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ABSTRACT: A coupledisotropicdamageandanisotropicplasticitymodelis formulated
for finite deformations.A multiplicative decompositionof the deformationgradientand
volumetric/deviatoric split of the elasticstretchingtensorseparatesomeof the different
deformationmechanismsthatapolycrystallinemetalunderhighstrainrateswouldexperi-
ence.Standardthermodynamicargumentsresultin constitutive equationsandconstraints
on the evolution of the internalstatevariables.Texture effectson plasticflow arerepre-
sentedin the innerproductspaceof effective stressandstructuretensors.Associatedand
nonassociatedinelasticflow rulesareformulatedandcompared.Dislocationdrageffects
onflow stressareincluded.A semi-implicitnumericalintegrationof themodel’ssystemof
ordinarydifferentialequations(ODEs)is carriedout for implementationin explicit finite
elementandfinite differencecodes.

INTRODUCTION: Polycrystallinemetalsthatundergo high strainrates—possiblynear-
ing theshockregime(

�����
1/s)—experiencea complex combinationof deformationmech-

anisms,suchas thermally-activateddislocationmotion, dislocationdrag, texture effects,
void nucleation,growth, andcoalescence,small deviatoric elasticstretching,potentially
largevolumetricelasticstretching,andlargerotations.For simplicity, no highergradients
of deformationleadingto a systemof partial differentialequations(PDEs)for the con-
stitutive modelareincluded. The damageandplasticity modeldescribedin this paperis
a phenomenologicaldescriptionof thephysicaldeformationmechanismsobservedat the
void anddislocationlengthscales.More complex constitutivemodelsarepresentlybeing
developedthatincludespatialgradientsof internalstatevariablesandfreesurfacecreation
due to crackpropagation,amongotherdeformationmechanismsandmaterialprocesses
experiencedby polycrystallinemetalswithin highstrainrateenvironments.Ultimately, the
intent is to implementtheseconstitutivemodelswithin finite elementandfinite difference
codesto help engineersbetterdesignandunderstanddevicesthat would be subjectedto
extremeenvironments.

PROCEDURE, RESULTS, AND DISCUSSIONS: Theformulationof themodelbegins
with a descriptionof thekinematics,followedby thermodynamicconsiderationsto place
constraintson the constitutive equations,andendswith constitutive assumptionsfor the
Helmholtzfreeenergy andevolutionequationsfor damage,plasticityvariables,andinternal
statevariables.

Kinematics: The multiplicative decompositionof the deformationgradientis shown in



Fig.1 andwrittenhereas[Davisonet al. 1977]� � �	�
�������� ������� � ����� � ������ � ����� (1)
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Figure1. Multiplicative decompositionof thedeformationgradient/ 021 �43/ � / � / � . Notethat56
and 76 areincompatibleconfigurations.Thiswill bediscussedin anotherpaper.

where 8 standsfor elastic, 9 for damage,and : for plastic. One of two possiblepolar
decompositionsof theelasticpartof thedeformationgradient

�	�
is
�	�;�=<>�
?@�

, where<>�
is anelasticstretchingtensorand

?>�
is anelasticproperorthogonaltensor[Bammann

andJohnson1987].Theelasticstretchingtensormaybesplit intovolumetricanddeviatoric
partsas[Simo et al. 1985]< � � A �CB< � � A � � D �FEHGJI B K � B< � � D �FLMEHGJI < �-N

(2)

This decompositionyields det
A��	�OD �

anddet
B< � � �

. Sincedeviatoric elasticstrains
in metalsaresmall, the isochoricelasticstretchingtensor

B< �
is linearized,whereasthe

volumetricelasticstretchingtensor
A��

remainsfinite. This volumetric/deviatoric split is
appropriatefor modelingmetalsthat experiencestrainrateswithin the shockregime ( P�����

1/s), wherepressureandvolumetricelasticdeformationcanbe large for an initially
undamagedmetal( QSR �

). Themultiplicativedecompositionthenbecomes� � A	� B� � �������� �T�U�V� W ��YX� B� �X� �� � ��� �� � ����� (3)

where
B� � � B< � ? �

. Assuminga statisticallyrandom(i.e., isotropic)distributionof spher-
ical voids,Davisonet al. (1977)chosethedamagepartof thedeformationgradientto be
�	�Z� �

[ �]\ QT^ EHGJI`_
K

(4)

where Q is thevoid ratio. Thevelocitygradientin thecurrentconfigurationtakestheform



a � b�	� LME � bD �
c D � K
adfe

g bB� � B� � LME
a e

g bQc [ �`\ QT^
K

ah
g B� � _i � B� � LMEa�j (5)

Theevolutionequationfor plasticdeformation
� �

thenbecomes:Bk � _i � � _l � g _m �
(6)

where _l �
and _m �

aredefinedconstitutively, and
Bk � � B� �Yn B� �

. Defining _o asthesec-
ondPiola-Kirchhoff stressin the _p intermediateconfiguration,it is mappedto thecurrent
configurationby thefollowing equation
q � �

D � EHGJI B�
� _o B� � n (7)

where q is theCauchystress.It becomesapparentthat _p is theproperintermediatecon-
figurationin which to formulatethethermodynamicsanddefinetheconstitutivemodel.

Thermodynamics: As a result of standardthermodynamicarguments[Colemanand
Gurtin 1967], the Clausius-Duheminequality, constitutive equations,anddefinitionsfor
thestrain-like internalstatevariablesarewritten in _p . What remainsis to make constitu-
tive assumptionson the Helmholtz free energy _r andevolution equationsfor the plastic
variables _l �

and _m �
, damageQ , andstrain-like internal-statevariables_sJtut and _v .

Constitutive Model: Sincedeviatoricelasticstrainsareassumedto besmallandvolumet-
ric elasticstrainscouldbe large,a quadraticform of theHelmholtzfreeenergy is chosen
for thedeviatoricvariables.Theevolutionequationsfor _l �

and _m �
accountfor thermally-

activateddislocationmotion,dislocationdragat high strainrates,andtextureeffects.The
evolution equationfor Q accountsfor void growth. Theevolution equationsfor _sJtwt and _v
accountfor thegenerationandannihilationof dislocations.

CONCLUSIONS: A finite deformationcoupledisotropicdamageandanisotropicplastic-
ity modelwasbriefly described.Furthermodeldetails,its numericalimplementation,and
numericalexampleswill bediscussedin thefull lengthpaper.

ACKNOWLEDGEMENTS: Sandiais a multiprogramlaboratoryoperatedby Sandia
Corporation,a LockheedMartin Company, for the United StatesDepartmentof Energy
undercontractDE-ACO4-94AL85000.

REFERENCES:
BammannD.J.,JohnsonG.C.,1987,“On thekinematicsof finite deformationplasticity,”

ActaMech.70, 1–13.
ColemanB.D., Gurtin M.E., 1967, “Thermodynamicswith internal statevariables,” J.

Chem.Phys.47, 597–613.
Davison L., StevensA.L., Kipp M.E., 1977, “Theory of spall damageaccumulationin

ductilemetals,” J.Mech.Phys.Solids25, 11–28.
SimoJ.C.,Taylor R.L., PisterK.S.,1985,“Variationalandprojectionmethodsfor thevol-

umeconstraintin finite deformationelasto-plasticity,” Comput. MethodsAppl. Mech.
Eng.51, 177–208.


