.

Schwartz’s Bayesian information criterion (BIC) is similar to AIC,
but penalizes additional parameters more. For each model,
calculate:

BIC ¼ n lnðSSEÞ � n lnðnÞ þ lnðnÞp ð14Þ
Where SSE is the usual residual sum of squares from that model,

p is the number of parameters in the current model, and n is the
sample size. After doing this for all possible models, the‘‘best”
model is the one with the smallest BIC. Note the similarity between
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AIC and BIC, the penalty term in BIC is larger than that in AIC -
hence, BIC based best models tend to be more parsimonious com-
pared to AIC.

A.4. R Listing and output

The command in R used for linear fitting is ‘‘lm”. It can be used
to carry out regression, single stratum analysis of variance and
analysis of covariance. The following short and elegant sample
code is at the heart of the procedure.

The results of the linear model fitting are provided in a table
including the bi coefficients for the most relevant sub-variables,
their standard deviation, t and Prð> jtjÞ (previously defined) are
also reported.

Estimated Coefficient: is the value of slope calculated by the
regression. It might seem a little confusing that the Intercept also
has a value, but should be interpreted as a slope that is always
multiplied by 1. This number will obviously vary based on the
magnitude of the variable which is going to be an input into the
regression, but it is always good practice to spot check this number
to evaluate its reasonableness.

Standard Error of the Coefficient Estimate: Measure of the
variability in the estimate for the coefficient. Lower means better
but this number is relative to the value of the coefficient. As a rule
of thumb, this value should to be at least an order of magnitude
less than the coefficient estimate.

t: Score that measures whether or not the coefficient for this
variable is meaningful for the model.

Prð> jtjÞ: A predictor that has a low p-value is likely to be a
meaningful addition to model because changes in the predictor’s
value are related to changes in the response variable A large
p-value suggests that changes in the predictor are not associated
with changes in the response. Hence this number should be as
small as possible.

Significance Stars: The stars are shorthand for significance
levels, with the number of asterisks displayed according to the
p-value computed. � � � for high significance and � for low
significance.
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