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Chapter 1

Introduction

1.1 Importance of Nonlinear Finite Element Analysis

of Solids and Porous Media

Why do we need nonlinear finite element analysis (FEA) for solids and porous media? Be-
cause all “real” problems are nonlinear. They are difficult to solve numerically and nearly
impossible to solve analytically. Hence, we opt for the more tractable of the two: the numer-
ical solution. With that said, it is still useful to “verify” nonlinear solution methods against
analytical solutions of linear partial differential equations, which we will take advantage of

in this course.

The source of nonlinearity in FEA takes the following forms:
e Material: plasticity, nonlinear elasticity, failure (damage, fracture, shear banding; ...).
e Geometric: large deformations (including large strains and large rotations).
e Constraints: (1) kinematic (contact): impenetrability and traction equilibrium along
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CHAPTER 1. INTRODUCTION

contacting free surfaces; (2) boundary conditions: displacement-dependent force, non-

linear pressure loading.

1.2 How This Course is Taught

We will cover the theory and numerical implementation of nonlinear solution methods, the
nonlinear finite element method (FEM), biphasic (solid-fluid) mixture poromechanics in the
small strain regime (notes provided, but time-permitting during the semester), and consti-
tutive modeling (elastoplasticity, viscoplasticity, viscoelasticity, elastodamage, and variants
thereof) at small strain. Full geometrically nonlinear constitutive modeling is covered in a

follow-on course, CVEN 7511, Computational Finite Inelasticity and Multiphase Mechanics.

We will learn how to wverify nonlinear solution implementations in Python (or other pro-
gramming language of your choosing), and compare to similar continuum constitutive mod-
els built-in to the general purpose nonlinear continuum mechanics FEA software package
ABAQUS (refer to www.simulia.com). We will learn to use existing nonlinear constitu-
tive models built-in to ABAQUS to solve nonlinear engineering problems, and also how to

implement new ones via the UMAT.

For a limited discussion of the procedure of verification and validation (V&V), refer to

Oberkampf et al. [2004], Babuska and Oden [2004], Schwer [2007], TMS [2019]:

e verification: we check if the nonlinear governing equations are implemented correctly
in our finite element (FE) code. This typically involves a combination of compari-
son to an analytical solution (if one exists, even if analyzing a linear problem with
known analytical solution, with a nonlinear code) and/or to a separate numerical im-
plementation (such as in Python); we also consider time step and mesh size refinement

(convergence). In CVEN6511, we will do verification to some degree.

12



1.2. HOW THIS COURSE IS TAUGHT

e validation: we check that the nonlinear governing equations are the correct ones to
solve; i.e., are the physics of the problem being represented correctly in the model?
This involves prediction of experimental data with quantified uncertainty. Validation
could be partly accomplished through your project, but for true validation, this is
beyond the scope of the course. Calibration is parameter-fitting, which is a step
toward validation, but is not validation itself. If you have experimental data, you will

likely conduct a calibration-exercise for your course project.

13
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Chapter 2

Numerical Solution of 1D Nonlinear
Axially-loaded Bar using the Finite
Element Method and Newton-like

Methods

2.1 Nonlinear Solution by Newton-like Methods

In this section, we introduce the Newton-Raphson method for solution of nonlinear equations,
and its modifications and extensions. In Section 2.2, we formulate the nonlinear vector

equations using the finite element method (FEM).

15



CHAPTER 2. OVERVIEW OF NONLINEAR FEM

2.1.1 Newton-Raphson Method

We start with a one degree-of-freedom (dof) example, as shown in Fig.2.1.

d

—
— FEXT

%_\/\/\/\/_ FINT  q—— — = pEXT

FINT(g) = FEXT
e.g., FINT(d) = ad® + bd® + cd

Figure 2.1. One dof example for demonstrating the Newton-Raphson (NR) solution method, and
its modifications and extensions. Nonlinear internal force F'NT(d) as a function of displacement d
represents the nonlinear spring, such as a nonlinear constitutive model (e.g., elastoplasticity).

FEXT

The steps for solving for the unknown dof d given an applied external force and an

internal force F'™NT(d) representing a nonlinear spring, are as follows:

1. define residual r as a function of displacement d for static force equilibrium:

r(d) = F**T — FINT(@) =0 (2.1)

2. Consider the ‘exact’ solution d* (usually unknown, hence the need for Newton-Raphson
nonlinear solution) such that r(d*) = 0 given the applied external force F**T. Consider
the Taylor-series expansion about the past iteration value d* (where k + 1 denotes the

current iteration):

d* = d* + od* (2.2)
(d*) = r(d*) + M(Sdk + 1827“—(‘%)(551%)2 +h.ot. =0 (2.3)
naey=r od 2 0d? o '

3. “linearization:” We call 9r(d*)/dd the consistent tangent at iteration k, and drop the

16



2.1. NONLINEAR SOLUTION BY NEWTON-LIKE METHODS

quadratic and higher order terms (h.o.t.s), and thus d* ~ d**+?,

Or(d®) sk .

5 D d e d = dF e adt

r(d") +

. solution method to update current iteration value d**! (see Fig.2.2 for illustration):

T(dk) — FEXT o FINT(dk> (24)
e (@ OFNT(d)\ T
od” = ( 94 ) [—r(d")] = <T) r(d") (2.5)
update d**!
d"tt = d* + 6d* (2.6)

update r(d**?)

. check for convergence:

[r(d@* )]
[r(d%)]

IF < tol THEN d* = dFt!

ELSE iterate

where tol ~ 1 x 107'° (or 1e-10 in computer code) is a relative residual tolerance
(relative to the initial residual r(d”)), a value chosen based on user experience. Relative
convergence checks are usually programmed in order to avoid tolerances dependent
upon units (such as Newtons, Mega-Newtons, etc). Note, we do not see this choice in
Abaqus, which can be frustrating because we do not see how Abaqus is converging or

not. More later on convergence with respect to a nonlinear iterative solution method.

17



CHAPTER 2. OVERVIEW OF NONLINEAR FEM

FINT (d)
A aFINT (dl )
od
FEXT \---- - - - —-—----- -« -\ ________
r(d")

50 = p(d0) L) 5d!

od

> d
d’=0 d' =d’+ éd" > dr=d?

Figure 2.2. Illustration of Newton-Raphson (NR) method for solution of d, where we show iteration
k = 0,1,2, and convergence likely at iteration k = 3. Black curve is plot of F'™NT(d). d* denotes
converged value.

18



2.1. NONLINEAR SOLUTION BY NEWTON-LIKE METHODS

6. Consider incremental loading, where n;,. are the number of increments assuming equal
increments*: AFEXT = PEXT /. is applied over one time increment At = ¢, — t,.
This is done because oftentimes the nonlinear equations cannot be solved for d* with
full application of F*XT in one step, or you require more resolution of the solution d as

FEXT i5 applied. Refer to Fig.2.3 for an illustration of applying the

the external force
Newton-Raphson solution method over a force increment AF®XT. Note that AFFXT

could be variable with adaptive time stepping techniques.

Write the residual at current time ¢,,, to solve for d;  ;:

T(dlri—l—l) = FfflT - FINT(deH) (2-7)
OFINT ( gk -1
ot = () s dit = dk ot 23)

Then check for convergence:

r(d)l

Ir(dp )]
*

_ gk+l _
i =dp s, n=n+1

IF < tol THEN

ELSE k =k + 1, iterate

We do not apply the load in one step because typically the nonlinear equations are not
smooth enough to accommodate such loading. Also, for dynamic or transient problems,
the numerical integration (finite differencing in time) will provide a natural time step.

Thus, we typically increment the load: AFEXT = FEXT /. .

*Most commercial finite element software packages employ some form of adaptive time stepping leading
to unequal loading increments.

19



CHAPTER 2. OVERVIEW OF NONLINEAR FEM

FINT( d)
A
FEXT | ...

Y 44— "

OFNT(d0 ) L !

AFEXT " - i

FEXT ~ FINT(CZ:;) I R ‘ i i i
l L 1 -

d?wl =d, d111+1 A1 d*

Figure 2.3. Incremental solution using Newton-Raphson (NR) method for solving dj, | ; at current
time ¢,,41.

20



2.1. NONLINEAR SOLUTION BY NEWTON-LIKE METHODS

The Newton-Raphson solution method just illustrated for a single dof problem can be ex-
tended to multiple dof systems. In this case, the unknown variable is a vector d with
components dy;, where M = 1,...,ngor and nqor are the number of dofs in the system of
equations (N = 1,...,nq0f) to solve numerically. We will show in Sect.2.2 how d can be
the vector of unknown nodal displacements for a finite element solution. We summarize the

solution method as follows. We write the residual for the system of equations Ry(d) as
Ry(d) = Fy*" = Fy''(d) (2.9)

where upon linearization by Taylor series expansion, we can update the current iterate d?l

by solving the linear system of equations,

ORy (d")

P, 6di, = —Rn(d") ;  dit=dk + odf (2.10)
k
where Mng) is the consistent tangent. We check for convergence
IRd" ) v _ gl
F I—/—+"1 < tol THEN d*" =d""",
1R

ELSE iterate
where recall the Euclidean norm ||R|| = /Ry Ry (sum over repeated indices N).

It should be noted that the Newton-Raphson method converges quadratically if linearized

properly (and if your initial guess is already close to the solution), meaning the relative

||R(d’“:>||
IRl

This is extremely attractive but comes with an associated cost: at each iteration a tangent

residual norm should decrease quadratically, e.g., 1e0, le-1, 1le-2, 1le-4, 1e-8, 1e-16.
is calculated and a linear system of equations is solved (for this reason, the method is called
a ‘direct’ iterative solver). This can become prohibitively expensive for large problems.
We normally set the relative tolerance to a value, such as tol=1e-8, to provide a strict

convergence criterion, but not so strict that the algorithm does not converge. There is no

21



CHAPTER 2. OVERVIEW OF NONLINEAR FEM

guarantee for convergence of nonlinear solution methods. The initial conditions will play a

critical role in determining whether convergence is obtained or not.

There are a number of references that explain in more detail the Newton-Raphson method,
and its modifications which we will discuss next [Ortega and Rheinboldt, 1970, Dennis and
Moré, 1977, Matthies and Strang, 1979, Hughes and Ferencz, 1990, Crisfield, 1991, Ferencz
and Hughes, 1998, Belytschko et al., 2000, Anandarajah, 2010].

2.1.2 Modified Newton Method

The Modified Newton method is similar to the Newton-Raphson method, except that the
initial consistent tangent is used for each iteration rather than updated at each iteration,
which can be costly if solving multiple dof systems. The Modified Newton method will
typically converge linearly (e.g., relative residual norm is 1e0, le-1, le-2, 1le-3, le-4, le-5,
...). Modified Newton is more efficient in terms of not updating a tangent at each iteration
(especially for large systems), but requires more iterations to converge. Also, for difficult-to-
converge problems such as failure mechanics with post-peak softening and/or buckling, not
updating the consistent tangent at each iteration may mean not converging to a solution.

Thus, there is a trade off.

The Modified Newton solution method can be summarized by the following equations, and
is illustrated in Fig.2.4. The residual for a one dof system is written the same as Newton-
Raphson,

r(d®) = FPXT — pINT(gF) (2.11)

whereas now the consistent tangent is held constant during the iteration process as

st = (%30))_1 —r(d)] = (L Izz(do))_lr(dk) (212)
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A" = db + od*

We check for convergence as before:

[r(d* )]

IF =

< tol THEN d* = dFt!

ELSE iterate

(2.13)

This will lead to more iterations to converge to the solution d*, as illustrated in Fig.2.4,

because the tangent is not updated at each iteration.

FINT ( d)

FEXT

BFINT (dO)
od

8F1NT(d0)
ad

dO

dl

d2

d*

Figure 2.4. Modified Newton solution method.
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2.1.3 Quasi-Newton Methods

If the consistent tangent is intractable to find in a closed form manner that can in turn be pro-
grammed and updated either at each iteration of a time step (Newton-Raphson, (9r/9d)5})
or held constant for the time step (Modified Newton, (9r/dd)" ), then there are further
variants on the Newton-Raphson method, called Quasi-Newton methods. Quasi-Newton
methods approximate the consistent tangent numerically, such as one well-known method
called a ‘secant’-type method. We consider the one dof problem again as motivation, where
upon linearization we have,

ok FINT(ghL) - pINT (g
Sdk (dF+1 = k)

K*sdF = —or" — K" = (2.14)

SdM = (KMl (d ) (2.15)

where K* is the secant tangent approximated from the current and previous iterations in

order to update the next iteration d*2 as
dk+2 — dk-l—l _I_ 6dk+1 (216)

The solution method is illustrated in Fig.2.5.

For multi-dof problems, we generalize the one dof case to multiple dofs in the form of the

Quasi-Newton equation:

Ky 0dh, = —6RE, (2.17)

We then attempt to find K " Via a ‘secant’-type method. Note that this equation is a

dk-‘rl

constraint on K" and does not uniquely define it. The Quasi-Newton update can be

solved as,

Sdyft = (Kyy)PORN 5 Ay =dy 4 ddy! (2.18)
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FINT(d)
A
FEXT ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
r(dFH) = FEXT _ FINT(dl:chl) ‘ 1
FINT(@ety e ‘ | 3
—ork | i i
Kk 1 l |
FINT(ghy L. i Sk i i
| = > |
| | L 1 > d
dk dk+1 dk+2 d*

Figure 2.5. A Quasi-Newton solution method: ‘secant’-type.

We check for convergence as before. There are many Quasi-Newton updates, with BFGS
(Broyden, Fletcher, Goldfarb, Shanno) being one [Dennis and Moré, 1977]. Since we are
approzimating the tangent, if a problem is highly nonlinear, the algorithm could have trouble
converging (e.g., generating noise and oscillations in the relative residual norm). For more

details, refer to Dennis and Moré [1977], Matthies and Strang [1979], Crisfield [1991].

2.1.4 Line-Search Methods

If there is difficulty in converging within a time step, there are methods to try to fix this

“lack of convergence,” also known as “divergence.” One such method is Line Search. It can
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be motivated for the linear case, minimizing the potential energy as,

oI1(d)

=0 = Kyydy = F3X0 (2.19)
Ody

II(d) = %dNKNMdM —dy T
We introduce a line search parameter s in the update equation for an iterative solution as,
ditt = db, + s*sdk; (2.20)

Then minimize the potential energy with respect to s as,

1
(") = T(s*) = 5 (dy + s"0di) v (dfy + s*0d5y) — (di + s"0df) FRET - (2.21)

OTI(s*)
0s

=0 = 6dN[Knpn(di, + s*6dh,) — FX"1 =0 (2.22)

where we assumed symmetric stiffness matrix Kyy = Ky n (not necessary for nonlinear

solution below). Solving, we obtain the line search parameter at iteration k as,

sk = __ SRRy RE, = FEXT — Kypdh (2.23)
odh K nprodk, N ’
F]IVNT(dk)

Now consider the nonlinear case. Find s* such that

odh Ry (d¥ + s*6d") = 0 (2.24)
Ry(d*th) = FEXT _ FINT(dF + s*s5d") (2.25)

The root is not found exactly, but s* € (0, 1] is determined such that

<tol ,  G(s") = dd% Ry (d" + s*6d") (2.26)
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2.1. NONLINEAR SOLUTION BY NEWTON-LIKE METHODS

where tol = 0.5 is recommended. If tol is not satisfied, set s¥ = 1, which means no influence

of line search parameter during the iteration k.

Newton-Raphson will converge if ‘close’ to the solution (i.e., good initial guess) and if the
nonlinear equations are sufficiently smooth (i.e., well-conditioned tangent). Nonlinear prob-
lems, however, do not always have these qualities and thus are prone to ‘diverge’ from the
actual solution (i.e., residual grows). Thus, a line search algorithm is meant to help prevent
‘divergence’. A note on terminology: purests prefer to avoid the use of the word divergence
and instead use lack of convergence when a Newton-like nonlinear iteration procedure does

not converge.

2.1.5 Arc-Length Methods

A powerful modification to the Newton-Raphson method is a class of methods called “arc-
length” methods because the “arc” of the nonlinear solution curve is followed by the nonlinear
solution algorithm (see Fig.2.6). This is particularly useful for “load-driven” problems for
which there may be an instability (e.g., column buckling), or failure (e.g., soil slope failure
under gravity loading, or concrete dam failure under reservoir water loading). For more
details, refer to Crisfield [1991]. We will illustrate the method here, by motivating with a

one dof example from Hughes and Ferencz [1990].

First, introduce a dimensionless load control parameter A(t¢), scalar arc-length function
f (which must be a norm) constrained by dimensionless arc-length increment Aa (user-
defined), scaling parameter b (user-defined), and an auxiliary displacement solution dy (to
nondimensionalize the displacement increment), where displacement increment Ad = d,,.1 —

d,, load control parameter increment A\ = \,,1 — \,,, and time increment At = t,,,1 — t,,
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such that,

at tn+1 .

T(dn-i-l? )\TL—FI) - FINT<dn+1) — )\n+1FEXT = 0
—

EXT
Fn+1

F(Ad,AN) —Aa = 0

foaay = - (59 sy
czo — f{o—lFEXT
b e [0,1]

where b and Aa are prescribed by the user, and

increments Ad and Aa are

FINT(d)

FEXT

illustrated in Fig.2.6.

EXT

is the total applied force.

Figure 2.6.

Illustration of arc-length method with load control.
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2.1. NONLINEAR SOLUTION BY NEWTON-LIKE METHODS

We can visualize the arc-length constraint in Fig.2.7. Here, f = Aa, and the ellipse plotted

for 1/2 < b < 1 indicates more load control. Recall the equation of an ellipse as,

1’2 y2
SrL=1 (2.32)

We can express Eq.(2.29) for f = Aa in the form of an equation of an ellipse as,

P (Ad/dy)? (AN
B T BaVI=bE  (BavEE

(2.33)

where x = Ad/czo, y =AM\ A= Aa/\1—-0b, B=Aa/Vb, and thus Fig.2.7 results.

pure displacement control: b =0

AN Aa

AN A
Aa/vV1-0b

(dn d07 >\n

,,,,,,,,,,,,,,,,,,,

Ad/d,

(dn/&()a A /

pure load control: b =1

/

Aa

AN

(dn/dﬂv )\n

Ad/dy

7

Figure 2.7. Tllustration of arc-length method with load control at converged time #,,41.
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We solve the nonlinear equations using Newton-Raphson (or modifications thereof) as before,

but with additional load-control parameter A and constraint equation as,

TS = YT - T

FA AN —Aa = 0 (2.34)

These coupled equations are usually solved in a staggered manner, rather than monolithi-
cally. The dimensionless arc-length increment Aa is usually varied each time step depending
on whether convergence is slow (make smaller) or fast (make larger). There are various
initialization strategies for the algorithm, which we will discuss shortly, with further reading
in Hughes and Ferencz [1990], Crisfield [1991]. Later, we will continue this line of thought
by generalizing to multi-DOF systems. We typically apply separate convergence criteria:

RS, DN /I R(AY, 1, A1) || < tolg, (FEH — Aa)/Aa < tol;. We note that in ABAQUS,

the arc-length method is called Static Riks procedure, after Riks, who was one of the first

to come up with the idea [Riks, 1979].

Here, we review the nonlinear solution method applied to Egs.(2.34). We can apply Newton-
Raphson, or modification thereof. For illustration purposes, we will apply Newton-Raphson
to solve the equations. We note that Ad¥* = dFt] —d,, = dt | + 6d* — d,, = Ad* + §d* and

AN = ANE 4 §)F. Linearizing Eqs.(2.34) about state ()*, we have,

1| sar
T ~ r(d M) + | e et | -0
oAk
E k
AdFT AN — Aa & (f(AdF, ANF) — A o o |0 0
fAdT, )= Baw (f(AD%, A0 — Aa) + | 0 58 ok |

(2.35)
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which leads to the coupled system of equations to solve for the iteration increments,

k

QFINT EXT k k
—F od —ry
zd ) : - i (2.36)
8(Afd) 6(Af)\) oAF Aa — f*
The values at k + 1 are then updated as follows,
iy =di L+ 8d ) N = E L e (2.37)
AT = AdP +6dF | AN = AN 4 5)\F (2.38)

Initialization of Ad’° and AN’ at the start of the iteration procedure: We will
describe two procedures used to initialize the increments of d and A at £ = 0 [Hughes and

Ferencz, 1990].
Procedure 1: (used also to initialize Procedure 2)
1.(a) Let d, = K;*FFXT where, for example, K, = dF'NT(d,)/dd

1.(b) Let Ad® = AN d,
~~

solve for

1.(c) Solve for magnitude of A\’ as follows:

fA, AN = Aa (2.39)
F(ANd,, AXY) = Aa (2.40)
AN = B¢ (2.41)
f(dn, 1)
1.(d) Determine sign of AX’ with these conditions: (i) if sign[K,] = — sign[K,_1], and (ii)

if K,_; to K, passes through 0 or oo, then sign(AXY, ) = — sign(AX?), else sign(AN ) =

31



CHAPTER 2. OVERVIEW OF NONLINEAR FEM

sign(AX?). Then, AN, | = sign(AX2, )|AN|, and Ad®,, = AN0, ,d, .
Procedure 2: extrapolate using Lagrange polynomials

*consider quadratic interpolation, followed by extrapolation to time t,,; given a,; and

previous values of arc-length a (insert figure)

Lagrange polynomials for quadratic interpolation (let a,.1; = a) between states n —2, n —1,

and n, and then extrapolate to a, 1 such that,

2 _ (ant1 — an-1)(@n1 — an)

El (a'n-‘,-l) = (an_2 an_l)(an_2 an) (242)
20, _ (ang1 — an_2)(Api1 — an)

03(ant1) T rR— (2.43)
204 _ (Ans1 — An—1)(@ni1 — Gn-2)

lant1) = PR Y ra—— (2.44)

Using these Lagrange polynomials, extrapolate to time ¢, to initialize A and d, such that,

)\9L+1 = €f(an+1)>\n_2 + Kg(anﬂ))\n_l + @(anﬂ))\n (245)

d9L+1 = €f(an+1)dn_2 + Kg(anﬂ)dn_l + Kg(anﬂ)dn (246)

Note that if the increments of arc-length a are constant, such that Aa = a,1—a, = a,—a,_1
and so forth, then the Lagrange polynomial coefficients are £3(a,+1) = 1, (3(ans1) = —3,

and (3(a,+1) = 3. Now initialize AX) | = A0, — X\, and Ad?, | =d). | — d,.

The advantage of Procedure 2 is that we do not need to determine the magnitude and sign
of AN, separately, but we still need to use Procedure 1 for the first few time steps because

Procedure 2 requires three previous states to initialize.

Convergence Check: We have separate tolerances tol, and tol; for the balance equation
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residual and arc-length function, respectively, such that,

o I )

< tol,
|r(dg+1, )\g+1)|
A~ Ao
andHT < toly (2.47)

then converged, else iterate.

Multi-DOF Systems: Let us now generalize the previous discussion to multi-dof systems,
such as for nonlinear FE analysis. We write the balance equation residual and arc-length

function, respectively, as,

R Vi) = FYNT(d) - M ET = 0
——
(FuEXT),Cjﬁ
FAFT AN —Aa = 0 (2.48)

where the arc-length function is now,

E+INT  7: 7 k41 3
FAd, Ay = |1 pylad ) diag(Bo) - AdTT ey (2.49)
(do)" - diag(Ky) - dy

where the auxiliary solution is dy = K, LpEXT

Linearizing Eqs.(2.48) leads to the coupled system of equations to solve for the iteration

increments,
k
o™ EXT k k
od T I I B (2.50)
i SR AP Aa — f*
aad) (AN
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where

1-— _
_oF < _a=b/f ) (Ad")T - diag(K,) (2.51)
J(Ad) (do)" - diag(Ky) - dy
of b
—— = AN 2.52
I(AN) f (2:52)
The values are then updated as follows,
At =dhy, +odt ) N = M+ oA (2.53)
Ad"T = Ad" + 5dF , AN = AN 4 5AF (2.54)
Initialization of Ad’ and AN':
Procedure 1: (used also to initialize Procedure 2)
1.(a) Let d,, = K;l . FEXT where K, = 0F™NT(d,)/0d
1.(b) Let Ad® = AXd,,.
1.(c) Solve for magnitude of AX°:
f(Ad’,AN°) = Aa (2.55)
F(ANd,, AXY) = Aa (2.56)
A
AN = — (2.57)
f(dn, 1)
1.(d) Determine sign of AX? with these conditions: (i) if sign[det K,] = — sign[det K, _4],
and (i) if det K, to det K, passes through 0 or oo, then sign(AX), ) = — sign(AX?),

else sign(AX), ) = sign(AN)). Then, AX) ;| = sign(AX)_;)[AN].
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Procedure 2: Using the Lagrange polynomials, extrapolate to time ¢,,; to initialize, such

that,
)\S)J)rl = ({(ant1) A2 + G (ans1) A1 + 6 (ani1) (2.58)
dS)J)rl = (H(aps1)dp_s + OG(ans1)dn1 + (3(ani1)d, (2.59)

where if the increments of arc-length a are constant (as for the single dof discussion), then
C(aps1) = 1, L(ans1) = =3, and (a,,1) = 3. Now initialize AN, = \® — X, and

0 0
Ady = d)), —d,

Convergence Check: We have separate tolerances tolr and tol; for the balance equation

residual and arc-length function, respectively, such that

R A

< tOlR
IR(d, 1, X))
k+1 Aa
e i — tol 2.
an s < toly (2.60)

then converged, else iterate.

In summary, arc-length methods are used when pure load control cannot converge to the
actual force-displacement path (such as for buckling, or localized deformation and failure).
Pure displacement control is preferred for this reason, but if force or pressure is applied (or
gravity) and buckling or failure could occur, arc-length methods are used to continue the

solution.
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Arc-length algorithm for single dof problem: What follows is the outline of an al-
gorithm you can use to write your 1D code to solve a nonlinear single dof problem using

Newton-Raphson with Arc-Length control:

n=1

d(n)=0

lambda(n)=0

Fext=8

b=0.5

Delta_a=0.1

while d(n) < 7

Ktilde="7

dtilde=Fext/Ktilde

f_arc=? function of (dtilde,1)
k=1

(initialization)

if n<3

Delta_lambda = Delta_a / f_arc
Deltad = (Delta_lambda)*dtilde
lambda = lambda(n) + Delta_lambda
d = d(n) + Deltad

else

lambda = lambda(n-2) - 3xlambda(n-1) + 3*lambda(n)
d = d(n-2) - 3*d(n-1) + 3*d(n)
Delta_lambda = lambda - lambda(n)
Deltad = d - d(n)

end

Fint="7
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r=Fint-lambda*Fext

f_arc="?

while (convergence criteria)

(put Newton-Raphson here to update d and lambda)
k=k+1

end

n=n+1

d(n)=d

lambda(n)=1ambda

end
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2.1.6 Other Nonlinear Solution Algorithms

Here, we briefly introduce ‘matrix-free’ or ‘indirect-iterative’ nonlinear solution algorithms.
They are attractive—if not necessary—for very large problems because no tangent needs
to be calculated and no linear algebraic system of equations needs to be solved. They
are specifically used for quasi-static problems, whereas for dynamic problems explicit time

integrators are used (from which the Dynamic Relaxation algorithm is motivated).

1. Nonlinear Conjugate Gradient (CG): This algorithm entails minimizing the en-
ergy functional II(d), where its gradient is negative the residual R(d). The method
is similar to linear CG except that we iteratively solve for the line search parameter
(or approximate it) and search directions are approzimately orthogonal. Precondition-
ing becomes extremely important because many nonlinear problems are ill-conditioned
(i.e., large spread in the eigenvalues of the underlying tangent). We want the eigenval-
ues of the underlying tangent to be as closely clustered as possible, where the perfect
preconditioner is the inverse (i.e., consistent tangent) since the identity matrix has all

eigenvalues = 1. Refer to [CG-Method].

2. Dynamic Relaxation: Fictitious mass and damping are introduced to form the
dynamic problem which is then solved by an explicit time integrator, relaxing the
dynamic equations until the quasi-static solution is obtained. Refer to Key et al.

[1981], Underwood [1983] for more details.

38



2.2. NONLINEAR ELASTOSTATICS OF AN AXIALLY-LOADED BAR

2.2 Nonlinear Elastostatics of an Axially-Loaded Bar

at Small Strain

Refer to Sects.3.2, 8.1, and 8.2 of Anandarajah [2010], among other references. This section
is meant to provide a brief introduction to the nonlinear finite element method (FEM),
formulating the Strong, Weak, Galerkin, and nonlinear finite element equations in residual
form for solution by the Newton-Raphson method. We assume geometric linearity (small
strain € = du/dx), but material nonlinearity (axial stress o(¢) is a nonlinear function of axial
strain €). An example of a two-element discretization of an axially-loaded one-dimensional
(1D) bar is provided, with a nonlinear elastic constitutive relation for axial stress o(€). Refer
to CVEN 5511 notes (or other introductory FEM books or notes) for a review of the linear

FEM for an axially-loaded bar.

2.2.1 Strong Form

The strong form of the problem is a formal statement of the governing differential equation(s)
and boundary conditions. It is called “strong” because the differential equation is satisfied
pointwise, in this case at every point z in the domain 2 (more below). Here, our governing
differential equation is the balance of linear momentum without inertia terms. For the

axially-loaded bar shown in Fig.2.8, the strong form (S) may be stated as,

Find u(x) : Q — R such that

_%@A) _f zeQ (2.61)
(cA)p,=F x=1L (2.62)

u=g x=0 (2.63)
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where the internal axial force N(z) = o(x)A(x) (see CVEN 5511 notes), the axial displace-
ment u(z) : Q — R reads as “the domain of u(z) for x is Q = [0, L] or 0 < x < L, and the
range of u is the set of real numbers R,” and 2 = (0, L) where z € Q reads “z in Q" or
0 < x < L. A natural (or Neumann) BC is applied at = L, and an essential (or Dirichlet)

BC is applied at = 0. Refer to Fig.2.8 for definition of terms in the Strong Form (S).

Figure 2.8. Axially-loaded bar with cross-sectional area A (m?), length L (m), axial stress o (Pa)
which may be a nonlinear function of axial strain e = du/dx, axial displacement wu(z), concentrated
force F' (N) at x = L, distributed axial force f (N/m), and prescribed axial displacement g (m) at
z=0.

2.2.2 Weak Form

To formulate the weak or variational form, we write the differential equation in residual form

using the Method of Weighted Residuals, such as,

/0 Cu {%(UA) + f} dz =0 (2.64)

where w(x) is called the weighting function. We next integrate by parts, which will provide

us (i) a bilinear form (symmetry, typically), and (ii) provide the natural BC. After integrating
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by parts using the chain rule

d dw d(cA)

p [w(cA)] = %(UA) +w o (2.65)
and applying the Divergence Theorem, we have
L dw L
—oAdzr = wfdr 4+ w(L)F (2.66)
o dx 0

Recall that we integrate by parts to reach a bilinear form and also to provide the natural

BC [Hughes, 1987]. Thus, we can state the weak (or variational) form (W) as,

Find u(z) € 8 such that

L dw L
/ —oAdx = / wfdr 4+ w(L)F (2.67)
o dx 0

holds for all w(z) € V

where the trial solution space is 8§ = {u(z) : Q — R, u(0) = g} and weighting function space
is V= {w(z) : Q@ = R,w(0) = 0}. It can be shown that the weak and strong forms are
equivalent [Hughes, 1987]. It is called the “weak” form because the differential equation is

satisfied in integral (or average) form.

2.2.3 Galerkin Form

The Galerkin form is a discrete approximation to the weak form, as demonstrated in Fig.2.9.
There are two traditional Galerkin methods [Hughes, 1987]: the Bubnov-Galerkin and
Petrov-Galerkin methods. The Bubnov-Galerkin method assumes the class of functions
for the weighting function and trial solution (displacement) are the same (e.g., linear shape

functions for both), whereas the Petrov-Galerkin method is more general and allows their
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function classes to be different. We will use the Bubnov-Galerkin method (which is normally
just called the “Galerkin” method). An advantage computationally to Bubnov-Galerkin is
that the tangent stiffness matrix is symmetric, if the material tangent matrix is symmetric.
This symmetry will break down for non-associative plasticity (used for most geomaterials)

as well as anisotropy due to fabric or texture effects.

The Galerkin form involves discretizing spatially the domain, in this case the bar of length L,
into discrete segments with characteristic length h. The discrete trial solution and weighting
function spaces 8" and V", respectively, in turn are finite dimensional subspaces of their
continuous counterparts: 8" C §, V* C V. The Galerkin form (G) is a restatement of the

weak form in finite dimensional space as,

Find u"(z) € 8" such that

dw" h h
%a(e JAde = [ w"fdx +w"(L)F (2.68)
Qon o

holds for all w"(z) € V"

where axial strain ¢ = du”/dz, and h is the characteristic length of the finite element
(indicating that the variable is discrete). The finite dimensional trial solution space is §" =
{u(x) : Q" — R, u"(0) = g} and weighting function space is V? = {w"(z) : Q" — R, w"(0) =
0}, where Q" = [0, L]. For this 1D problem, Q" = Q, but this is usually not the case for 2D
and 3D problems, where " C €, i.e., the mesh is an approximation (typically a sub-domain)

of the physical spatial (geometric) domain.
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h
T
—

Figure 2.9. Discretization of bar for Galerkin form, given discretization parameter h.

2.2.4 Finite Element Form

The next step in formulating the nonlinear finite element equations is to further discretize

the problem into finite elements, such that,

Nel

o= A9 (2.69)
e=1

where A"e‘1 is called the element assembly operator, Q¢ = (z5,x5), ng is the number of
e=
finite elements, and e indicates the element number. The domain of element e is shown in

Fig.2.10 for the global coordinate system x as well as the natural coordinate system &.

C— ® ,

-1 +1
he §

Figure 2.10. Linear 2-noded finite element in global coordinate x and natural coordinate £. Element
length h® = 2§ — 2§. «f is global coordinate of local node a, where a =1, 2.

We will use an isoparametric formulation for the global coordinate z, weighting function w,
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and displacement u such that,

e = 3N (2.70)

W) = SN (2.71)
E) = SN (2.72)

where the shape functions are shown in Fig.2.11, ¢ are the local nodal weighting function
values, and df are the local nodal displacements shown in Fig.2.12. The formulation is called
“isoparametric” because the coordinate x and weighting function w and displacement u are

all interpolated with the same shape functions.

®
N@

Figure 2.11. Linear shape functions for 2-noded element in natural coordinate £&. Ny = (1 —¢)/2,
Ny = (1+¢)/2.

cy € di dy
T o e o
1 @ 2 1 @ 2

e

¢, local node a =1, 2.

Figure 2.12. Nodal values of weighting function ¢! and displacement d
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To express in matrix-vector form, we carry out the summation and write,

€ [ ] xi
xh (6) = N1 N2 =

L 1] as

. [ 1]
wh (6) = N1 N2 =

L ] e

€ di
uh (5) = [ Nl NQ } =

d;

N°(&) - x° (2.73)
Ne(€)-¢" = ()" - (N9)T(¢) (2.74)
Ne(€) - d° (2.75)

When calculating the spatial derivatives of the weighting function and displacement field,

we use the Jacobian of coordinate transformation j¢:

dwhe (6) o dNe(é“) e e e e\T e\T
o = T =B ¢ =(c°)" - (B°) (2.76)
e AN®(§) _ dN°(§) d¢
B = i dE (2.77)
. dz"™ ON; _ ON, 1, 1, .
Jj¢= RRT: x] o€ xz——§x1+§x2—h/2 (2.78)
1
— BGZE{_l 1} (2.79)
We likewise transform the integration as,
1
/ (o)dx = / (e)j°d¢ (2.80)
e -1
We rewrite the discrete variational equation in element form as
dw" h h
—o(e"Adx = | w"fdx +w"(L)F (2.81)
QOh dx QOh
el dwhe he he he
A %a(e JAdr = [ w" fdx +w" (L)F (2.82)
e:1 e €
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Substituting the shape functions, we have

( )

‘R (T ' T _( he ' T
) B* AjedE = N°) fj°d 7 2.83
A} [ BV o= [ v g (283
fe,INT(de) f; )
\ fe,EXT )
K(CE)T . {fe,INT(de) — fe,EXT} (284)

e=1

e,EXT -

where £™T(d?) is the internal element force vector, and f is the external element force

vector. After assembly and application of BCs, we have,
" [FN(d) — F**T =0 (2.85)

which must hold for all ¢ (all w"), which implies that ¢ is arbitrary, except for nodes where
we have essential B.C.s, ¢4 = 0 if d4 = ¢g at global node A. Thus, for equilibrium to be

satisfied after applying essential B.C.s, then the following equation must hold
F™(d) = FEXT (2.86)

or in residual form

R(d) = F™"'(d) — F**T =0 (2.87)

which is a system of nonlinear equations that can be solved by the Newton-Raphson method

we presented in Sect.2.1.
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2.2. NONLINEAR ELASTOSTATICS OF AN AXIALLY-LOADED BAR

2.2.5 Consistent Tangent

The main ingredient needed for a Newton-Raphson solution method is the consistent tangent.

In this case, the global consistent tangent is written as,

OR 8FINT d Nel a[fe(de)]INT
ad 8d( ):A od° (288)

e=1

. € . . .
where, using " = du" /dz = B°® - d°, and assuming the cross-sectional area A is not a

function of axial displacement,

A — o ([ ) (2.80)
_ /;I(Be)Taoé(;e )A]edg (290)

where by the chain rule

do(e")  Oo(") 9™ do(e)

od° dehe ode  Deh* B (2.91)
and
aLfe(d)"™" /1 T e 00 (") .
AL s —— ¢ € € 2.92
s — = | (BB A (292)

. . . . . €
where for a linear element with constant cross-sectional area A and constant axial strain e,

Of (dN™ _ do(e) A | 1~
od° O he 11

(2.93)

If we assume linear elasticity with Young’s modulus E, o(¢"") = Ee"* and 0o /06" = E, as

expected.
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2.2.6 Summary of the Newton-Raphson method for nonlinear elas-

tostatic finite element method

Here, the solution of the nonlinear FEM using the Newton-Raphson method is summarized.

0. initialize: k£ =0, R(d") = F*"'(d") — F*™*"

1. solve for increment during iteration:

—1

OR(d")
odr = - (—RF 2.94
(P5) R (2.94)
2. update:
d"' = df +od* (2.95)
R(dk+1) — FINT(dk+1) o FEXT (296)
3. check for convergence: tol = le-8, tol = le-16, ..., your choice
dk+1
7”1%( 5 )l < tol, d* = d", exit
[R(d")|

else k=Fk-+1, iterate — stepl

2.2.7 Nonlinear elasticity

The form of material nonlinearity we will consider as a first example is nonlinear elasticity.

Later, elastoplasticity (and elastodamage) could be a source of material nonlinearity. Figure
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2.2. NONLINEAR ELASTOSTATICS OF AN AXIALLY-LOADED BAR

2.13 shows (a) linear elasticity and (b) one choice for nonlinear elasticity':

linear o(e) = Ee=— g_a =K (2.97)
€
exponential o(€) = 0w (l — exp[—Be|) = g_a = Bog,t exp|—Be] (2.98)
€

where B is a parameter controlling how quickly the saturated stress oy, is reached (like

approaching a perfectly-plastic limit but with no irrecoverable deformation).

A o

Osat -

Y
y-

Figure 2.13. (a) Hooke’s law. Linear elasticity. (b) Nonlinear elasticity.

2.2.8 Example

Let us consider a two linear element discretization of the axially loaded bar as shown in
Fig.2.14. We assume u = g = 0 at = 0. The ‘external’ force f***T at the element level is

the sum of the force due to a uniformly distributed force f and concentrated force F', such

TThis model is contrived and not indicative of any real material behavior, except it does combine nonlinear
elasticity with perfect-plasticity-like behavior which will be useful when testing an arc-length method under
load control.
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that,

AR T (2.99)
1 1— 2 e | 1
fi=1; = / e f(he/2)d¢ = fg (2.100)
U (1+€)/2 1
R
fr = SE fr= ’ (2.101)
0 F

where I is the reaction force at dof d; = 0.

FR1

+

d1 d2 d3
® 2 @ 3

21 ° o—)

—>—>—>—>—>f

Figure 2.14. Two linear element discretization of bar.

For a simple 1D problem like this, the element assembly process for the external force FEXT

is straightforward:

1 0 FE 1 Fft
L L L
FEXT _ fT 1]+ fT 11+1 0o | = fT 21 4+1 o (2.102)
0 1 F 1 F
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The internal force for element e is calculated as

1

FENT(d) = / (B To(e) A /2) de (2.103)
(B)" = fe =ie - (2.104)
ANy /dz | | 1
~1
FoNE () = o(d9)A (2.105)
1

FN(d)=c(dHA| 1 | +od)A| -1 (2.106)

Note that the axial stresses in element 1 o(d') and element 2 o(d?) may be different. Recall

the consistent tangent for a 2-noded linear element with constant cross-sectional area A,

such as
e, INT e
; d®) A 1 -1
oft " _dold) A4 (2.107)
od Oeh®  he
-1 1
Then, the assembly of the full consistent tangent is
1 -1 0 0 0 0
OR  Oo(d')2A do(d?) 2A
b =1 _ _ 2.1
5d = Bk I L1 0|+ |01 1 (2.108)
0 0 0 0 -1 1
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Recall the Galerkin form in vector form

Ry
' [FN(d) - F™] =c" R= { e ¢y cs } | Ry, | =0 (2.109)

Rs

Since d; = 0, then ¢; = 0, and the first row of R is removed (but R; will = 0 as a post
processing step such that F? = F/¥T(d) — fL/4 is the reaction force), and the first row and

column of IR /0d are removed. The degrees of freedom left to be solved are dy and ds.

What if u = g at x = L instead of a concentrated force F'? Then, ¢; = ¢3 = 0, and reaction
force Fy? takes the place of F' in FEXT — [ FFE 0 FEF }T, the first and third rows of R are
removed, along with the first and third rows and columns of R /dd. Note that for element
2, the local element displacement vector d*=? = [dy ds]” = [dy g]”. In this case, there is
only one degree of freedom to be solved, do. Also, there are now two reaction forces (F?
and FJ) that may be determined as a post-processing step as F* = FINT(d) — fL/4 and

Fft = FJNT(d) — fL/4 where d = [0 dy g]* such that dy is the only unknown dof.

We will revisit this example in a problem set.
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2.3. NONLINEAR ELASTODYNAMICS OF AN AXTALLY LOADED BAR

2.3 Nonlinear Elastodynamics of an Axially Loaded

Bar at Small Strain

Refer to Hughes [1987] for details of the linear elastodynamic finite element method (FEM)
and Belytschko et al. [2000] for an overview of the nonlinear FEM. This section is meant to
serve as a brief introduction to the nonlinear elastodynamic FEM, formulating the Strong,
Weak, Galerkin, and nonlinear finite element equations in residual form after time integration
(using the Newmark and Runge-Kutta time integration methods) for solution by the Newton-
Raphson method (Runge-Kutta is explicit and thus does not require a nonlinear interative
solution). We assume geometric linearity (small strain e(z,t) = du(z,t)/0z), but material
nonlinearity (axial stress o(e€) is a nonlinear function of axial strain €). Refer to CVEN 5511
notes (or other introductory FEM books) for a review of the linear FEM for a dynamic

axially-loaded bar.

2.3.1 Strong Form

The strong form of the problem is a formal statement of the governing partial differential
equation with boundary conditions and initial conditions. It is called “strong” because the
differential equation is satisfied pointwise, in this case at every point z in the domain € (more
below). Here, our governing partial differential equation is the balance of linear momentum

with inertia terms. For the axially-loaded bar shown in Fig.2.15, the strong form (S) may
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be stated as follows,

Find u(z,t) : Q x [0,T] = R such that

p(x)A(x)% - %[U(G)A] — f(z.t) x€Q te(0,T) (2.110)
(0A), =F(t) x=L te(0,T) (2.111)

w(0,t) =g(t) z=0 te(0,7) (2.112)

u(x,0) = ug(zr) x€(0,L) t=0 (2.113)

i(x,0) = tg(zr) x€(0,L) t=0 (2.114)

where the internal axial force N(z,t) = o(x,t)A(x) (see CVEN 5511 notes), the axial dis-
placement u(z,t) : Q x [0,T] — R reads “the domain of u(z,t) for z is Q = [0, L] and for
tis [0,7],or 0 <z < Land 0 <t < T, and the range of u is the set of real numbers
R,” and Q = (0, L) where z € Q reads “x in " or 0 < x < L. A natural (or Neumann)
concentrated force boundary condition (BC) F(t) is applied at © = L, and an essential (or
Dirichlet) displacement BC g(t) is applied at = 0. Note that the BCs may be functions of
time ¢. Initial displacement uo(x) and initial velocity o(x) along the bar coordinate z are

applied at t = 0. Refer to Fig.2.15 for illustration of terms in the Strong Form (S).

2.3.2 Weak Form
To formulate the weak or variational form, we write the differential equation in residual form
using the Method of Weighted Residuals as,

/0 w(x) [—p(x)A(z)% + (%[a(e(:v, t)A(x)] + f(z,t)| de =0 (2.115)

where w(z) is the weighting function which is not a function of time ¢ as it is arbitrary,

except where the essential BC is applied where it is zero. We next integrate by parts, which
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2.3. NONLINEAR ELASTODYNAMICS OF AN AXTALLY LOADED BAR

Figure 2.15. Axially-loaded bar with cross-sectional area A(x) (m?), length L (m), axial stress
o(x,t) (Pa) which may be a nonlinear function of axial strain e(z,t) = du(x,t)/0z, axial displace-
ment u(z,t), concentrated force F(t) (N) at x = L, distributed axial force f(x,t) (N/m), and
prescribed axial displacement g(¢) (m) at x = 0.

will give us (i) a bilinear form (symmetry, typically), and (ii) provide the natural BC. After

integrating by parts using the chain rule,

0 _ Ow d(cA)
2 u(o4) = 2o 4) +u "

(2.116)

and applying the Divergence Theorem, we have,

/0 {w(m)p(z)A(z)a %if’t) + &g(;)a(e(x,t))fl(x)} dz = /0 w(z) f(z,t)de + w(L)F(t)

(2.117)
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Recall that we integrate by parts to reach a bilinear form and also to provide the natural

BC [Hughes, 1987]. Thus, we can state the weak, or variational, form (W) as,

Find u(z,t) € 8 such that

/O [w(m)p(aj)A(aj)8u&(;g’t)+ag;x)a(e(x,t))z4(:c) dz = (2.118)

/0 w(@) f(x, t)dz + w(L)F(t)
holds for all w(z) € V

where the trial solution space is 8 = {u(x,t) : Q x [0,T] = R, u(0,t) = g(t)} and weighting
function space is V = {w(z) : @ — R,w(0) = 0}. It can be shown that the weak and
strong forms are equivalent [Hughes, 1987]. It is called the “weak” form because the partial

differential equation is satisfied in integral (or average) form.

2.3.3 Galerkin Form

The Galerkin form is a discrete approximation to the weak form, as demonstrated in Fig.2.9
for the elastostatic problem. As for elastostatics, similarly for elastodynamics we will use

the Bubnov-Galerkin formulation.

The Galerkin form involves discretizing spatially the domain, in this case the bar of length
L, into discrete length segments with characteristic length h. The discrete trial solution and
weighting function spaces 8" and V", respectively, in turn are finite dimensional subspaces

of their continuous counterparts: 8" ¢ §, V* € V. The Galerkin form (G) is a restatement
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of the weak form in finite dimensional space as,

Find u"(z,t) € 8" such that

/0 {wh(x)p(z)A(x)a uag’t)+awax(x)a(eh(x,t))A(x) d = (2.119)

/L w(x) f(z,t)dx + w"(L)F(t)
0
holds for all w"(z) € V"

where axial strain €"(x,t) = Ou"(z,t)/0x, and h is the characteristic length of the finite
element (indicating that the variable is discrete). The finite dimensional trial solution space
is 8" = {u(z,t) : Q" — R,u"0,t) = g(t)} and weighting function space is V* = {w"(x) :
Q" = R, w"(0) = 0}, where Q" = [0, L]. For this 1D problem, Q" = Q, but this is usually
not the case for 2D and 3D problems, where Q" C €, i.e., the mesh is an approximation

(typically a sub-domain) of the physical spatial (geometric) domain.

2.3.4 Finite Element Form

The next step in formulating the nonlinear finite element elastodynamic equations, is to

discretize the 1D bar into finite elements, such that,

Nel

o= A (2.120)
e=1

where A:e_ll is called the element assembly operator, Q¢ = (x5, z5) is the element domain, n
is the number of finite elements, and e denotes the element number. The domain of element
e is shown in Fig.2.10 for the global coordinate system z as well as the natural coordinate

system &.
We use an isoparametric formulation for the global coordinate x, weighting function w,
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displacement u, velocity @ (when include viscoelasticity or mass-proportional damping), and

acceleration i such as,

Q) = S N(©)al (2.121)

a=1

W) = YN (2122)
WD) = 30N (2.123)
e = Y N(©d(t) (2.124)

W& = Y Na@dy(t) (2.125)

where the shape functions are shown in Fig.2.11, ¢¢ are the local nodal weighting function
values, and d¢(t) the local nodal displacements shown in Fig.2.12. d¢(t) is the axial velocity
at local node a, and cZZ(t) is the axial acceleration. Note that the time derivatives on axial
displacement u"" (£, t) to determine the axial velocity 4" (¢, t) and axial acceleration " (¢, t)
are applied to the nodal degree of freedom d<(¢). The formulation is called “isoparametric”
because the coordinate x and weighting function and displacement are all interpolated with

the same shape functions.
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To place in vector form for nonlinear solution, we carry out the summation and write as,

(€)= :Nl
w(§) = :Nl
u(€,t) = :Nl
W (€, 1) = :Nl
i) = :Nl

N [ = N°(§) - z° (2.126)
v | DN = (T (N (2120)
[ () |
N, = N°(&) - d°(t) (2.128)
ds(t)
) | )
Na . =N°(&)-d (1) (2.129)
ds(t)
1| i) |
N, ) = N°(¢)-d () (2.130)
4| ds()

When calculating the spatial derivatives of the weighting function and displacement field (or

velocity field for viscoelasticity), we use the Jacobian of coordinate transformation j¢:

" (£)
or

6he (57 t) — auhe (57 t)

o (e = 2 E0

ox

az\(;;(&) = BF ¢ = ()T (BT 2.131)
e az\af;@) _ az\;@ % (2152)
o = dzg—;e - aa—]\glxi + 88—]2729:; - —%xf + %xQ = h°/(2.133)
B¢ = hi [ -1 1 ] (2.134)
B¢ - d°(t) (2.135)
Be-d(t) (2.136)
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We likewise transform the spatial integration as,

[ war= [ @

(2.137)

We rewrite the discrete variational equation in finite element form, first recalling the Galerkin

form as,

[ |

and leaving off the arguments (z, ),

el we OPuM Ow
A{/e[w PG T o

e=1

O*ul(z,t) N owh(x)
ot? oz

Substituting the shape functions, we have,

;

e

1 1

Nel 1
A3 | [ voTpajeNag

-

U(ehe)A} dr = / e w fda + whe(L)F}

A0+ [ BV oAz = [ (N i £

me Fd )

Nel

e=1

o("(x, t))A(:c)] dx = /Qh w'(z) f (2, t)dx + w"(L)F(t)

(2.138)

(2.139)

)
fe,ls)r(T " )
(2.140)
(2.141)

A" {med @)+ £ (1) = £ |

where m¢ is the element mass matrix, f“™T(d(t)) is the internal element force vector,

and £ (1) is the external element force vector which may be a function of time ¢. After

assembly and application of BCs, we have

- [M -d(t) + FYNT(d(1)) — FEXT(t)] —0
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which must hold for all ¢ (all w"), which implies that ¢ is arbitrary, except for nodes where
we have essential B.C.s, c4 = 0if da(t) = g(t) at global node A. Thus, for equilibrium to be
satisfied after applying essential B.C.s with ¢ arbitrary at all other nodal degrees of freedom,

then the following equation must hold:
M -d(t) + FNT(d(t)) = FEXT (1) (2.143)

Before placing in residual form for solution by the Newton-Raphson method (assuming an
implicit time integration scheme), we apply the Newmark time integration scheme [Hughes,
1987] by writing Eq.(2.143) at current time ¢,,11 = t,, + At, where At is the time increment,
such that,

M - d(ti1) + FN(d(tsn)) = F™ (t1) (2.144)

or

M -a, 1+ F"(d, ) = FXT (2.145)

where the nodal acceleration vector a,.; = d(tn+1). For Newmark time integration, the

finite difference in time equations are,

At?
d,.1 =d,+ Atv, + - [(1—258)a, + 26a,41] (2.146)

Vn1 = Un + AL[(1 =)@y + 7ani1] (2.147)

where v and 3 are integration parameters, v, = d(tn+1) is the velocity vector at time

t,+1, and values at previous time ¢, are known. We can substitute to solve for aflﬂ using

Newton-Raphson (current iteration &k + 1), and then update df*} and v21] during iteration

as follows. First, we introduce the “predictors” from known values at time t,, as,

-~ At?

Vpy1 = v, + At(1 — y)a, (2.149)
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such that the update during iteration becomes,

ditt =d,,, + BAal! (2.150)
UhE = By + Al (2.151)

To initialize time-stepping, we must solve for initial acceleration ay from the FE equation,
M -ay = FF* — FIYT(dy) (2.152)
We rewrite in residual form, and solve via Newton-Raphson as,

R(akt)) = M -ali + PP (i) — FEXT =0 (2153)

2.3.5 Consistent Tangent

To solve Eq.(2.153) via the Newton-Raphson solution method, we need the consistent tan-
gent. In this case, the global consistent tangent with respect to acceleration solution a is

(assuming evaluated at iteration k at time step n + 1),

OF™NT(d)od  ne
(d)od A {me N

e=1

afe,INT (de)

OR
M + od°

2 = T e = (mt?)} (2.154)

. € € . . .
where, using ¢ = Ou" /0x = B° - d°, and assuming the cross-sectional area A is not a

function of axial displacement,

e,INT / ge 1
afaide(d) — % ([I(BE)TU(Ehe)Ajedf) (2155)
' e Taa(Ehe) e
= /_1(3) 5 AUcde (2.156)
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where by the chain rule

do (") do(")ae" o (")

od¢ 0 ade T Qe B (2.157)
and
8f67INT(d8> _ ! e\T eﬁg(ehe) e
T_/_1(3) B Ajede (2.158)

where for a linear element with constant cross-sectional area A and constant axial strain e,

ofe™t(d)  oo(e)A | 1 —1

ad° deh* he (2.159)

If we assume linear elasticity with Young’s modulus E, o(¢"") = Ee" and 0o /0" = E,
as expected, but we will leave the formulation general to be able to accomodate nonlinear

constitutive models.

2.3.6 Summary of the Newton-Raphson method for nonlinear elas-

todynamic finite element method

Here, the nonlinear solution using the Newton-Raphson method is summarized in the context
of our current discussion of nonlinear elastodynamic FEM (assuming all quantities evaluated

at time step n + 1 unless otherwise indicated).

Determine the predictors:

A 2

d

v =v, + At(l —v)a,

0. initialize iteration: k£ = 0, R(a’) = M - a’ + F"*(d°) — F***, where a° = a,, and
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d’ =d,, and FE_)EIT and/or g,,1 are incremented to drive the solution (subscript n + 1

implied in the equations).

1. solve for increment:

IR(a") k k
0a” = —-R 2.160
(PEe)) -sa (2.160)
2. update:
a"tt = a* +sa” (2.161)
d" = d + AL et (2.162)
v = 9+ yAtat ! (2.163)
R(a"") = Mo+ F" (@) — F™7 (2.164)
3. check for convergence: tol = le-8, tol = le-16, ..., your choice
o IR@Y)] ST
if ————— < tol, a” = a""", exit
1R (a®)]]

else k=Fk-+1, iterate — stepl

We will consider a dynamic loading example in a future problem set, first with analytical
solution assuming linear elasticity (but with full nonlinear solution with Newmark time
integration), and then with nonlinear elasticity (and later inelasticity such as elastoplasticity,

elastodamage, etc.).
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2.3.7 Runge-Kutta adaptive time step integration for nonlinear

elastodynamic finite element method

Within the Newmark time integration scheme, when selecting the integration parameters
to be f = 0 and v = 1/2 this leads to the well-known Central Difference time integration
method, which is explicit and thus conditionally stable on the selection of time increment
At. Explicit time integration schemes as applied to nonlinear elastodynamics, such as in
Eq.(2.143) in our case, do not require iterative nonlinear solution via Newton-Raphson or
other Newton-like method, and in turn do not require a linear matrix equation solution at
each iteration. This is appealing when time increment At is required to be small to resolve
the physics, such as simulating a car crash for designing safer cars, or helmet-head impact
to design safer helmets and lessen the likelihood of Traumatic Brain Injury (TBI). How-
ever, for “slower” dynamic activities such as normal running and jumping, or earthquake
loading, implicit time integration schemes which are unconditionally stable such as New-
mark’s parameters 5 = 0.3025 and v = 0.6 (with a small amount of algorithmic damping) or
Trapezoidal Rule § = 1/4 and v = 1/2 (no algorithmic damping) are appealing, but require
Newton-Rapshon or other Newton-like method to iteratively solve the nonlinear equations.
Whether explicit or implicit time integration of nonlinear elastodynamics equations, having
an adaptive time-stepping procedure to increase At when possible for faster solution and de-
crease At when needed for stability is appealing. There are various adaptive time-stepping
procedures available for both explicit and implicit time integration schemes, and the purpose
of this section is not to provide a review of the various available procedures. We instead
focus on one adaptive time-stepping procedue for a higher-order explicit time integration
scheme, the well-known Runge-Kutta(RK)-Fehlberg scheme (cite?). The adaptivity stems
from error control based on fourth and fifth order accurate multi-stage RK methods. These

multi-stage methods are applied to first order ordinary differential equations (ODEs). Thus,
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Eq.(2.143) must be recast as a first order ODE in the following form:
2= f(t 2) (2.165)

for unknown degree of freedom vector z with right hand side vector equation f(t,z). This

may be accomplished by setting,

z= = (2.166)

s = = (2.167)

where 2, = z, the first term in the left hand side of Eq.(2.165). To find the second term in

the left hand side of Eq.(2.165), we rearrange Eq.(2.143) to read as,

d=M". (FFT — F'"T(d)) (2.168)
or rewritten in terms of z as,

zi=M"" (FPT — F™7(2y)) (2.169)
Equation (2.165) then becomes,

z Z;
- d (2.170)
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2.3. NONLINEAR ELASTODYNAMICS OF AN AXTALLY LOADED BAR

which is a first order ODE we can solve with an adaptive time-stepping multi-stage RK
method. If the mass matrix is lumped (such as through nodal integration Hughes [1987])

and in turn M becomes diagonal, then M ! is trivial to evaluate.

enter more details here
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Chapter 3

One-Dimensional Constitutive

Modeling at Small Strain

Much of the material in this chapter is taken from Simo and Hughes [1998], Borja [2013].

This chapter will primarily focus on steps 1-5 of a typical modeling procedure if you are
developing your own inelastic constitutive model. We start with a simple form of inelas-
tic constitute model: small strain elastoplasticity with linear hardening. These steps are

outlined as follows:

1. kinematics: We assume small strains, such that an additive decomposition of axial

strain € into elastic and plastic parts is appropriate:

€=¢€"+¢P
total strain € = du/dx
elastic strain  €° (recoverable deformation)

plastic strain € (permanent /irrecoverable deformation)
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CHAPTER 3. 1D CONSTITUTIVE MODELING AT SMALL STRAIN

where éP will be defined through a flow rule, from which € can be integrated in time.
Then, given the total strain e from the finite element calculation, we can calculate the
elastic strain as € = ¢ — €?.* Consider Fig.3.1 for an elastic-perfectly-plastic model

(hardening modulus H = 0).

€A

Figure 3.1. Linear elastic, perfectly plastic, stress-strain response showing additive decomposition
of strain at point A: €4 = €5 + ei.

2. balance equations and thermodynamics: These equations will involve derivation
of the following: (1) balance of mass (use for fluid flow, mixture theory, etc., not here),
(2) balance of linear momentum (solve for displacement), (3) balance of angular mo-
mentum (leads to symmetric stress for non-polar media), (4) balance of energy (first
law of thermodynamics; solve for temperature), (5) second law of thermodynamics

(constrains inelastic constitutive model formulation; requires non-negative energy dis-

*At this time, I do not have a satisfactory solution to the challenge of using (1) roman font superscript e
to denote elastic strain €®, and (2) italic font superscript e to denote finite element quantity, such as element
characteristic length h¢, or element displacement vector d°.
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sipation). We focus on (4) and (5) for constitutive modeling purposes in this chapter.
For further information, refer to continuum mechanics textbooks, such as Malvern

[1969], Holzapfel [2000].

. constitutive equations: For elastoplasticity, we need constitutive equations for stress
(e.g., linear elasticity o = Ee°), a yield function f(o,q%) = 0 and plastic potential
function g(o,q%), internal state variable (ISV) evolution equations (e.g., hardening,
perfect, or softening plasticity) for a stress-like ISV vector g¢°. Superscript ¢ implies

that g¢ is a stress-like ISV vector, as opposed to the heat flux vector gq.

We ignore damage for now, which could degrade the elastic modulus and lead to

softening and/or fracture.

The ISVs attempt to represent phenomenologically the evolution of the underlying
microstructure as it relates to the experimentally-observed behavior (e.g., motion and
piling up of dislocations at obstacles in metals leading to hardening; compaction of pore
space in sand leading to reduced volume and increased shear strength and hardening;
shear bands in metals and particulate materials leading to post-peak softening and

failure, ...).

. numerical integration in time: Certain constitutive equations will be expressed in
rate form (e.g., stress rate ¢ = do/dt and plastic strain rate €?) to account for evolution
of solid material properties over time due to deformation and load history. We must
integrate numerically in time before we can implement these equations into a nonlinear
finite element (FE) program. In rate form, the stress equation for constant Young’s

modulus reads,

5 = Eé& (3.2)
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where € is the strain rate provided by the FE program, leading to what we call a
“strain-driven” problem ¢é ~ Ae/At, where Ae = d(Au)/dx and At = t,.1 — t, is
the time increment. The evolution equations (rate form of constitutive equations) are
usually first order ordinary differential equations (ODEs) in time ¢, thus we may use a
generalized trapezoidal rule to integrate in time (e.g., Backward Euler, Forward Euler,
trapezoidal rule). If only plasticity is history dependent (i.e., no viscoelasticity), then

. t1 .
we can write 0 = Fe®, ¢ =€ — €P, P = ftol éPdt.

5. FE implementation, consistent tangent: The axial 1D stress o (and 3D stress
tensor 0;;) will be a nonlinear function of the element displacement: o(d®), where e
denotes element, NOT elastic. Then, the formulation of the consistent tangent for
Newton-Raphson solution can be more involved than for nonlinear elasticity:

afe,INT(de)

= (3.3)

We will show such details after we present the 1D elastoplasticity theory, time integra-
tion, and local material consistent tangent do” /€.

6. verification: verify implemented model (compare to analytical closed-form solution, if
have one, or other numerical nonlinear solution) or ‘manufactured analytical solutions’

[Schwer, 2007].
7. calibrate constitutive parameters from laboratory experimental data

8. validation: attempt to validate model using FE simulation of more complex experi-
mental data (geotechnical centrifuge test, structural lab test, realistic component load-

ing, etc.) with quantified uncertainty; is your constitutive model predictive?

9. analyze problem of interest using FEA and constitutive model.
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3.1. EXPERIMENTAL EVIDENCE

3.1 Experimental Evidence

For a discussion of the stress-strain response of solid materials under tension and/or compres-
sion, refer to Ch.2 of Lubliner [1990] (pg71, here as Fig.3.2), or Ch.5 of Desai and Siriwardane

[1984] for geomaterials, as well as other papers and books on materials of interest to you.
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Figure 2.1.1. Stress-strain diagrams: (a) ductiie metals, simple tension; (b) ductiie

Figure 3.2. Example experimental curves demonstrating elasto-plasticity. Taken from Figure 2.1.1

of Lubliner [1990].

metal (low-carbon steei), simpie tension and compression; (b’) yield-
point phenomenon; (c) cast iron and giass, simple compression and
tension; (d) typical concrete or rock, simple compression and tension;
(e) rock (limestone), triaxiai compression; (f) soils, triaxial compression.
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3.2. BALANCE EQUATIONS AND THERMODYNAMICS

3.2 Balance Equations and Thermodynamics

We start by writing the balance of linear momentum in 3D and 1D (uniaxial stress) for

a single phase solid material as

3D pul = 0Oij,5 -+ pbl (34)

1D (pA)ii = (0 A), + f (3.5)

where, p = mass density (kg/m?), ii; = acceleration vector (m/s?), o;;; = 00;;/0x;, 045 =
symmetric stress (Pa), b; = body force vector per unit mass (N/kg = m/s?), (cA), =
(g A)/Ox, ii = axial acceleration (m/s?), A = cross-sectional area of axially-loaded bar
(m?), f = distributed load along axially-loaded bar (N/m). The balance of angular

momentum for a non-polar medium leads to symmetry of the stress tensor as o;; = 0j;.

We may state the balance of energy (first law of thermodynamics) for a body B in Fig.3.3,

in terms of its rate as

total energy rate = power input + heat input rate

Etotal - Rnput+Qinput (36)

where Fio. = K + U is the total energy of the system, K is the kinetic energy, U is the
potential energy, P,y is the power input as a result of external tractions and body force,
and Qinput 1S the heat input rate due to heat conduction at the surface 9B and distributed

internal heat source within the body B.

The power input term P, warrants more attention. Note that it is composed of a traction
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power term and body force power term as follows,

Pinput :/ tfvida+/pbividv (3.7)
OB B

where the traction power term may be reformated as,

/t;’v,-da = /(Uz'jnj)vida:/ (o35vi)n;da
oB B 9B
_ /8(Uijvi)dv:/(Uijjvi+aijvij>dv (3.8)
3 0x; B 7

Recall from the balance of linear momentum,
0ijj = PV — pb; (3.9)

and the small strain rate,

. 1
€ij = §(Ui7j + 'Ujﬂ') (310)

Given the symmetry of the Cauchy stress, we may write,
Uijvi,j = Uijéij (311)

Substituting, recognizing that D(1v;v;)/Dt = ¥;v;, and using again the conservation of solid

phase mass Dpo/Dt = 0 (recall dv = JdV and py = Jp), we may write,

Pinput = /pUZUZdU—/prUZdU+/O'ZJEZjd’U—i—/prUZdU
B B B B

D 1
= Ft BipvividU—F/BO'ijéide (312)
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3.2. BALANCE EQUATIONS AND THERMODYNAMICS

In summary, in integral form over the body B, we have,

. D 1 D 1 )
Bl = i ; (5/)112-112- + pe) dv = Di /93 §pvividv + /93 pedv (3.13)
D 1 i
Pinput = Ft 5 §pvividv +/BO'ij€ide (314)

Qinput = / (—qin,-)da+/prdv:—/qm-dv%—/prdv (3.15)
oB B B B

where D(e)/Dt is the material time derivative with respect to the motion of the solid (refer
to Sect.2.3 of Holzapfel [2000]), we have employed the balance of mass of the solid (assuming
single phase material) Dpy/Dt = 0, reference mass density po = Jp, J is the Jacobian of
deformation, p is the mass density (kg/m?), v; is the velocity vector (m/s), e is the internal
energy per unit mass (J/kg), ¢; is the heat flux vector into B (W/m?), r is the internal
heat supply per unit mass (W /kg). Substituting, canceling terms, and localizing the integral

leads to the balance of energy equation as
1D pé=oé+ pr—q, (per unit volume) (3.17)
The second law of thermodynamics in 3D states that,

rate of entropy increase > entropy input rate
D r 1
— dv > —dv — —qgin;d 3.18
Dtépnv_épev /%Qqna (3.18)

where 7 is the entropy per unit mass (J/(K.kg)), 0 is the temperature (K), and n; is the unit

fyet another usage of italic e!
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n

Figure 3.3. Continuum body B with boundary 0B.

normal vector to the surface 0B. After localizing the integral, we have,

1
pon > pr—qi;i+ ;g0 (3.19)

g 4%

We assume the existence of a Helmholtz free energy function per unit mass ¢ (important for

non-isothermal problems) as follows,
Y =e—nb (3.20)
After substituting for ¢, and pé from the first law (3.16) leads to the Clausius-Duhem

inequality (check the derivation yourself) as,

. ]
oij€i — pY — pnb — 5%‘971’ >0 (3.21)

For isothermal (f = 0) and homogeneous temperature (6, = 0) problems, the Clausius-
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3.3. CONSTITUTIVE EQUATIONS FOR 1D ELASTOPLASTICITY

Duhem inequality is written as

3D oyé; —pt >0 (3.22)

1D oé—pp >0 (per unit volume) (3.23)

3.3 Constitutive Equations for 1D Elastoplasticity

We outline the topic coverage for 1D classical (inviscid or rate-independent) elastoplasticity

as [Simo and Hughes, 1998, Anandarajah, 2010, Borja, 2013]

(i) Helmholtz free energy function
(i) yield and plastic potential functions
(iii) evolution equations for ISVs
(iv) Kuhn-Tucker optimality conditions
(v) consistency condition
(vi) continuum elastoplastic tangent
(vii) isotropic/kinematic hardening
(viii) convexity of yield surface

(ix) uniqueness (Hill’s stability postulate, softening plasticity)

In more detail, we have
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CHAPTER 3. 1D CONSTITUTIVE MODELING AT SMALL STRAIN

(i) Helmholtz free energy function: The Helmholtz free energy function ¢ per unit
mass is additively decomposed (“energy separable” processes, which is a constitutive

assumption in and of itself) into elastic e and plastic p parts as,

p(e,¢) = p°(e°) + pP(C) (3.24)

where €° is the elastic strain, and ( is a strain-like ISV, not necessarily the plastic
strain, although in our case for 1D elastoplasticity it will end up being the magnitude
of the axial plastic strain |e?|. Taking the material time derivative (refer to Sect.2.3 of
Holzapfel [2000], and we will discuss more when we discuss mixture theory), we have

from the chain rule,

D(py)
Dt

= pi + p¥ (3.25)

where p =~ 0 for a single phase solid material deformed at small strain. This will not
be the case for multiphase materials treated by mixture theory (we will discuss later),
and also for finite strain conditions. Then, we see that,

- D(pp)  Op) .. OpY)
p = i = he © + o ¢ (3.26)

We substitute this into the Clausius-Duhem inequality and rearrange terms to obtain

the following,

) (o) .
<a - E,ff)) &+ o — (aLgb)g >0 (3.27)

Coleman and Noll [1963], Coleman and Gurtin [1967] argued that the elastic strain
rate € can be an independent process from the plastic strain rate é® and ISV rate ( ,

thus for (3.27) to hold, we have an equation for the stress o as,

Apy) _0(py)
O Dec U= o= Oe®

(3.28)
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3.3. CONSTITUTIVE EQUATIONS FOR 1D ELASTOPLASTICITY

If (3.28) holds, such that the stress o is derived from a Helmholtz free energy function,
then the constitutive model is said to be “hyperelastic.” Also, a thermodynamically-

conjugate stress-like ISV k can be defined as

_O0(py)
Ki= =g (3.29)

(which is related to the yield stress) such that the reduced dissipation inequality D
becomes the difference between plastic power per unit volume (which when integrated

over time leads to plastic work) and rate of stored work of plastic ISV evolution as,
Di=0cé® — k(>0 (3.30)

We make a constitutive assumption for the Helmholtz free energy function v

(per unit mass) that leads to linear elasticity and linear hardening/softening as,

Pl Q) = S B(E) + S (331)

Then, assuming mass density p is constant, we have

o = = E¢° (3.32)
Oe¢
IV -

Assuming constant elastic modulus F and constant hardening/softening modulus H",

we express the stress equations in rate form as

6 = Eé=FE(E— &) (3.34)

Fo= H% (3.35)
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The axial strain rate ¢ will be provided numerically by the finite element solution,
and thus we need evolution equations for ¢? and ¢, as well as yield and plastic

potential functions, in order to calculate stress o and stress-like ISV k.

(ii) yield and plastic potential functions: We define a yield function f to determine

when the stress reaches plastic yielding along the stress-strain curve, where we have,

floyr) = Jo|—k<0 (3.36)
f < 0 elastic

f = 0 plastic

We can define the initial value of the stress-like ISV k to be the initial yield stress in
compression or tension of the 1D axially loaded bar, such that kg = k(t = 0) = 7,9. We
can look at the yield surface in 1D in Fig.3.4. In 1D, the elastic region is the portion
of the real number line where the axial stress o lies between the values of k in positive
(tension) and negative (compression) directions. In 1D, the plastic region is the value
of stress that equals the stress-like ISV, such as |o| = k. In Fig.3.4, the initial position

of the yield surface is shown.

plastic plastic
=0 . 0 : =0
Ir compression | tension 1 =
L \ I "
o eR
—0y0 = —ko Oyo = Ko

| |
elastic region

Figure 3.4. Yield surface in 1D, where the axial stress is in the set of real numbers: ¢ € R. We
will discuss the stress-path using this figure and a stress-strain plot.

A plastic potential function g is defined similar to the yield function f, but is used
to govern the plastic flow, or plastic strain rate, where the yield function f is used to

govern the admissible stress state (whether elastic or elastoplastic loading). There are
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3.3. CONSTITUTIVE EQUATIONS FOR 1D ELASTOPLASTICITY

(iii)

two choices for the plastic potential function g: (1) if g = f, then we have associative
plastic flow; (2) if ¢ # f, then we have non-associative plastic flow (typical
for geomaterials and concrete based on plastic volume change predicted by dg/do;

discussed in Chapter 5).

evolution equations: Now we define the evolution equations starting with the plastic
flow rule. We assume associative flow ¢ = f for 1D plasticity (and 3D isochoric

plasticity, later) for now, such that

: . Og . . . 0g

p = _— _= —_— _

é V5 = ¢ E <e 780) (3.37)
g=f=lo|—k (3.38)
dg _ o] _ .
o~ 9o sign(o) (3.39)
= éP = 4 sign(o) (3.40)

where * is the plastic multiplier or consistency parameter. Notice that 4 = [éP| > 0,
where plastic flow (deformation or strain) is in the direction of stress, which in 1D
is sign(o) (i.e., “+” for tension, and “—" for compression). We likewise define an

evolution equation for the strain-like ISV, such as

¢ =4h(o, k) = ik = H*¥h(o, K) (3.41)
where h(o, k) is the hardening function. For simplicity, we assume h(o, k) = —% =
1 = (=4 = |e?|. We will show later that h(o,r) = —% results from satisfying

the principle of maximum plastic dissipation, where also associative plasticity g = f
likewise results. It is important to recognize that the principle of mazximum plastic
dissipation is NOT the same as the second law of thermodynamics, which we will not
violate. However, for geomaterials, experimental data dictate non-associative plasticity,

which violates the principle of mazimum plastic dissipation, but not the second law of
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thermodynamaics. More later.

We summarize the constitutive and evolution equations as

G = Eé=E(¢— ) (3.42)
é? = A sign(o) (3.43)
ko= HYe| = HY (3.44)

where hardening, softening, and perfect plasticity for x are shown in Fig.3.5. Note that
the abscissa in Fig.3.5 is the plastic strain magnitude |€P|, and not the total strain e.

We will solve for 4 from the consistency condition.

A
" hardening, H>0

HFL

perfect, H=0

Ro

softening, H<0

o

€]

Figure 3.5. Evolution of ISV k for linear hardening/softening with hardening/softening modulus

H".

(iv) Kuhn-Tucker optimality conditions: We know the following conditions separately:
(a) 4 > 0, that the plastic multiplier is positive (4 > 0, plastic loading) or zero (¥ = 0,
elastic loading/unloading); and (b) f < 0, the yield function is negative (f < 0,

elastic loading/unloading) or zero (f = 0, plastic loading). Then, together, these two
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conditions are combined as ¥ f = 0, such that if ¥ > 0 then f = 0 and we have plastic

loading, where then the stress state is on the yield surface in Fig.3.6.

a )
OpA =K |feomceemennnnns A H=0
plastic
r 0 _fl=0
E | s
: L ! I
-k o4=K

a

Figure 3.6. Stress state is plastic, said to be “plastic loading” at 04 = k.

If f < 0 then 4 = 0, then we have elastic loading/unloading as shown in Fig.3.7.

o A
PR H=0
elastic
£ E b — +—
OB g
OB [ /- =R —K K

Figure 3.7. Stress state is elastic, said to be “elastic loading or unloading” at op.

These conditions are called the Kuhn-Tucker optimality conditions written as
¥=>0, f<0,9f=0 (3.45)

(v) conmsistency condition: When loading plastically*, f = 0, or in rate form f=0
(stress state persists on yield surface). When loading or unloading elastically, f < 0, or

in rate form f < 0 (or f > 0). Combined, these conditions read as (i) plastic loading:

iStrictly speaking, the loading is always elastoplastic because the elasticity and plasticity are coupled as
the stress is calculated from the elastic strain as 0 = Fe® = E(e — €P).
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4 > 0 implies f = 0; (ii) elastic unloading/loading: f < 0 (or f > 0) implies 4 = 0.

Then, together, these two conditions are combined into the consistency condition:

4f =0 (3.46)

oftentimes written for plastic loading (% > 0) as simply f = 0. We solve for ¥ from
the consistency condition during plastic loading (¥ > 0 and f = 0). Using the
chain rule

flo,r) =226+ —=k = (3.47)

and substituting evolution equations leads to the solution for 7§ as

of (. .0g of .
0 (e 780) + o (0,k)y =0 (3.48)
9 pe
: Jdo
Sl Ty e (3.49)
o5~ oL
For our example, as we will see, the plastic multiplier becomes,
. Eé[sign(o)]
= o\ T/ 3.50
E + H~ (3:50)

continuum elastoplastic tangent: Substituting the solution for 4 back into the
stress evolution equation, we obtain an expression for the continuum elastoplastic

tangent £, which relates the total stress rate ¢ to the total strain rate ¢ as

9g
7 = E(é—y== 3.51
o = B(e-ig) (351)
B2 )
= [E- 9 da é (3.52)
f 10 af
( o L5s — 5t )
Ber
— B¢ (3.53)
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For our example,

of 9dg .
B = By sign(o) (3.54)
of
2L — :
o (3.55)
h(o, k) = 1 (3.56)
then, we have
EA"
S — Cp. ep _
o=FEP, F =51 (3.57)

For bilinear hardening/softening (which we have assumed), the stress-strain response

is illustrated in Fig.3.8.

s A

H>0_» A
Ee
H=0
I R et
‘\\\\\H<0 "’1
E B
]I
| €
611)4 €a

€A

Figure 3.8.  Linear elastic, hardening/perfect/softening plastic, stress-strain response showing
additive decomposition of strain at point A: €4 = €5 + ei. The slope of the plastic loading curve
is the elasto-plastic modulus E°P.

(vii) combined isotropic and kinematic hardening: Until now, we considered only
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isotropic hardening through stress-like ISV «, such as in Fig.3.9.

E E CE [ } 3A }B _

—Ki1  —HKo ati]

Figure 3.9. Linear elastic, hardening plasticity response showing evolution of isotropic ISV & from
Ko to k1 on stress-strain curve and yield surface stress space . This is isotropic hardening.

As shown in Fig.3.9, if x increases or decreases, the elastic domain increases or de-
creases symmetrically about the stress origin (Fig.3.9 shows an increase in the elastic
domain). But certain experimental data have shown that upon unloading and reverse
loading, yielding is not symmetric, which is called the Bauschinger effect, as illustrated

in Fig.3.10.

Thus, we introduce a backstress « into the thermodynamics and yield function to ac-
count for unsymmetric yield about the stress origin, which is called kinematic hard-
ening.

The Helmholtz free energy function v (per unit mass) is modified to include two other
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o A
H=0
Ry |y >
E
E
€
oyl < Ko .
***** = /Bauschinger effect
—Ro ~€
Y

Figure 3.10. Linear elastic, perfectly-plastic response showing Bauschinger effect upon unloading
and reloading where |oy| < rg. This experimentally-observed phenomenon motivates kinematic
hardening.

ISVs (¢* and «) associated with kinematic hardening as

pUQ) = B+ G H ¢ (3.58)
% H* 0
¢ =  H = (3.59)

where ¢ is now a vector of strain-like ISVs, and H is the hardening matrix. From the
Clausius-Duhem inequality, we have an energy-conjugate vector q¢ of stress-like ISVs

as

oY) | R
¢ = e = ) =H-¢ (3.60)
¢ = H-¢ (3.61)
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We introduce the backstress « into the yield function as follows

flo,¢°)=]c—a|—k<0 (3.62)

When we analyze initial yield stress o, = ag + Kosign(o — o), we can see in Fig.3.11
the effect of the backstress « in shifting the yield surface. Think of the yield surface
as translated (“kinematic”) in stress space, in this case along the real number line as

shown in Fig.3.11, where the elastic domain is centered about o = a.

o A

He = He =0
oy + Ky [y >-
E
E 0
e [ | i
0 I | J o
> ap — Ko (e%;] ap + Ko
€ | |
2Ky

@y — Ko

Bauschinger effect

Figure 3.11. Linear elastic, perfectly-plastic response showing translated position of center of yield
surface by backstress ag. The size of the yield surface is still controlled by kg, where the size is 2kg.
This is kinematic hardening when the backstress « evolves and the yield surface translates.

If £ remains constant (H" = 0, Kk = Kg), but « is increasing by hardening (H* > 0),
then the yield surface translates in stress space (o € R), but does not grow or reduce
in size as shown in Fig.3.12. We can confirm that the yield surface just translates in
stress space without changing size by the following calculation:

(o + ko) — (g — Ko) = 2kg (3.63)

(a1 + Ro) — (a1 — Ko) = 2Kg
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‘ 2/4/()
| |
a1 — Ko 0 o a1 + Ko
— . | O — .
| ? >
— - o
o — Ko Qp Qo + Ko

2/€0

Figure 3.12. Kinematic hardening (H® > 0), but isotropic perfectly plastic (H® = 0), showing
translated position of center of yield surface by backstress ag to hardened value ay. The size of the
yield surface is still controlled by kg, where the size is 2kg because H* = 0. In class: we will draw
a stress-path with corresponding stress-strain curve to illustrate this concept.

We can write the evolution equation for the strain-like ISV vector ¢ as

{=4h(0.q°) = ¢ =+H -h(0,q") (3.64)

For simplicity, let h(o,q%) = —9g/dq° and g = f, such that

69 . ot
o =2 1 k= H"y
—a—gc = | | = — (3.65)
q g—g sign(o — «) & = H%ign(o — a)y
: ¢" ‘ 1
C=|. |=7 (3.66)
& sign(o — a)

We revisit the consistency condition:

f—gwra—fc-q@‘:o

= 557 B (3.67)

Upon substituting the evolution equations into the consistency condition equation leads
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to the solution of the plastic multiplier 4 as follows,

of (. .0g of .
ZE(é—342L)+==-H-hy=0 3.68
o (6 7aa>+aq< i (3.68)
9L pe
: Jdo
Y= 522 (3.69)
a—gEa—g—a—é}.Hh

More specifically, for our example of linear elasticity and linear hardening, we have

—1
% _ (3.70)
q —sign(o — «)
af o K o
gt Hh=H - H (3.71)

Then, the continuum elastoplastic tangent results as (show the derivation yourself)

op _ EH"+ H")
 E+ Hr+ H~

(3.72)
(viii) convexity of yield surface: Convexity of the elastic domain in stress space (Fig.3.13)
is required for proper formulation of an elastoplasticity model [Simo and Hughes, 1998].
In Fig.3.13, convex and non-convex yield surfaces are illustrated in principal stress
space, where the two options are summarized: convex implies that all possible stress
states lie within the elastic domain (f < 0), or on the yield surface (f = 0), whereas
non-convex implies that it is possible for a stress state to lie outside the elastic
domain (which is impossible for rate-independent plasticity because this violates one

of the Kuhn-Tucker conditions, f < 0).

Mathematically, this can be proven as follows [Simo and Hughes, 1998]. Consider an

elastic domain bounded by a yield surface

E, = {0 € R, ¢ €R* f(0,q°) < 0} (3.73)
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=0
yield surface

f=0
yield surface

elastic domain elastic domain

g2
(]
a3

Figure 3.13. Illustration of convex (left) and non-convex (right) yield surfaces in 3D principal
stress space. The concept is that for any two elastic stress states o1 and o9, a third elastic stress
state can lie along a straight line in between, which we call *. If o* falls within the elastic domain,
then the yield surface is convex, otherwise it is not. A mathematical proof is given in the notes.

02
01
03

Convex Non-convex

We want to ensure convexity of f, thus we need to show that

flo ()] < nf(on,qi) + (1—n)f(o2.65) ¥n€0,1] (3.74)
o =noy + (1 — n)oy (linear interpolation) (3.75)
(@°)" = nai + (1 —n)as (3.76)

We can check this by applying the triangle inequality, |a + b| < |a| + |b|, such that

flo* (@*)] = |o" —a’[ =& (3.77)
= |no1+ (1 —n)os —nax — (L = n)as| —nr1 — (1 —n)ka (3.78)
< oy —aal = nr1) + (1 =)oz —aof = (L —n)r2)  (3.79)
= 1f(o1,q1) + (1= n)f(02. 45) (3.80)

q.e.d
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Therefore, f(o, q%) is convex for our simple 1D combined isotropic-kinematic hardening

elastoplasticity model.

uniqueness (Hill’s stability postulate and softening plasticity): Let us revisit
the analysis of uniqueness for elastoplasticity on pgh3 of Hill [1950]. Consider an

elastoplastic bar in static equilibrium, with constant cross-sectional area A

0,=0 forze(0,L)
cA=F atx=1L (3.81)

u=g atx =0

Consider two possible distinct stress increments ¢ and ¢* resulting from two distinct

strain increments ¢ and €*, where

6= EP¢, é =,
(3.82)

O‘_* — Eepé*7 6‘* — u*w

The BCs are the same, where ¢, = 0 and ¢7, = 0 for static equilibrium without a body

force. Consider the derivative
(3.83)

Then, integrating over the length L of the bar (to provide a strain energy difference),

we have

/OL(d—d*)(é—é*)dx = /OL % (6 — 6%) (i — )] d;p_/OL W(ﬂ—u*)d;p (3.84)

Let us analyze each term separately on the r.h.s. Using Green’s theorem, and because

the BCs are the same for each solution (i.e., the stresses at z = L and displacements
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at x = 0 are the same), we have

/0 a% (6 — ") (a0 —u*)]de = [(6 — o*)(u—a*)]g =0 (3.85)

Also, because 7, = 0 and 7%, = 0 for # € (0, L), we have

Yoo —-067),. L,
/07(% (i — i*)dx = 0 (3.86)

Then, we are left with

/O(d—d*)(é—é*)dx =0 (3.87)

L
/ E®(¢—¢édr = 0 (3.88)
0
which leads to the following uniqueness conditions:

elasticity =— FE®P=F >0 = ¢=¢" unique
hardening plasticity =  E® >0 = ¢ = ¢ unique (3.89)

perfect plasticity =— E® =0 = ¢, ¢" arbitrary , not unique

We need another analysis for rate-independent softening plasticity (which is also non-

unique).

For uniqueness and stability analysis of strain-softening, small strain elasto-
plasticity theory, refer to Sandler and Wright [1976], Read and Hegemier [1984],
Needleman [1988], Loret and Prevost [1991], Sluys and de Borst [1992]. Recall the

balance of linear momentum in 1D for elastodynamics (without body force) as

04 = puy (3.90)
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where the axial velocity v = u; = du/dt. For isotropic hardening or softening, we have

& = E®¢é = E®u, = E%u, (3.91)

Take the time derivative of the balance equation as,

Oat = PVt (3.92)
EPv 0w = pUy (3.93)
Eep
Vit — Vgr = 0 (394)
p

which is a form of the wave equation and is hyperbolic. We analyze characteristics of
the partial differential equation (PDE) by introducing a new coordinate s (characteristic

curve), such that,

= + =0 (3.95)

d (8@) 0%v dt 0*v dx

ds \ Ot o2 ds ' Otdrds
2 2
%(g—i) - 825;%+g;;%=0 (3.96)
The characteristic determinant of (3.94)-(3.96) is then
b dz\*  E® (dt)’
tr oo |=(5) - (E) - 90

where the characteristics are Cfl—f =+ E;p, which are the physical wave speeds. Con-

sider the following three cases:

(a) hardening plasticity (H" > 0): E®* > 0 — wave speeds are real, and PDE is

well-posed.

(b) perfect plasticity (H® = 0): E® = 0 — wave speeds = 0, and PDE trans-
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forms from hyperbolic to parabolic; ill-posed because initial disturbances cannot

propagate through the body.

(c) softening plasticity (H" < 0): E® < 0 = imaginary wave speeds, and PDE

transforms from hyperbolic to elliptic; ill-posed because initial disturbances cannot

propagate through the body.

Rate-dependent plasticity (viscoplasticity) ‘regularizes’ the PDEs for softening plastic-

ity such that the governing equation is well-posed (we will discuss in Sect.3.7).

3.4 Numerical Integration in Time of 1D Elastoplas-

ticity

Refer to Simo and Hughes [1998]. We integrate in time the stress rate, evolution equations,

and consistency condition, written together as,

. . L . . 0g dg .
e _ _ Py — _29) 99 _
6 = EE=FEé—&)=FE (e 780) ' B sign(o — «) (3.98)
io= HY (3.99)
& = H%ign(o —a)y (3.100)
f =0 (3.101)

There are 4 first-order ODEs; and 4 unknowns (o, s, «, 7). We use Backward Euler inte-
gration (implicit, first order accurate), which can be shown to be equivalent to the “return

mapping algorithm” for certain constitutive models. Consider an example (“f” is a generic
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function):

Y

tn+1
|
tn

Yn+1 — Un

Yn+1

= f(yvt) ) y(O) =Y
= /t "ty
- Atf(yn-i-la tn-i—l)

= Yn+ Atf(yn—i-la tn-i-l)

Now, apply Backward Euler to our 4 ODEs as follows

Ont+1 =

Ont+1 =

Rn+1 =
Qpy1 =

;Vn—l-lfn—l—l - ann =

on + E(Ae — Avysign(o,11 — apyt))
Ae=€,11 — €,

Ay = Ayt = Yat1 — Tn

O — EAysign(on 1 — 1)

oy =0, + EAc

Kn + H" A~y

ap, + HYAysign(o,,1 — apyq)

0= ;Yn—l—lfn—l—l =0= fn—l—l =0

(3.102)
(3.103)
(3.104)

(3.105)

(3.106)

(3.107)
(3.108)

(3.109)

where aﬁfﬂ is the trial stress, and if there is elastoplastic loading at times ¢, and ¢, then

Yo > 0, frp =0, Ypa1 > 0, frr1 = 0, else if elastic at time ¢, and elastoplastic at time

tni1, then 4, =0, f, <0, 4,01 > 0, f,o1 = 0. Note that to reach the integrated form in

Eq.(3.109), we apply the chain rule (with w = 4, v = f, a = t,, b = t,11) and Backward
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3.4. NUMERICAL INTEGRATION IN TIME OF 1D ELASTOPLASTICITY

Euler as follows:

d(uv) du vt d_v

“dww) dv
/b o dt = / Udt—i-/ udtdt

d . tn+1 .
Ziﬂ = At AYanJrle/ vfodi
"

;}/n—i-lfn—i-l_’ynfn =0

where we used the consistency condition + f = 0, and for a plastic state f,.; = 0 or an

elastic state ¥,41 = 0.

Because these equations are linear, we may substitute the 3 evolution equations into f,. 1 =0

to solve for A~y as follows,

forr = owi —ana| = K =0 (3.110)
= sign(0p41 — Qny1) [U;rﬂ — EAysign(0n41 — Qny1) —
_HQA7 Sign(an—i-l - an-i—l)] — Kn — HHA’Y =0

= sign(ons1 — an+1)[0';r+1 —ap) = Ay(E+ H"+ HY) — K, =0

We can show that sign(o,11 — an41) = sign(of; — ay,). ° For example, assume perfect

$The “radial return” approximation would assume sign(o, 1 — q,41) ~ sign(o?, Oy — Q).
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CHAPTER 3. 1D CONSTITUTIVE MODELING AT SMALL STRAIN

plasticity for a, H* = 0, such that,

On+1 — Qn41

|Un+l - an+1|

|Un+l - an+1|
—_—

>0

tr :
On — EAY Sign(on11 — Qnt1) — Qp

(031 — ) = EAYsign (41 — ans)

Sign(an—i-l - an-i-l)(o’;r—l—l - an) - EA’Y

§ign(an+1 - an“)sign(aﬁfﬂ - anZlU:Lr+l -

an| - EA7
——

J/

~~

~
must be >0 >0

— Sign(O'n_H — an—‘,—l) = sign(affﬂ - Ozn)

Then, we have the incremental plastic multiplier as,

_ |U:zr+1 — Q| — ki B 7tzr+1

E+Hrs+H* — E+Hs+ He

>0

(3.111)

Let us summarize the return mapping algorithm: given Ae over a time step (from the

nonlinear finite element solution), and o,,, k,, @y, ¥, from the past time step (you do not need

to update v, 11 = v, + A7, but it is useful for plotting an effective plastic strain magnitude),

we follow these steps

1. compute trial stress: o/ ; = 0, + EAc

tr _ tr

2. check for yielding: trial yield function f}", = |0} — | — Ky,

if f", >0 plastic go tostep 3

else fr, <0 elastic: 0,41 =01,

Qpy1 = Qp
Rn+1 = Rn
Tn+1 = Tn

100

(3.112)
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t
fnr+1

oY LENI R and update:

3. compute Ay =

Op1 = 0y — EAysign(oy, | — o)
Qpi1 = @, + H*Avysign(o?, | — a,

+ (041 ) (3.113)
Fni1l = Kn + H Ay

Tnt1 = Yo + Ay

We can visualize this algorithm in Fig.3.14 for the case of hardening. This strain increment
Ae loads the 1D elastoplastic bar from an elastic stress state at o,, to an elastoplastic stress

state at o,41.

o A

R O .
on + EAe =0, return to hardened
i .
istress-strain curve
EA~ A %
O-n+1 ---------------------- :l: ------- T Eep
Jy --------------------
O-n """"""
E
S
€n €n+1 €
Ae

Figure 3.14.  Illustration of return mapping algorithm (Backward Euler time integration) for
hardening elastoplasticity.
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3.5 Consistent Tangent for 1D Elastoplasticity

Recall the element level consistent tangent for the nonlinear axially-loaded bar as follows

afe,INT de 1 . eao.he
T() / (B )TB

Aj© 114
1 A (3.114)

Recall the stress evolution equation, and recognize that Aef+! = et — ¢, such that at a

Gauss point in an element e, we have

oltl = (o))" — EAY*sign [(okT)" — o] (3.115)
(cF )" = 0, + EA ™ (3.116)

ko1 (fut)"
Ayt = 2l 3.117
7 E+HrtH® (3:117)

or, without ()F*7,

o = o — EAysign[o" — a,) (3.118)
o =0, + EAc (3.119)

ftr
Ay= — " — 3.120
TTEtrH + e (3120)

Then, the material consistent tangent may be calculated as

doh\ dot' Ay
9 - —E ion [0 — a, 3.121
(5).., - - E el = )

do'r OA~y  Esign[o" — )
_ B _ 3.122
De T Oe E+ H"+ H> ( )
he k+1 K a

80_6 — E(H+H?) (3.123)

06" ), ..~ E+Hr+H

Note: for simple 1D elastoplasticity, the continuum elastoplastic tangent £°? and material

k+1

consistent tangent (50 he/ aehe)nﬂ

are the SAME. This will NOT be the case for higher
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dimensional plasticity (2D and 3D).

3.6 Constitutive Equations for 1D Viscoelasticity

See Chp.10 of Simo and Hughes [1998]. 1D linear viscoelasticity will be similar to viscoplas-
ticity (Sect.3.7), except that the relaxed solution is elastic as opposed to inviscid elasto-
plastic. We begin with the kinematics: €® = € 4 ¢ is the elastic strain for a standard linear

solid, where the elastic-spring strain is €**, and the viscoelastic strain is € (Fig.3.15).

Figure 3.15. Illustration of 1D linear viscoelasticity.

The initial elastic modulus is Ey = E + E., the long term elastic modulus is E.,, and the
elastic viscosity is n° (Pa.s). The total axial stress is 0 = F,.€®+ ¢V, where the viscous stress

is 0¥ = n°€"® = Fe*® = E(e® — €'°), which leads to the ODE,

€+ —€ = —¢ (3.124)
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where the elastic relaxation time constant is 7¢ = 7°/E (s). We solve analytically¥ for €"°(¢)
to solve for stress o(t). The solution of €"*(¢) can be obtained by using an integration factor

exp(t/7°) (check the derivation yourself), such that,

eXp(t/Te)éve+%exp(t/fe)eve _ %exp(t/Te)ee (3.125)
[ et oas = [ Lol (3.126)
/)0 = & [ elo/mic(sis (3.127)
0 = [ Lol - /s (3128)
L fexp((s ~ 1)/7)e()] =~z exp((s — 1)/7)e°(s) + expl(s — 1)/7)é(s)
) = [ el -7 ()] ds

J

~~

e (t)

_ / exp((s — 1)/7°)(s)ds (3.129)

—00
Then, the stress becomes

t

o(t) = FExe(t) +E/ exp((s —t)/7%)€é(s)ds (3.130)

—00

= /t G(t — s)éé(s)ds (3.131)

—00

G(t—s)=Ex + Eexp(—(t —s)/7°) (3.132)

where G(t—s) is the relaxation function. Note in this formulation there is no plastic strain
(e? = 0), such that the total strain is the elastic strain, e = €®+¢€? = ¢°. Analytically, consider

two loading conditions (numerically, we can consider more general loading conditions):

(i) stress relaxation: a step function for the total strain e(t) = egH (t) is introduced,

such that €(t) = €y0(t) (Fig.3.16), where H (t) is the Heaviside function, and §(t) is the

YIn Sect.3.6.1 we will solve these equations numerically.
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Dirac-Delta function. We see that,

ot) = /_t Gt — 8)eod(s)ds = oG(1) (3.133)

G(t) = Ex + Eexp(—t/7°) (3.134)

We could also represent a generalized relaxation model with multiple spring-dashpots

in parallel to provide a Prony series for G(¢) [Simo and Hughes, 1998].

€ o

Eyeg

€0

Eoep

Figure 3.16. Illustration of stress relaxation under constant applied total strain ¢y for 1D linear
viscoelasticity.

(ii) creep: Alternatively, we can write the solution in terms of a creep function J(t)

(derive yourself), such that,

€(t) :/ J(t —s)o(s)ds (3.135)

J(t) = i [1 - EEO exp (;frt)] (3.136)

For example, consider a creep strain, where there is a step function for total stress

o(t) = ooH(t), o(t) = 0od(t) (Fig.3.17), such that,

€(t) = /t J(t —s)ogd(s)ds = oo J(t) (3.137)

—00

Oftentimes, for viscoelastic response, you are provided data in the frequency domain,
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o

90

OO/EOO

g0 |- £

Figure 3.17. Illustration of strain creep under constant applied stress o for 1D linear viscoelasticity.

thus we must transform the equations from time to frequency domain. Consider an applied

harmonic total strain, such as,

€(t) = eexpliwt),i=+v—1 (3.138)
é(t) = epiwexp(iwt) (3.139)
where w is the frequency, and ¢ is the imaginary number. Then, the stress becomes
t
o(t) = FEx€exp(iwt) + E/ exp((s — t)/7°)€epiw exp(iws)ds (3.140)
= G"(w)e(t) (3.141)
G (w) = Gs(w) + G (w) (3.142)
E(wt®)?

s =Fo+ —= 14
Gs(w) T+ ()2 (3.143)
Gilw) = — 29T (3.144)

T+ (wTe)? '
Gy

loss factor = e (3.145)

3.6.1 Numerical time integration of 1D viscoelasticity

enter here
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3.7 Constitutive Equations for 1D Viscoplasticity

Refer to Simo and Hughes [1998] and Fig.3.18 for the kinematics of a 1D rheological elasto-
plastic model: € = €® + €'P, where € = du/dx is the total strain, € is the elastic strain, €'P is

the viscoplastic strain, and 7P is the plastic viscosity (Pa.s).

Figure 3.18. One degree of freedom illustration of viscoplasticity, where the total strain is additively
decomposed into elastic and viscoplastic parts as € = €® + ¢'P. Viscosity 7P introduces the viscous
effect into the plasticity, where  is the stress-like ISV.

The Helmholtz free energy function per unit mass is the same as for rate-independent (in-
viscid) elastoplasticity: py(e®, () = $E(e°)? + $H(?, such that ¢ = E¢® = E(é — €'P) and
fo = HC. The yield function is now replaced by a loading function: f(o,x) = |o| — . The
evolution equation for viscoplastic strain is then written as,

if f<0 &P=0
(3.146)

it f>0 &P = Lsign(o)

We define an “extra stress” oera that is the portion of the stress above the ‘frictional’
plastic-mechanism-governing ISV k, that acts on the dashpot: gexya = nP€P (check units).

For example, consider the 1D stress line for f > 0 in Fig.3.19.
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relax back —k . 0 . Kk relax back
$ r compression ‘ tension H . S
L | -
o< —K o>k o
Oextra ‘ ‘ Oextra

elastic region

Figure 3.19. Illustration of viscoplasticity, with relaxation of stress state from oeytra to inviscid
yield surface at o = k.

We see that

0 > K, Oextra — 0 — R
= (|o| — r)sign(o) = fsign(o) (3.147)
o< —HR, Oextra = 0 — (_Fﬁ)

and thus e = fsign(o) = nPeP = éP = nipsign(a). Generalizing for all stress states

(elastic, and elasto-visco-plastic), we have

v = %sign(a) (3.148)
(f) =(+11D/2 (3.149)

For hardening, & = H( = H|é™P| = H (f) /nP, where (o) is the Macaulay bracket. This is

called the Perzyna-type viscoplasticity model.

Alternatively, introduce a relaxation time constant 7 = n°/E, where

1

er = ﬁ(|a| — Kk)sign(o) (3.150)
_ %(a _ ksign(c))
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Recall that,

o =E& = E(é—év) (3.151)
. 1 .
= F (e - ﬁ(a — KJSlgIl(O')))
) ! = FE¢ L s 3.152
o+ S0 = B¢ + > sign(o) (3.152)

For hardening (considering plastic loading), we have

: H H

fh=—p(f) = ——p(k—lal) (3.153)
. H
K+ —E" = —TpE|a| (3.154)

This is the Duvaut-Lions form of viscoplasticity. Furthermore, consider that as ¢/7° —
oo (t — oo or 7P — 0), the viscoplastic solution approaches the rate-independent (inviscid)

solution (f = 0 for plastic loading), such that we can rewrite the Duvaut-Lions form as

1 1
G40 = Eit —om (3.155)
TP TP
H H
: = kK 1
K+ TpEl-ﬂ T (3.156)

where oy, and kj,, are the inviscid solution. We note the following about the Duvaut-Lions
form of viscoplasticity: Kuhn-Tucker conditions (there are none); consistency condition
(there is none); continuum elastoplastic tangent (none, because no consistency condition);
isotropic/kinematic hardening (we will stick with isotropic, but can generalize for combined
isotropic-kinematic hardening); convexity of yield surface (there is no yield surface); and

for a uniqueness and stability analysis, consider the numerically integrated form using
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Backward Euler as

Oni1 — On 1 Ae 1

At + pOntl = EKt + —p T (3.157)
At At
On+1 (1 + —) = 0o, + EAe +—0Cinv (3158)
TP N———— TP
Tt

We analyze the consistent tangent as,

ggi e B ( i gEEf[H) (3.159)

gf,’:f - 1f% (1 %Efﬂm) (3.160)
+%Ef;ﬁ = 1+Ati§p >OforgZT"j: >0 (3.161)
At T,Zp > -1 (3.162)

0< At < —g—l if E? <0 (3.163)

where E® = EH"/(E + H") is the consistent (and continuum) elasto-plastic tangent
for 1D inviscid isotropic hardening elastoplasticity. Thus, if we choose a time increment
small enough, the numerical solution will remain stable for softening viscoplasticity. Note:
viscous-regularization is just one approach to regularization of a strain-softening inviscid
plasticity model. Other approaches include nonlocal plasticity (e.g., [Bazant and Jirasek,
2003)), strain-gradient plasticity (e.g., [R. de Borst and H. Miihlhaus, 1992]), and discrete

fracture (e.g., cohesive zone models [Ortiz and Pandolfi, 1999]), etc.

3.8 Constitutive Equations for 1D Elastodamage

need content
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3.9 Constitutive Equations for 1D Thermoelasticity

need content
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Chapter 4

3D Isochoric (Deviatoric)
Rate-Independent Plasticity at Small

Strain

Much of the material in this chapter is taken from Simo and Hughes [1998], Borja [2013].
This chapter will primarily focus on steps 1-5 of a typical modeling procedure if you are
developing your own elastoplastic constitutive model (refer also to Ch.3 for more discussion
in terms of 1D elastoplasticity). These steps are outlined as follows (same steps as for 1D

elastoplasticity):
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CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN

1. kinematics: We assume small strains, such that an additive decomposition of strain

tensor € is appropriate:

€e=€"+¢€P

. _ 1 |ou ounNT | _
total strain € = 3 [a_ar; + (a_) } —

€12 €22 €93
€13 €23 €33 (4-1)
€ij = 3 (Wi + ]

elastic strain  €® (recoverable deformation)

plastic strain €P (permanent deformation)

where €P will be defined through a flow rule, from which €® can be integrated. Then,
given the total strain tensor € from the finite element solution, we can calculate the

elastic strain as €® = € — €P.

2. balance equations and thermodynamics: We will revisit the balance equations
and thermodynamics for a 3D solid continuum body at small strain: (1) balance of mass
(use for fluid flow, mixture theory, etc.; not needed in this section), (2) balance of linear
momentum (solve for displacement), (3) balance of angular momentum (leads to sym-
metric stress for non-polar media), (4) balance of energy (first law of thermodynamics;
solve for temperature), (5) second law of thermodynamics (constrains elastoplastic-
ity formulation; requires non-negative energy dissipation). We focus on (4) and (5)
for constitutive modeling purposes in this Chapter. For further information, refer to

continuum mechanics textbooks, such as Malvern [1969], Holzapfel [2000].

3. constitutive equations: We need constitutive equations for stress (e.g., linear isotropic
elasticity o = ¢° : €°, or 0y; = f;,ef,), where cf;;, is the 4th order elastic modulus ten-
sor, a yield function f(o,q%) = 0 and plastic potential function g(o, q°), internal state

variable (ISV) evolution equations (e.g., hardening, perfect, or softening plasticity)
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for a stress-like ISV vector g°. As for 1D elastoplasticity, the ISVs attempt to rep-
resent phenomenologically the evolution of the underlying microstructure as it relates
to the experimentally-observed behavior (e.g., motion and piling up of dislocations at
obstacles in metals leading to hardening; compaction of pore space in sand leading
to reduced volume and increased shear strength, hardening; shear-banding leading to

post-peak softening and failure, ...).

. numerical integration in time: Constitutive equations are expressed in rate form
(e.g., & = Do /Dt) to account for evolution of the solid material over time due to
deformation and load history. We must integrate numerically in time before we can
implement these equations in a nonlinear FE program. In rate form, the stress equation

reads, assuming constant elastic modulus tensor c°,

where € is the prescribed strain rate tensor by the FE program, leading to what we
call a “strain-driven” problem € ~ Ae/At, where At is the time increment. The
evolution equations (rate form of constitutive equations) are usually first order ordinary
differential equations (ODEs) in time ¢, thus we may use a generalized trapezoidal rule

to integrate in time (e.g., Backward Euler, Forward Euler, trapezoidal rule).

. FE implementation, consistent tangent: The 3D stress tensor o;; will be a non-
linear function of the element displacement: o (d®), where e denotes element, NOT
elastic. Then, the formulation of the consistent tangent for Newton-Raphson solution

will follow as,
a fe,INT( de)

= (4.3)

We will show details after we present the 3D elastoplasticity theory, time integration,
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CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN

and local material consistent tangent 9o /0e"* at a Gauss point in element e.

4.1 Balance Equations and Thermodynamics

The balance of linear momentum in 3D for a single phase solid material is
pu, = 0ij,j + pbz (44)

where the divergence of the stress tensor is 0y ; = do;/0z;, p is the mass density (kg/m?),
ii; is the acceleration vector (m/s?), oy; is the symmetric stress tensor (Pa), b; is the body
force vector per unit mass (N/kg = m/s?). The balance of angular momentum for a

non-polar solid leads to symmetry of the stress tensor as o,; = 0j;.

Using the result from 1D elastoplasticity discussion in Ch.3, we may write the balance of

energy pointwise for a body B in Fig.3.3 as
pé = Uijéij + pr — g (45)

Likewise, for the second law of thermodynamics in 3D, we may write (from the result in 1D

elastoplasticity)

1
pn = pr—q; + -q0 (4.6)

g 4i%i

Recall we assume the existence of a Helmholtz free energy function per unit mass ¢ (impor-

tant for non-isothermal problems) as follows,

Y =e—nb (4.7)
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4.2. CONSTITUTIVE EQUATIONS FOR 3D ELASTOPLASTICITY

After substituting for ¢, and pé from the first law leads to the Clausius-Duhem inequality

(check the derivation yourself)

‘ . o1

For isothermal (§ = 0) and homogeneous temperature (f; = 0) problems, the Clausius-

Duhem inequality is written as

oiiéi; — ptb > 0 (4.9)

4.2 Constitutive Equations for 3D Elastoplasticity

We outline the topic coverage for 3D classical (inviscid, rate-independent) elastoplasticity as

[Simo and Hughes, 1998, Anandarajah, 2010, Borja, 2013]

i) Helmholtz free energy function
(i) gy
(ii) yield and plastic potential functions
(iii) evolution equations
(iv) Kuhn-Tucker optimality conditions
(v) consistency condition
vi) continuum elastoplastic tangen
) conti lastoplastic tangent
(vii) isotropic/kinematic hardening
(viii) convexity of yield surface

(ix) uniqueness (Hill’s stability postulate, softening plasticity)
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CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN

In more detail, we have

(i) Helmholtz free energy function: The Helmholtz free energy function ¢ per unit
mass is additively decomposed (“energy separable” processes, which is a constitutive

assumption) into elastic e and plastic p parts as,

p(e,¢) = pv°(e®) + pyP(Q) (4.10)

where €° is the elastic strain tensor, and ¢ is a strain-like ISV vector, not necessarily
the plastic strain. Taking the material time derivative (refer to Sect.2.3 of Holzapfel

[2000]), we have

D(py)
Dt

— po+ pi) (4.11)

where p &~ 0 (conservation of mass) for a single phase solid material deformed at small
strain. This will not be the case for multiphase materials treated by mixture theory

(we will discuss later), and also for finite strain conditions. Then, we see that

_ Dlpv) _0(p¥) o, Ol¥) (4.12)

Dt — Oe o¢

pi

We substitute this into the Clausius-Duhem inequality and rearrange terms to obtain

the following

<0'— aee).e +o:€ 9 ¢>0 (4.13)

Coleman and Noll [1963], Coleman and Gurtin [1967] argued that the elastic strain rate
tensor €° could be an independent process from the plastic strain rate tensor € and
ISV rate vector ¢. Thus for (4.13) to hold, we must have an equation for the stress o

as,

Apy) ~ d(py)
e =0 == Oee

(4.14)

If (4.14) holds, such that the stress tensor o is derived from a Helmholtz free energy
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4.2. CONSTITUTIVE EQUATIONS FOR 3D ELASTOPLASTICITY

function, then the constitutive model is said to be “hyperelastic.” Also, a thermodynamically-

conjugate stress-like ISV vector g¢ can be defined as

q = Aey) (4.15)

¢

(which is related to the isotropic stress-like ISV k and backstress a) such that the
reduced dissipation inequality D results as the difference between plastic power
per unit volume (which when integrated over time leads to plastic work per unit volume)

and rate of stored work of plastic ISV evolution as,
Di=g: € —q"-¢>0, 058 —¢5Ca>0 (4.16)

where A =1,..., number of ISV components. We make a constitutive assumption
for the Helmholtz free energy function v (per unit mass) that leads to linear

isotropic elasticity and linear hardening/softening as
e 1 (6] (&3 e 1 1 e e e 1
pY (€, ¢) = 5€ C € + §C -H-¢= 567 CijiCh + §CAHABCB (4.17)

Then, we have

_0pY) _ e e
T T e €€ (4.18)
c =211+ 2ul (4.19)
Ciirt = A0ijOn + p(dikj1 + dadjn) (4.20)
1

(1)ij = 03 (Digie = 5 (0wt + dudjk) (4.21)

O(py)
‘= s =H: 4.22
1 aC < (4.22)

where c° is the isotropic elastic modulus, A and p are the Lamé parameters, 1 is the 2nd

order identity tensor, I the 4th order identity tensor, d;; the Kronecker-delta operator,

119



CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN

(i)

and H is the hardening modulus matrix. Assuming constant moduli, we express the

stress equations in rate form as

G = i =c:(6— &) (4.23)

¢ = H-¢ (4.24)

The strain rate tensor € will be provided numerically (in incremental form) by the finite
element solution, and thus we need evolution equations for €” and ¢, as well as yield

and plastic potential functions, in order to calculate stress o and stress-like ISV

q°.

yield and plastic potential functions (for isotropic plasticity): We define a

yield function f to indicate the transition from elastic to elastoplastic response as,

flok) = |sl[-r<0 (4.25)
f < 0 elastic

f = 0 elastoplastic

which is known as “J;” or “von Mises” plasticity, because the J2 stress is defined as
J = 1||s]|?, and the von Mises stress = \/§||s|| = /3J2, where ||s|| = ,/5;;5;; is the
L2 norm of the deviatoric stress tensor s = o — %tr(a)l or 8;; = 0,5 — pd;;, with mean
stress p = oy, /3; note that s is traceless, i.e., trs = s; = 0;; — 3p = 0. In terms of

principal stresses, the yield function becomes

flo1,09,03,K) = 1 (01— 02)* + (02 — 03)* + (01 — 03)°] k<o (4.26)

V3

We typically visualize the yield surface f = 0 in the 7-plane (o7 + 03 + 03 = 0) in

principal stress space (Fig.4.1). Note that the yield function is independent of the mean
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4.2. CONSTITUTIVE EQUATIONS FOR 3D ELASTOPLASTICITY

stress p (and thus independent of changes in hydrostatic stress state o = 09 = 03),

i.e., it is deviatoric. The elastic domain is written as

E, = {(0.k) €S x R, f(o, k) < 0} (4.27)

where S is the space of symmetric second order tensors, and R is the space of real

numbers. We may plot the yield surface f = 0 in principal stress space as in Fig.4.1.

[op]

plastic

W

hydrostatic
axis

01 =02 =03

a3 (o]

Figure 4.1. Yield surface in 3D: (left) m-plane, and (right), 3D principal stress space.

We define the initial value of the stress-like ISV x to be the initial yield stress in the 7-
plane. For example, consider axial stress loading (‘triaxial” or unconfined compression
or tension). In (i) triaxial compression (Fig.4.2, assuming frictionless top and bottom
boundaries, which experimentally is not possible even when attempted with grease or
other lubricant), the axial stress o3 = 0, < 0, and radial stress o1 = 09 = 0, < 0; the
radial stress is the confining stress. For (ii) uniaxial stress in tension oy = 03 = 0, = 0,

o1 = g, > 0, then the initial value of x can be solved from (4.26) as

2
Ko = \/;aa — oyly (4.28)

which is the radius of the yield surface in the m-plane in Fig.4.1, where |0, — 0., is

taken at yield from an experimentally-determined stress-strain curve.
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CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN
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Figure 4.2. Cylindrical specimen (metal, soil, rock, concrete, foam, ...) in compression or tension.

(i)

The plastic potential function g can be defined such that if g = f, we have associative
plastic flow, whereas if g # f, then we have non-associative plastic flow (typical for
geomaterials and concrete, i.e., frictional strength defined differently than volumetric
plastic strain). Here, for J; flow, we will assume associative plastic flow, g = f. Chapter

5 considers non-associative plastic flow constitutive models for geomaterials.

evolution equations (in rate form): Now, we define the evolution equations, start-
ing with the plastic flow rule. We assume associative flow ¢ = f for 3D isochoric

plasticity, such that

& = yg—g — o= (e-y%) (4.29)
dg  J|s
% _ (‘!a” (4.30)

where 4 is the plastic multiplier or consistency parameter. To find dg/do, we carry

122



4.2. CONSTITUTIVE EQUATIONS FOR 3D ELASTOPLASTICITY

out the stress derivative in index notation as follows

ag o 8\/ SabSab o 1/2 <2asab b) (431)

aaij N &TU n ||8|| &TU S
1
Sab = Ogb — gakkdab (432)
8Sab 80}1(, 1 8Ukk 1
- - = 5[1 - 5@(5 i _51"5(1 433

&IU 80'2']' 3 80'2']' b b 3 gTab ( )
8Sab

— aO'Z-j Sab = Sij (434)
. . Sij A

sl

where n is the direction of plastic flow. Note that for deviatoric plastic flow, the

volumetric plastic flow is zero (Fig.4.1): € = ¢b = Y787 = 0. Note that the plastic
multiplier is the magnitude of the plastic strain rate tensor: 4 = ||€”|| > 0, and plastic

flow is in the direction of deviatoric stress n.

For the strain-like ISV (, we let

( =4h(o, k) = k= H"¥h(o, k) (4.36)
where h(o, k) is the hardening function, and for simplicity, we assume h(o, k) = —% =
1= (= 4. Thus, for a summary of the evolution equations, we have

G = = (e— &) (4.37)
s
=5 —in (4.38)
Is]]
io= H% (4.39)

(iv) Kuhn-Tucker optimality conditions: The Kuhn-Tucker optimality conditions

are written the same as for 1D elastoplasticity as,

Y20, f<0,49f=0 (4.40)
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CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN

(v)

consistency condition: The consistency condition is the same as for 1D elasto-
plasticity,

Af =0 (4.41)

oftentimes written for plastic loading (% > 0) as simply f = 0. We solve for 4 from
the consistency condition during plastic loading (¥ > 0 and f = 0). Using the

chain rule
. 8f . Of .
f= 90 o+ %KJ =0 (4.42)

and substituting the evolution equations leads to solution of the plastic multiplier ¥ as

af e (e g g .
9 - (e 780’) + o H"h(o, k)7 =0 (4.43)
9L . ee: e 10f
_ oo _ ) el
’y_ ﬁ : CC . ﬁ _ _Hlih — Xao' .C I E (444)

oo

continuum elastoplastic tangent c?: The derivation of the continuum elastoplas-
tic tangent is a little more involved than for 1D elastoplasticity (because we work in
tensor notation for 3D elastoplasticity here) whereby substituting the solution for 5
back into the stress evolution equation, we obtain an expression for the continuum
elastoplastic tangent c?, which relates the total stress rate o to the total strain

rate € as

6 = cC:<é—i[§—£:ce }gg) (4.45)
i = o (ékl [ ai{ Zbcdécd] %) (4.46)
Gij = Cijhi€hl — %C?jkl%%czmdécd (4.47)
0y = (C?jcd )1( fgklaigkl Oij;b Zibcd) €cd (4.48)
& = (a@—lo a_i®§_£ )e (4.49)
6 = e (4.50)
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4.2. CONSTITUTIVE EQUATIONS FOR 3D ELASTOPLASTICITY

where recall that repeated indices are dummy indices, such that we sum over them.
The free indices determine the order of the tensor (i.e, 1 free index denotes a 1st order
tensor or vector, 2 free indices denote a 2nd order tensor or matrix, 3 free indices denote

a 3rd order tensor, ...). For our example, (rederive these steps yourself)

of 99 s .

o oo s oy

af

5= 1 (4.52)

hio,k) =1 (4.53)

af . A€ . @ — n oo —

8—0_.c.80_—2,un.n—2u (4.54)
_ﬁ e@_gH'{h(a’/{):2M—|—Hﬁ (455)

X= 00 € o0 on

then, we have

2 2
c? =c" — lﬁ ®n (4.56)

(vii) combined isotropic/kinematic hardening: The Helmholtz free energy function
¥ (per unit mass) is modified to include two other ISVs (¢* and a) associated with

kinematic hardening as
(& 1 (& (6] e 1
p¢(e,C):§e:c:e +§CHC (4.57)

where the linear isotropic elastic modulus is ¢°, and H is the hardening modulus matrix,
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CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN

where we have

g = = (4.58)
¢ _ 0(p¢)_ Rl .
q = K . =H- (¢ (4.59)
H* o
H = (4.60)
0 H“1

We introduce the backstress a into the yield function as follows

flo.q") =gl —r =0 (4.61)

where £ = s — a is the deviatoric “relative” stress; or sometimes & = s — %a is defined
as the deviatoric relative stress, wherein the 2/3 factor is introduced to allow the 3D
model to reduce to a 1D uniaxial stress form as in Ch.3. Let us visualize the shifted
yield surface in the m-plane in Fig.4.3, where the elastic domain is centered about «,

which is defined as

E, ={(o,a,k) € S xS xR, f(o,, k) <0} (4.62)

Note that the radius of the yield surface is still controlled by «, such that for plasticity
f=0= &l = &.
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4.2. CONSTITUTIVE EQUATIONS FOR 3D ELASTOPLASTICITY

g2

plastic

Figure 4.3. Yield surface in w-plane, centered about a.
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CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN

Evolution equations:

For the plastic strain evolution, we have

. . 0g . & .
=42 =42 =5 (4.63)
do |l
and the evolution of the strain-like ISV vector is
(=4h(o.q") = ¢°=H-(=9H h(o,q°) (4.64)
For simplicity, let h(o, q°) = —9g/dq" and g = f, such that
g % 1 k= H"%
q 20 7 & = H%n
" 1 év
¢ ?a il (4.66)
¢ n €’
We revisit the consistency condition as,
. of . of ..
= — . q° = 4.
f 95 + 3q g =0 (4.67)

where substituting the evolution equations leads to a solution for the plastic multiplier
v as

(4.68)
Of e e
og :

TP LA, (4.69)



4.2. CONSTITUTIVE EQUATIONS FOR 3D ELASTOPLASTICITY

For our example, we have

of -1 -1
o€ | & || .

Hl n

of . o
—a—qC-H-h_H +H

Then, the continuum elastoplastic tangent becomes

2
P = c° — (2/1’)
2u+ He 4+ H*

nenN

(4.70)

(4.71)

(4.72)

(viii) convexity of yield surface: Convexity of the elastic domain in stress space (Fig.3.13)

is required for proper formulation of an elastoplasticity model [Simo and Hughes, 1998].

Mathematically, this can be proven as follows [Simo and Hughes, 1998]. Consider an

elastic domain bounded by a yield surface

E, ={(o,a,k) €S xS xR, f(o,a, k) <0}

To ensure convexity of f, we need to show that

flor, (@) < nf(on,ai)+ (1 —n)floz.q5) Yne(0,1]

o' =no1+ (1 —n)o,

(¢°)" =ng5 + (1 —n)gs
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CHAPTER 4. 3D J2 FLOW PLASTICITY AT SMALL STRAIN

We apply the triangle inequality, ||a + b|| < ||a|| + ||b]|, such that

flo* (q°)] = €] —r =ls" —a'|| — & (4.77)
< nllsi —aul| =mr1 + (1 =n)l[s2 —aaf| = (1 —n)ry  (4.78)
= nf(o1,q5) + (1 —n)flo2g5) (4.79)

q.e.d

Therefore, f(o,q%) is convex.

(ix) uniqueness (Hill’s stability postulate) and the principle of maximum plastic

dissipation: Recall the reduced dissipation inequality as,

D = 0:—q"-¢>0 (4.80)

where D is the dissipation function.

Statement of the Principle of Maximum Plastic Dissipation: of all possible
stress states o* and (g%)* that satisfy f(o*,(g%)*) = 0, the one state that maximizes

the dissipation function D is the physical state (o, ¢%), such that

D(e,q%) > D(a*, (¢°)") (4.81)

We can restate this rule as a constrained minimization problem with constraint f(o*, (¢%)*) =

0 (yield function = 0) and multiplier 4 (the plastic multiplier), where we define a “La-
grangian” as

L:=-D(o",(¢)) +7f(e", (q")") (4.82)

w_»

where the sign makes it a minimization problem. For minimization, we apply the
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4.2. CONSTITUTIVE EQUATIONS FOR 3D ELASTOPLASTICITY

stationarity condition, such that

oL

0L =

Thus, for arbitrary do*, §(q%)*, and d+, we have three conditions,

do 7 T oty

0L

Thus, for the actual state (o, %), we have

0L
Jo*

0L

oD . of

- o +780’* =0
~~
GP
. Of
p _J
— ¢ _780'
oD . of
= + —0
2(g) ' a(g)
H,—/
¢
. Of
== oy

L
. 5(qc)* + —0y

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

If we assume the constraint is f(o*, (¢°)*) < 0 rather than f(o*, (g%)*) = 0, then after

constrained minimization, f(o,q%) < 0, and the Kuhn-Tucker conditions result as

720, f<0,49f=0

(4.91)

Let us revisit convexity. The principle of maximum plastic dissipation states that

D(e,q%) > D(a*, (¢°)")
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which can be rewritten as
(0" —0): e —((g°)" —q°)- (<0 (4.93)
where after substituting the results, we have

(" —0): of

o T (@) =g 52 <0 (4.94)

This is an alternate statement of convexity by considering perfect plasticity

(g%)* = q°, and the stress vectors in Fig.4.4.

elastic dofnain

=0
yield surface

Convex Non-convex

Figure 4.4. Convexity of the yield surface implies that the principle of maximum plastic dissipation
is satisfied, assuming also that plasticity is associative, i.e., g = f.

Thus, the principle of maximum plastic dissipation results in the following:

(a) associative plastic flow and hardening
(b) Kuhn-Tucker loading/unloading conditions

(c) convexity of E,
For geomaterials, we usually do not satisfy condition (a) and thus use non-associative
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4.3. NUMERICAL INTEGRATION IN TIME OF 3D ELASTOPLASTICITY

plastic flow g # f. It is possible to trigger loss of ellipticity (non-uniqueness) with
non-associative plastic flow, but it is not always the case. Not satisfying the princi-
ple of maximum plastic dissipation DOES NOT MEAN that the reduced dissipation
inequality (and in turn the second law of thermodynamics) is not satisfied. Thus,

non-associativity plastic flow rules must still satisfy the reduced dissipation inequality.

4.3 Numerical Integration in Time of 3D Elasto-

plasticity

Refer to Simo and Hughes [1998]. We integrate in time the stress tensor rate, evolution

equations, and consistency condition, written together as

G o= i E (- &) = e—yﬁ (4.95)
~
n
io— H (4.96)
13
= HY > 4.97
« = Mg (97
~
n
f =0 (4.98)

There are 4 first-order ODEs, and 4 unknowns (o, k, a,7y). We use Backward Euler
integration (implicit, first order accurate), which can be shown to be equivalent to the

“return mapping algorithm” for certain constitutive models, including this one. Apply
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Backward Euler to the 4 ODEs (check the math), such that

o = owres (e [pe] )
n+1
Ae = €Ent1 — €Epn A’}/ - At’yn-i-l

c® €= Mr(€)1+2u€ =2u€
Ony1 = n+1 - 2MA7 |:||§||:| )
n+

on L =0,+c:Ac
1 1
tr(on) =tr(o n+1) = Pnt1 = gtr("'nﬂ) = §tr(an+1)

Al
Sn Sy — 2uA
1= S~ 2 7{nen

Fni1 = Kn+ HAy

€]

Jor1 = ||En+1|| — Fnt1 =0

a, 1 = a,ﬁ—H“Ay{ £]
n+1

We now analyze the direction of plastic flow [é—”] as
n+1
i1 = Snp1 — Q1 = 32+1 — o, —Ay(2p+ HY) Snt1
ﬁ/—/ ||£n+l”
€nr+1
Ay(2u + H .
(1 + M) €n+1 = €:z+1
||£n+1” .,
>0
tr
— £n+1 _ En—i—l
||€n+1|| ||£n+1”
Ay(2u + H .
=&, = (1 - M) 5:14-1
1€
1€l = &l = Ay(2p + H)

(4.99)

(4.100)
(4.101)
(4.102)

(4.103)

(4.104)

(4.105)

(4.106)

(4.107)

(4.108)

Thus, the current and trial directions of plastic flow are the same 1, = ', making

Backward Euler equivalent to the return mapping algorithm for small strain

J2 plasticity. Because these equations are linear, we may substitute ||€,,. || and x,4+1

134



4.3. NUMERICAL INTEGRATION IN TIME OF 3D ELASTOPLASTICITY

into f,+1 = 0 to solve for A~, such that

1€l = Ay(2u + HY) = ki — H*Ay =0 (4.109)

an+1“ — Rn 1211
TSy HO Y HF  2u+ He 1 H” (4.110)

We summarize the return mapping algorithm as follows: given Ae over the time

increment, and o,, K,, &, ¥, from the converged past time step, we have

tr _ tr
(a) compute trial stress: o, = o, + ¢ : A€, and py4q = str(ot,), sb = ol —

pn-‘rll £n+1 - Sn+1 Otn, n+1/“£n+1“

(b) check for yielding: trial yield function f,, = [|€, || —

if f., >0 plastic go tostep 3

else fir, <0 elastic: o, =00,

Qpi1 = (4.111)
Rn+1 = Kn
TYn+1 = Tn
tr
(¢) compute: Ay = %i}%’ and update:
Snt1 = Si .y — 2uAyn”

o, —an+HaA7Atr
o (4.112)
Fni1l = Kn + HF Ay

Y41 = Yn + Ay

We can visualize the return mapping algorithm in the 7-plane, with H* = 0 (i.e.,

Fpil = K)n) and H* > 0, as shown in Figs.4.5-4.7. Note the trial direction of plastic

flow is n n+1/||§n+1||
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Figure 4.5.

02

01

Yield surface in m-plane, centered about a,, at time t,, with incremental stress

dev(c® : Ae) (red arrow) applied to calculate trial deviatoric stress s, ; (red arrow).

136

= s8,+ dev(c®: A€)



4.3. NUMERICAL INTEGRATION IN TIME OF 3D ELASTOPLASTICITY

02

sy = s,+ dev(c® : Ae)

’fl,tr — Etr

ni1/ 1€

n+1

01
trial stress €%

ny1 (red arrow) and the direction of plastic flow

~ tr

Figure 4.6. Yield surface in m-plane, centered about «, at time t,,, showing calculation of relative
n

(as short blue arrow).
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*
“

o .
] .
T T

73 t t t 71
~ tr
n' =& /16l

Figure 4.7. Yield surface in w-plane, centered about a,, at time t,, that is translated to center
Qi1 = o, + HY(Av)A™ at t,, 1 through kinematic hardening.
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4.4. CONSISTENT TANGENT FOR 3D ELASTOPLASTICITY

4.4 Consistent Tangent for 3D Elastoplasticity

Recall the element level consistent tangent for a 3D finite element as follows

afe,INT(de) B
od* N

1 1 1
/ / / B)" - 27 . Bejededndc
-1J-1J-1 Je

(4.113)

We first derive the material consistent tangent %—Z in tensor form (4th order), then we

convert into a 6 x 6 matrix form for FE implementation. Recall the stress evolution

equation, and recognize that Ae

k+1
Un+1

For ease of notation, leave off the subscript and superscript (), 17,

(o

k1 gkl

nr1 — €n, such that

£k+i tr

k-+1\tr k+1 n—+

()" = 287 | i
n+1

(o,k-i-l)tr =0, + ct - A€k+1

n+1
1
D" = Jirlate

(sEH)" = (k1) - (1)

(€1 = ek - a

k41 guch that

o_tr o QMA,V,thr

o =0, +c: Ae

(4.114)

(4.115)
(4.116)
(4.117)

(4.118)

(4.119)
(4.120)
(4.121)
(4.122)

(4.123)
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Then, the material consistent tangent may be calculated as (check the math)

Jdo  Jdao" i OAy on"
5% = 5e —2un’ ® e — 2ulAy e (4.124)
A~ 1 el
= 4.12
Oe 2u+ Ho + HF O€ (4.125)
tr 856" —2umL
€™ 9s™  Oo™ op**
de  Oe  Oe —1e Oe
aa.tr .
Je ¢
op" 1 1
( 56 )kl = gc;;-kl =3 (BA0kt + (03 0i1 + 050ir)) = (A + S 14) Ok
= Koy
agtr

2 1
5 :)\1®1+2uI—(A+§u)1®1:2u(I—§1®1) (4.126)
€

example : a;; (L — 35,j5kl) dev[symm(a)]x

OAy 2p . tr
_— = 4.12
Oe 2,u—|—H°‘+H“n (4.127)

where K is the bulk modulus, and

on" w0 1 1 o™
ge = ¢ %% (nz“n) € oe (4.128)
a 1 . —1 tr | agtr o -1 tr
de (II&“II) HEIGHES) iﬁ,‘ g™
2#5“
2:““ tr Atr 2:“ 1
= r I‘€ ® 3 I - _1 ® 1
o e ztey
- Hz—f‘n (I—%l@l—ﬁ“@ﬁ“) (4.129)
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4.4. CONSISTENT TANGENT FOR 3D ELASTOPLASTICITY

Then the material consistent elastoplastic tangent is

oo 2u ¢ ¢
- — 0_2 ~ tr ~ tr
c M<2M+ . H)n ®Xn

2 1 ~ tr A tr
—QMAWM—'ZH <I—§1®1—’nt ®nt)

Recall the continuum elasto-plastic tangent as

1 dg of

ep e e, ~J —J . e

c c Xc.ao_@)ao_.c
g:@:i:ﬁ:ﬁtr
do do €]
c:n" = 2un"
of dg Atro. oAt
— =t =—==2un" n" =2
bo " © " Bo pre e m a

_af eag af C_ a K

(2p)? .t .t
ep e r r
¢ o me s O

Then, we can rewrite the consistent tangent as

do (2/02( 1 ot At)
— = P -Ay(T--1®1-n"Qn"
e 16" 3

For small time steps, At — 0 = A~ — 0, such that in the limit, we have

k+1
, oo\ """ op
lima~y—o | == =c

86 n+1

(4.130)

(4.131)

(4.132)
(4.133)

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

Note: the continuum elastoplastic tangent ¢ and material consistent tangent (Jo/O€)

are, in general, NOT the same. The advantage of the consistent tangent is that it will al-

low your Newton-Raphson algorithm to demonstrate quadratic convergence (and, pos-

sibly, convergence versus non-convergence if the problem is highly nonlinear), whereas

the continuum tangent usually only provides linear convergence.
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Chapter 5

3D Pressure-Sensitive Plasticity at

Small Strain

Much of the material in this chapter is taken from Borja [2013]. Following on Chapter 4,
we focus this chapter on the differences in constitutive modeling for pressure-sensitive plas-
ticity for geomaterials like soil, rock, and concrete, and other particulate materials. We
motivate first the need for pressure-sensitive plasticity with some experimentally-observed
behavior, and then focus our attention on the different non-associative plasticity models,
with various definitions of yield function f and plastic potential function g, starting with
Mohr-Coulomb (M-C) plasticity [Vermeer and de Borst, 1984]. Note that MC plasticity,
and its follow-on variations such as Drucker-Prager (DP) plasticity, are “strength” models
suitable for modeling small elastic deformations and failure in stiff geomaterials such as heav-
ily overconsolidated clays, dense sands, rocks, and concrete. Whereas for softer soils such
normally-consolidated clays, other constitutive models such as Modified Cam-Clay elasto-

plasticity are better suited for modeling both deformation and failure [Borja, 2013].

With this in mind, we summarize traditional laboratory mechanical testing of geomaterials
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CHAPTER 5. 3D PRESSURE-SENSITIVE PLASTICITY AT SMALL STRAIN

(soil, rock) and other pressure-sensitive materials (e.g., concrete) for constitutive model
development of failure (peak load) and parameter determination. Assumptions made are the
following for these examples: (1) drained condition (all stresses are “effective” with respect
to the effective stress principle [Terzaghi, 1943]); (2) solid mechanics sign convention: o > 0
tension, o < 0 compression; and (3) compressive principal stresses: 0 > o1 > 0y > 03. Figure
5.1 illustrates the various mechanical loading conditions typical for testing geomaterials in the
laboratory, which are pressure-sensitive, thus control of the mean effective stress is important

for calibrating material constitutive parameters.

Oa, €
| 022
Y
O-r, 61’ / \ 0-1“7 EI‘
A IR Jd
/ 011
D 033, €33
e “triaxial” compression (TC): e true triaxial compression: o017 # 09y #
03 = 0,4, 01 = 0y = 0y, 0 > 0, > 0, 033
|0a| = [0 o .
e plane strain (biaxial) compression:
e “triaxial” extension (TE) 011 % 099 §£ 033, €33 — 0
01 = 0a, 02 = 03 = 0y, 0 > 04 > 0y, | . ,
° ne str mpression:
0,] > |o] plane stress compressio

O11 # 092, 033 = 0, €33 # 0

e uniaxial stress (unconfined) compres-
sion:

0,<0,0.=0 011 =022 =033 = O

e isotropic (hydrostatic) compression:

e uniaxial strain (oedometer) compres-
sion:
0,<0,0.<0,¢6,=0

Figure 5.1. Different experimental conditions for laboratory testing of geomaterials.
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In Fig.5.2, we illustrate the typical stress-strain behavior of soil [Atkinson, 1993]. ‘WET’
and ‘DRY’ refer to the critical state of a soil, which is the state at which upon continuous
shearing there is no more volumetric strain (or change in void ratio). For example, for a
water-saturated soil, if ‘WET’ of critical state, its void ratio e = V,/V; will contract and
water will be pressed out of the void space (assuming drained condition). If ‘DRY” of critical
state, its void ratio will initially contract and then begin to dilate and take in more water

into its void space as its volume increases. e, is the void ratio at critical state.

€vol = %
A
‘WET’
3]
|a'a - 0’1" =14 E
A o
o]
c
777777777777777777777777777 C__—~ LOCALIZATION N
&, Y
s gl
Q¥ % w
E3 E
"""""" B % <
-3 =
3 NRy!
*  DRY o DRY
Q
~
(/J o y
5 WET
A
e=V,/V;
o : - e A
~ 1% > 10%

> e

Figure 5.2. Typical stress-strain behavior of soil [Atkinson, 1993].
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In Fig.5.3, we see shear banding in a dense sand [Vardoulakis et al., 1978, Vardoulakis and

Goldschieder, 1981] with clear peak load and post-peak softening associated with develop-
PI[N] 2000 A
? 1600 i
120 /‘ l \

4

ment of the shear band.

800 F
|
400 JI
- l uy [mm]
0 ? L\f 8 10
2 : Lo
| ~
\'\
u;[mml 4

Figure 5.3. Shear banding in dense sand [Vardoulakis et al., 1978, Vardoulakis and Goldschieder,
1981].
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In Fig.5.4, we illustrate the typical stress-strain behavior of rock [Jaeger and Cook, 1976].
Rocks do not exhibit a critical state as do certain soils. The main difference between soil
and rock is that soil is particulate in nature allowing grains to slide over and past each other
and fluid to occupy its voids, whereas rock is typically composed of a strongly cemented
aggregate of crystals and amorphous grains not allowing grain sliding or easy occupation of
the pore space by a fluid. The dilatancy observed in rock is due to opening of microcracks,

forming and extending.

P
A
A
7N\o\\\ C _ LOCALIZATION
\) ,,,,,,,,,,,,,
51“00Ix
?0 e,
o
>
w0
5
D 0
B
a2
PN
2
N
I9)
A
> Cyol
DILATE O CONTRACT v

Figure 5.4. Typical stress-strain behavior of rock [Jaeger and Cook, 1976].
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As an example, consider the failure of Tennesse marble observed in Fig.5.5 (courtesy of David

Holcomb, Sandia National Laboratories).

400 T T
Tennessee Marble : :
350} Plane Strain, 20MPa = .
Localization Observed Before 285 MPa_ g
_. 300f- gt N
& S S o
S 250F ‘ e
N > | /
O 200F T "‘/" EEREEE
k=] N /, N N /’ N
c : , : e :
o ’ : e
[¢) Al 2
sof /="
0 . . . .
0 0.002 0.004 0.006 0.008 0.01

ell

Figure 5.5. Rock failure: Tennesse marble (courtesy of D. Holcomb, Sandia).
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5.1. MOHR-COULOMB (MC) PLASTICITY

5.1 Mohr-Coulomb (MC) plasticity

For Mohr-Coulomb (MC) plasticity, we recall the MC yield (or failure) criterion as

7, = c— 0, tan¢ (5.1)

where 7, is the shear stress at yield on the failure plane, o, is the normal stress at yield on
the failure plane, c¢ is the cohesion (Pa), and ¢ is the friction angle (rad). Let us consider a
sequence of Mohr-Circles at yield for various confining pressures with center C' = (01 +03)/2

and radius R = (o — 03)/2, in Fig.5.6.

(insert figure)

Figure 5.6. Plot of MC yield criterion.

Note that sin¢ = (0, — C)/R and cos ¢ = 7,/R. Substituting into the MC yield criterion,
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we have
T, = c—oytan¢ (5.2)
cosp(oy —03)/2 = c—tang(o) + 03)/2 — (sin? ¢/ cos ¢) (o) — 03)/2 (5.3)
(01 —03) = 2ccosd — (01 + 03)sin ¢ (5.4)
f(o1,03) = (01 —03) —2ccosd+ (01 +03)singd =0 (5.5)
(insert figure)
Ja
| =T P
B Sl ‘ \ ;@ .
5 = '\\\ %>J</\_/ @ C@*@\)
~ ] ,«r: T\ = G'L ﬂf/,/ , \\\\\
R ,\ // el \\
| o 7

Figure 5.7. Stress path for conventional triaxial compression (TC).

Now, generalizing for 3D, we can write (at yield)

flo1,00,03) =|oa —op| —2ccosp+ (04 + 0p)sing =0 (5.6)

where A, B = 1,2,3, A # B, and for triaxial compression (TC), 01 = 09 = 0}, 03 = 0,

(decreases, increases in magnitude; see Fig.5.7), such that

oy — o3| = 2ccos¢ — (01 + 03)sin ¢ (5.7)

log — 03] = 2ccosp — (09 + 03) sin ¢ (5.8)
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5.1. MOHR-COULOMB (MC) PLASTICITY

For triaxial extension (TE), we have 01 = 0,, 09 = 03 = 0, (decreases, increases in magni-

tude), such that

log — 01| = 2ccos¢ — (05 + 01)sin¢g (5.9)

oy — 01| = 2ccos¢ — (03 + 1) sin¢g (5.10)

Figure 5.8 shows the two stress paths for TC and TE, and the difference in yield strength
for these two loading conditions (if plotted on the same octahedral plane). Note that at the

vertices, g—g. (or g—g.) will be undefined (analytically). See Fig.5.9 for an illustration of the

“Koiter fan.”

3 \\ V:v. Lv\?g
’ Sx
(insert figure) L btk o vocieed /\“"'9*
: ¥ e

G,

Figure 5.8. Stress path for conventional triaxial compression (TC) and triaxial extension (TE) for
MC yield surface.
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1] ﬁ
N T
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a

Figure 5.9. “Koiter fan” at vertex of MC yield surface. In theory, there are an infinite number of
plastic flow directions at the vertices. For numerics, one gets chosen based on numerical precision.
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5.1. MOHR-COULOMB (MC) PLASTICITY

We define a plastic potential function g as,

g(o1,09,03) = |04 — o] —2ccosth + (04 + op) sine (5.11)

where A, B =1,2,3, A # B, and ¢ < ¢, where 9 is the dilation angle. Note that g # f for

non-associative plastic flow such that €’ = 7;—5’., and

0 0 0
% = sign(oa — op) +sine , % = —sign(os —op) +sin , % =0 (5.12)
where then
éb = tr(€P) = 24siny > 0 for ¢ > 0 (5.13)
and
p_ .09 ., .0
po_ P 5.14
€4 ’yaO_A » €B 700_B ( )
@E—de
h — — P — p 2 515
shear — 5= “A—D2 s ey (5.15)
€p €p
= siny = % ‘ >0 (5.16)

29 e — &l
This is shear-induced dilation, illustrated in Fig.5.10.

* shear-induced dilation
S

S,
T dlde do auconmolsle
g) @O b s&nmvﬁm ere, 3&9\

Figure 5.10. Demonstration of shear-induced dilatation for dense sand.
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Now consider a constraint by the 2nd law of thermodynamics on the dilation angle 1 assum-

ing perfect plasticity. The dissipation function D is written as,

3
. . g
@ - . P = e X
o€ VAE:1JA80_A (5.17)
= Jlloa —op|+ (04 +0p)sing] >0 (5.18)

where for f =0, |04 — 0| = 2ccos ¢ — (04 + op)sin¢. Then
Y [2ccos¢p + (04 + op)(siny) — sing)] > 0 (5.19)

where the Kuhn-Tucker conditions tell us 4 > 0, and for argument sake, assume cohesionless

soil (e.g., sand, gravel) ¢ = 0, then

(04 + 0p)(siny —sing) >0 (5.20)
~———

<0

For positive plastic dissipation D > 0, we have
siny —sing <0 = siny <sing = ¢ < ¢ (5.21)

The dilation angle 1» must be less than or equal to the friction angle ¢ to satisfy the Clausius-
Duhem inequality (and second law of thermodynamics); the principle of maximum plastic
dissipation is not satisfied by non-associative plasticity, but the plastic dissipation is positive,

and the 2nd law is still satisfied.
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5.2. MATSUOKA-NAKAI (MN) PLASTICITY

5.2 Matsuoka-Nakai (MN) plasticity

We refer to Matsuoka and Nakai [1974], Borja et al. [2003] for a discussion of the Matsuoka-
Nakai (MN) smooth yield surface approximation to the MC yield surface with vertices. The
smooth approximation can make plasticity integration algorithms easier, not being concerned
with vertices or the “Koiter fan” [Hughes, 1984] (i.e., infinite number of plastic flow directions

at the vertex, in theory).

First, we define a stress & = o — a1, where a = ¢ cot ¢. Consider a spectral decomposition

into principal stress directions n as

3
o = » oam’ (5.22)
A
O =04 — (523)

m* =n' @nt (5.24)

where 7,4 is the eigenvalue, n” the eigenvector, and m? the spectral direction. Then the 3

stress invariants of & are

I, = 61+0y+03 (5.25)
jg - 5'15'2-'-5'25’3-'-5'15’3 (526)
jg = 5'15'25'3 (527)
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These are used in formulating a yield function as (plotted by hand in Fig.5.11)

= = = 9 — sin?
f=BL)"Y - (LL)# <0, B= ﬁ (5.28)
where the plastic potential function g = (bl3)"/? — (I115)Y/?, and b = ?:;Es:ﬁ, where b < 3.
(insert figure)
B
|
— Mc
<7 i

Figure 5.11. MN yield function smooth fit of MC yield surface vertices.
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5.3. DRUCKER-PRAGER (DP) PLASTICITY

5.3 Drucker-Prager (DP) plasticity

Within the context of the MN yield function discussion in the previous section, we can write

the yield function for Drucker-Prager (DP) plasticity [Drucker and Prager, 1952] which is

also a smooth approximation to the MC yield surface as,

J o= —(BL)"? -6 <0
Y2
b= 8 + — (b), 5 TE corner
34 2sin¢ — sin” ¢
— g 2
b= (8 —sin¢) TC corner

~ 3—2sin¢ —sin®¢

See Fig.5.12 for a plot of f = 0 at the TE corner and TC corner.

(insert figure)

ov\'\%«- (TC\) V‘L"‘t'\ L

7

P,

(5.29)
(5.30)
(5.31)
Mc
e (TE) \lmf'licd

Figure 5.12. DP yield function smooth fit of MC yield surface vertices.
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But we usually express the DP yield function differently as

fo=lsl— (A%~ B%) <0
A¢: 2\/6 CO'SCb ’ B¢: 2\/681n¢ : -1 SBS 1
3+ [sin ¢ 3+ [sin ¢

B =1= TE corner

S = —1 = TC corner

and for non-associative plastic flow (dilation angle 1) < friction angle ¢):

g = |lsll - (A%~ B%p)
qo o Doeosy gy 2V6siny
3+ [Bsiny 3+ [sing

If ¢ =1 =0, we recover a form similar to J2 plasticity.

(5.32)
(5.33)
(5.34)

(5.35)

(5.36)

(5.37)

We will continue in more depth a presentation of the DP constitutive model equations,

following the progression as presented for J2 plasticity.

The Helmholtz free energy function is written as

pUE Q) = € e et 1C H ¢
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5.3. DRUCKER-PRAGER (DP) PLASTICITY

where then

0
o = (ap(;p) =c°: € (5.39)
c
¢ 8(ﬂ¢) _ e ¢
T = e T H-¢= . (5.40)
L a .
- e -
H¢
H = (5.41)
HY
L Hal .

The yield and plastic potential functions are written as

flo,q%) = &l — (A%~ B’p) <0 (5.42)

g(o.q") = &l - (A"c— B"p) (5.43)

where then the plastic flow rule becomes

. L dg . (O]€l Ip
P _— 477 _ Y 2L
[5 Y9g = 1 ( %o + B oy (5.44)
= 5 (n - %B“ﬁ) (5.45)
& = tré? =4BY (5.46)
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N(n

. . or
(insert figure) v
3'# eSS sl
o :;‘;3"/{'* i o

> p

Figure 5.13. DP yield and plastic potential functions and non-associativity.

The ISV evolution equations are written as

he(o, q°)
; . . h¢(0,q<)
¢ = Fh(o.¢") =%

hw(aqu

ho(o,q%)
¢ = YH h(o,q")

Recall the principle of maximum plastic dissipation that states h =

we can make the modification h, = —g—i, then
e _ , i
dc A
of DA® oB?
El 0 d . .
_ 0 9Av . _ 0B
o o9 o9 P
of A
o i n 1

160

H¢<
H¢<

(5.47)

(5.48)

of _
Because = 0,

)

)

_of
aqc-
HeA?
HA? OB?
96 €T g P
DAY OBY
o €T T P
Hon
h'o.q%

(5.49)



5.3. DRUCKER-PRAGER (DP) PLASTICITY

We can then write the consistency condition f =0 as

cP

lg'co'é

xoo

of .9 9f
80"0'80' 8q<Hh
(S 16,@ g_e
c XC'80'®80"C

(5.50)
(5.51)

(5.52)

For numerical integration and implementation, it turns out that the system of ODEs to solve

using Backward Euler would be nonlinear, requiring Newton-Raphson to solve (we will show

later how to setup this nonlinear solution algorithm). In order to simplify the formulation

further to demonstrate the numerical integration, we can consider perfect plasticity for fric-

tion and dilation angles, such that H® = HY = 0. This leads to the following evolution

equations to solve using Backward Euler:

. (. .O0g
= C 6—’}/8—0_

dg 1
—J _ 5 _Bwl
Jdo n+3

= YH°A?

= YHn

=0

(5.53)

(5.54)
(5.55)

(5.56)

There are 4 first-order ODEs, and 4 unknowns (o, ¢, a, ) to solve. Using Backward Euler
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integration (implicit, first order accurate) to numerically integrate in time, we have

o1 = o0 — Ay (KBY1 + 2pfu,4) (5.57)
on =0,+c :Ae

Pny1 = p:{+1 - KBqu

Snt1 = Spy1 — 2UAV 41 (5.58)
Cng1 = Cn+ AH Ay (5.59)
a1 = o+ HYAvn, (5.60)
farr = &l = (A%cpr = Bppya) = 0 (5.61)

Again, it is possible to show that 7,41 = n,,,; (show yourself).

We summarize the return mapping algorithm as follows: given Ae over a time step, and

O, Cn, Oy, Y from the past coverged time t,, we have

tr __ etr tr
1. compute trial stress o, | = 0, +c°: A€, and pif, | = tr( o), s =00 —pi1,

€£Lr+l sn+1 an? n+1/||£n+l||

2. check for yielding: trial yield function fi, = ||&7 || — (A%c, — B®pr,,)

if f", >0 plastic go tostep 3

— tr
else fi', <0 elastic: o, =00,

aTL—I—l = aTL (562)
Cnt+1 = Cp
TYn+1 = Tn
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5.3. DRUCKER-PRAGER (DP) PLASTICITY

tr
n+1

2u+KBOBY+H~+He(A®

3. compute Ay = ik and update:

Pnt1 = Phyy — KBYAy
Snt+1 = S;f+1 — 2uAyn"”
Qi1 = o, + H* A"
Cng1 = Cp + HCA? Ay

Va1 = Tn + Ay
Now, the material consistent tangent can be derived as follows,

o = o — Ay(KBY1+2un"™)

oo do'r OA~y on'
— = — (KBY1 + 2un'™) @ —= — 2uA
OJe OJe ( j ke )4 € pETY OJe
(md’)cr
Ay 1 /0]€"| op"” 1
= _ RB? —— P\ tr
Oe X ( Oe * Oe X(m )
X =2u+ KB?BY + H* + H°(A?)°
a)1€" ] o Op”
=2un'" =K1
Oe HIV 0 e
on' 241 1
— I o _1 1 ot A tr
e ||s“||( 3O ®")
80- e 1 ~ r A r
% = ct — ;(mw)t ® ('m‘b)t
(2II"L>2A’Y ( 1 ~ tr ~ tr)
————— | I--1®1-n"®n
1€ 3
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(5.64)

(5.65)

(5.66)

(5.67)

(5.68)
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Recall the continuum elastoplastic tangent as

1. 99 _of

c? = ¢ — ;co 5y @5, 1 € (5.70)
g—i = %Bd’l +n, g—f_ = %BM +n (5.71)
g_c]; = (mf)T e S_g _ () (5.72)
g—i o g—g — KB*BY + 24 (5.73)
X = g_i pct g—i - aa—;c-H-h(a,qC) = 2u+ KB?BY + H* + H%(A%)?

c? = ¢ — i(mw)“ @ ()" (5.74)

Then, we can rewrite the consistent tangent as

do (2p)? ( 1 -t At)
— = P -A—=(I--1®1-n"@n" (5.75)
Oe 1€™ 3
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5.4 Nonlinear Drucker-Prager (DP) plasticity

Here, we consider the case of the fully nonlinear form of the Drucker-Prager (DP) plasticity
model, where each ISV could be dependent upon the other. To start, recall the Backward
Euler integrated evolution equations for the stress and ISVs, written in residual form, leaving

off the n 4+ 1 subscript, as

o
R(X) = 0 X=1 g (5.76)
Ay
-R”- _a—an—ce:A6+A7ce:§—g-
R = | R | = —q¢‘ + g, + Avh! =0 (5.77)
RY f

We then linearize for solution by the Newton-Raphson method for the unknown variable X

(which contains the stress o, ISVs q¢, and increment of plastic multiplier Av) as

OR

R"' = R* + ox| 9X~0 (5.78)
k
oR” R’ oR°
00 aq° 0N~
oR — | aR? aR' sR’ (5.79)
0X 200 9q¢ 9Ny

AR AR AR
00 aq° O~

I+ Avyet g Ave® %9 e . 99

C D000 " 90°0q° o0
= Ayl —1+ m% he (5.80)
of of
0 oq° 0
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For iteration k, we rewrite the first two equations as

R’ oo ct: 99
+D- +6(A7) 90 1 —0
R 5q° h1
and then multiply by D' to obtain,
R’ oo ct: 99
D7 . + +6(Ay)D7!- 0 1 =0
R 5q° h?
e ag o
ct: R oo
5(Ay)D7!- 0 | — _p-l. _
h? R oq°

Then, multiply by [ g_g_ 58—(54 } to obtain

e. Og

Cc .
5(Av){ or ~ of }D‘l- 0

R’ oo
_{c’ﬁ i}.p—l. _[Bf 8f}.
o0  9Qg¢
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We solve for the iteration increment of the time increment of the plastic mulitiplier §(A~)

as
RO’
f- [ of o ] D!
o0 oq°¢ RY
I(Ay) = = (5.85)
et - 99
|: af  of } -D_l . eloa
a0 aq°¢ B

Then substitute back in to update the stress o and ISVs ¢¢ as

oo R + §(Av)ce : 22
- -D- (82)e - o5 (5.86)

5q° R + §(Av)h?

Then check for convergence.

Now, we show how to calculate the material consistent tangent %—g. Recall the residual

form of the integrated equations, but pre-multiplying by (¢®)~! as

() io—(c) o, — Ae+ Ay 2L
f
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Take derivatives w.r.t. € at iteration k + 1 and time ¢, to obtain

(c)~': %

We assign the following notation

and then,
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A 22 oqs 9?
—I+5%® ve T M (gaage T+ ot
8q< 0A oh! 99¢ | oh' . oo
—%e Th® 58 + Av(5q7 - Te T 50 * 9€)
of . 9q° + 2L . o0
oqc  0€ 00 " 0€
p) oo
L+ AVaaaa AnVao-an e D€
oh’ oh’ oq‘
of af OAY\T
e 9 0 ] | (G |
82
B_ ()" + Avaaaa A aaaqe
oh’ oh!
oo p)
5. | % 90 oA\ | T
. 8q< * q e n
8—6 h i 0
- -
of o || %€ | =0
a0 9q° oqs
€ |

(5.88)

(5.89)

(5.90)

(5.91)



5.4. NONLINEAR DRUCKER-PRAGER (DP) PLASTICITY

. —1 8f 8f .
We multiply by B~ and [ o o } to obtain

Jilod 99
af  of . 0€ + af  of . B—l . oo (aArY)T _
90 9q° aqs 90 9q° B Oe
DE
—0 .
I
{ of  of } .B7'. (5.92)
oo an
0
AN N _ I
= | 3o of |.B7. .
( Je ) e { o0 oq° 0 (5.93)
We then substitute and solve for %—g as
)
o0qg¢
e 0
Bg I
Lpr |9 | | o o | .. (5.94)
e e o0 g 0

We then take the upper 6 x 6 matrix for the 3D %—g, after putting in vector-matrix form.
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Chapter 6

Mixture Theory, Poromechanics, and

FE Implementation at Small Strain

Much of the content in this chapter is taken from Borja [2004], Li et al. [2004], de Boer
[2005], Regueiro and Ebrahimi [2010], Regueiro et al. [2014].

We assume geometric linearity (i.e., small strains and small rotations). However, for discus-

sion purposes, it is meaningful to introduce some nonlinear continuum mechanics concepts

[Holzapfel, 2000].

An outline of the remaining sections is as follows:

1. formulate differential form of coupled balance of mass and linear momentum, and apply

boundary conditions (BCs) to provide the Strong Form (S).
2. formulate coupled, variational, Weak Form (W).

3. state coupled, discrete, Galerkin Form (G).
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CHAPTER 6. POROMECHANICS AT SMALL STRAIN

4.

formulate coupled, Finite Element (FE), Matrix-Vector form in 2D plane strain, using

mixed quadrilateral element.

. provide example of element assembly to obtain Global Matrix form, assuming linear

isotropic elasticity and no dependence of porosity on solid skeleton volumetric strain

€p-
conduct time integration using generalized trapezoidal rule.

include nonlinearity: porosity dependence on solid skeleton deformation (small strain),

and nonlinear material constitutive model.

introduce inertia terms for dynamic mixture theory and FE implementation, and so-

lution by Newmark time integration and Newton-Raphson.
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6.1 Coupled balance of mass and linear momentum,

Strong Form (S)

The concept of volume fraction for a solid and fluid mixture (porous solid skeleton saturated

with a pore fluid) is shown in Fig.6.1.

n®(x,t) = dvg/dv
Zno‘zl, nf+nd=1

dv = Z dv,,

e n%(x,t) = volume fraction of constituent ain dv C B,
where B = B®

o dv, = differential volume of constituent « in dv

Mey = / dma:/ paRdva:/paRnadv:/po‘dv
[e [e ‘B B

PRz, t) = dmg/dug
p*(x,t) = dmg/dv = p*T(x, t)n®(z, 1)

o dm, = differential mass of constituent «

e p°f(x,t) = real mass density of constituent o

e p%(x,t) = partial mass density of constituent a

*theory of porous media assumes con-
trol space is that of the solid phase
B = BS

Figure 6.1. Concept of volume fraction for biphasic (solid-fluid) mixture theory, showing solid
skeleton composed of contacting grains. Mixture theory is a continuum assumption.
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The kinematics of biphasic solid-fluid mixture theory are shown in Fig.6.2.

e x = spatial position vector, which is
simultaneously occupied by all con-
stituent material points Xg, X¢ of the
mixture (homogenized, or smeared)

r = Xf(Xf>t):Xs(stt)

e drop the s designation since control
space is that of the solid skeleton

r = x¢(Xrt)=x(X,t)

Bf

Figure 6.2. Kinematics of a biphasic (solid-fluid) mixture theory, showing solid skeleton composed
of contacting grains. The continuum assumption of mixture theory is evident in the assumption
that solid and fluid constituents coerist at the current position .
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Likewise, the volumetric deformation of a solid-fluid mixture, that is smeared in the current

configuration at spatial position vector @, is shown in Fig.6.3.

mixture

Figure 6.3. Volumetric deformation of solid and fluid constituents in a biphasic mixture (solid
skeleton composed of contacting solid grains). Because the respective deformation gradients F'g (or
just F') and F'y map material points Xy (with differential volume dVj, or dV') and Y; (with differ-
ential volume dV}) to current position « (with differential volume dv), the volumetric deformations
through the Jacobians Js (normally called J because in theory of porous media, one follows the

motion of the solid skeleton) and J¢ smear the two constituents under volume change to the current
differential volume dv at position x.

The Jacobian of deformation for the two constituents is written as

Jo=detFy>0; J;=detF;>0 (6.1)
dv = JdVy = JdV; (6.2)
dvg = n®dv = n®J,dV, (6.3)

dvi c BY, dV,c B} (6.4)

where we will typically drop the s superscripts and subscripts because the theory of porous
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media assumes we follow the motion of the solid skeleton.

We can similarly reshow the three figures demonstrating the concept of volume fraction and
kinematics for a biphasic solid-fluid mixture, but for the solid skeleton composed of alveolar

tissue which makes up the lung parenchyma, Figs.6.4-6.6.

fluid-filled n®(xz,t) = dvy/dv
pores a_ £ s _
dve Eo;n =1, n4+n =1

- duyg dv = Z dvg,

" solid
- alveolar e n%(x,t) = volume fraction of constituent ain dv C B,
tissue where B = B

e dv, = differential volume of constituent « in dv

meg = / paRdva:/paRno‘dv:/po‘dv
« B B

p°R(x,t) = dmg/dug
p(x,t) = dma/dv = p*F(x, t)n(x, 1)

e dm, = differential mass of constituent o

o p°f(x,t) = real mass density of constituent o

*theory of porous media assumes con- o p*(x,t) = partial mass density of constituent «
trol space is that of the solid phase

B = B°

Figure 6.4. Concept of volume fraction for biphasic (solid-fluid) mixture theory, showing solid
skeleton composed of alveolar tissue.
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e x = spatial position vector, which is
simultaneously occupied by all con-
stituent material points Xg, X¢ of the
mixture (homogenized, or smeared)

r =xi(X1,t) = x:(Xs,t)  (6.5)

*material point X is mapped from ref-
erence position X to current position
x through mapping xs

. *can define inverse map X, =
B, x5! (x,t), assuming smoothly differen-
Xt tiable fields

e deformation gradient:

~ OXa -l 0X,

F,= ,
00X, @ ox

e drop the s designation since control
space is that of the solid skeleton: @ =

xi (X, 1) = x(X, 1)

Figure 6.5. Kinematics of a biphasic (solid-fluid) mixture theory, showing solid skeleton composed
of alveolar tissue. The continuum assumption of mixture theory is evident in the assumption that
solid and fluid constituents coezist at the current position x.
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mixture

Figure 6.6.

Volumetric deformation of solid and fluid constituents in a biphasic mixture (solid
skeleton composed of alveolar tissue of the lung parenchyma).
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Material time derivative of scalar spatial field ¢ (x,t), referring to Holzapfel [2000],

de Boer [2005], is written following the solid skeleton motion as,

D3 (xo(Xs, 1), 1) d(x,t) | O(w,t)Ix, O
Dt R R (6.6)

where we will drop the s designation because we follow the motion of the solid skeleton.

Following the pore fluid motion, it is written as,

wa(Xf(vat)vw _ 8¢<w7t) a¢($at) aXf _ 8¢
D1 =5 + % O —E%—gradgb-'vf (6.7)

For the balance of mass of the mixture, we write separately the balance of mass of each
constituent, solid and fluid, expressing all material time derivatives in terms of the solid
skeleton motion, and then add the two equations together to obtain the balance of mass of

the mixture. The total mass of constituent o in B is written as

ma:/p“dv:/ p*JdV, (6.8)
B B

0
Taking the material time derivative of this spatial field with respect to the motion of con-
stituent «, we can express the balance of mass of constituent « as
D%my,, D*(p*J,)

— [ 2 gy —o 6.9
Dt 5a Dt (6.9)

where we currently ignore sources and sinks for now, and ignore chemical reaction between
constituents (i.e., no mass exchange between constituents, such as dissolving solid into fluid,
or precipitating fluid into solid). We can find that D*J,/Dt = J,divv, [Holzapfel, 2000,
de Boer, 2005] from,

D>J, B Do‘(det Fa) _JFT. D*F, _ 7 8X1(a) (%Z-(Q)(Xa,t)
Dt Dt U Dt Y 00X

= Jdivo,  (6.10)
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We have
Dama Dapa )
= — + p*divu, | dv =10 6.11
D1 /93<Dt +p 1V’U)U (6.11)
and localizing the integral,
DC!{ (0%
Df + pdivo, = 0 (6.12)

Then, for each solid and fluid constituent, the balance of mass is written as,

DS S D S

D/; + p*divog =0, or Dpt + pPdive =0 (6.13)
Df f
7’5 + pldivo; = 0 (6.14)

where v (or vy) is the velocity of the solid skeleton, and vy is the velocity of the pore fluid. For
eventual Lagrangian finite element implementation, where the mesh deforms with the solid
skeleton deformation (tracked by solid skeleton displacement u), we would like to express
the material time derivatives solely in terms of the solid skeleton motion, and we recognize

the following:

Dfpf Dspf
= dp" - o 6.15
Vp = Vf — Vg = V5 — U (6.16)

where ¢ is the relative velocity vector of the fluid with respect to the solid skeleton motion.

Then the balance of mass for each constituent solid and fluid can be written with respect to
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the solid skeleton motion as

DS S
Df 4 pdive = 0 (6.17)
Ds f
Df +pldive = —div(p'y) (6.18)

where div(p'o;) is the net mass flux of fluid through the solid skeleton (by the Divergence
theorem). Using p = p* + pf, then the balance of mass for the mixture (summing each

constituent balance of mass equation) is

S

Dep

o +dive = —div(p'vy) (6.19)

This is general for deformable constituents. However, oftentimes the constituents themselves
are nearly incompressible with respect to the compressibility of the solid skeleton; e.g., a sand
saturated with water, where water and the sand grains themselves are nearly incompressible
as compared to the compressibility of the sand skeleton. This rationale can also apply to
spongy soft biological tissues such as the brain and the lung parenchyma, wherein the satu-
rating fluid is water and /or air, and the collagenous solid constituent is nearly incompressible
when compared to the compressibility of the solid skeleton collagenous matrix (sometimes
called the extracellular matrix (ECM)). Thus, we can consider a simpler case for which the
solid and fluid constituents are incompressible. We start by substituting p° = n®p*® and

p' = nfp™ into the separate constituent balance of mass equations,

s ssR

% +div(n®pTo) = 0 (6.20)
f R

% +div(n'pv) = —div(n'p™oy) (6.21)

We assume the solid and fluid constituents are incompressible (for saturated soils, or soft

biological tissues), such that the real mass densities p*t and p™ are constant with respect to
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CHAPTER 6. POROMECHANICS AT SMALL STRAIN

time and space:

psR%it + pfdiv(nfv) = 0 (6.22)
®ON m fR 1: (0 fa
e + pidiv(in'v) = —pTdiv(n og) (6.23)

Recall the volume fraction relation n® = 1 — nf, where we then have

f
_aait +div((1 —=nv) = 0 (6.24)
f
%it +div(n'v) = —div(n'®;) (6.25)

Summing these two balance equations leads to the balance of mass for a mixture composed

of incompressible solid and fluid constituents as
dive + div(n'og) = 0 (6.26)

where v = @ = Du/Dt is the velocity of the solid skeleton following the solid skeleton

Darcy

motion, and n'v; = oy is the superficial (Darcy seepage) fluid velocity. The balance

of mass can be rewritten (assuming no interconversion of solid to fluid or fluid to solid

constituents, i.e., ignore chemical reactions) as

divoy™ ™ = —diva (6.27)

We can physically interpret this equation in various ways:

1. locally undrained: zero solid skeleton volumetric deformation with zero fluid flux

divoy™™ = —diva = 0 (6.28)
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2. rate of fluid storage (in flow) equals rate of solid skeleton dilatation:

divop™® < 0 flowin, divae >0 dilate (6.29)

3. rate of fluid depletion (out flow) equals rate of solid skeleton compaction:

divf)?amy >0 flowout, divit <0 compact (6.30)

Next, the balance of linear momentum of the biphasic solid-fluid mixture is derived.
The balance of linear momentum for constituent o (o =s,f), ignoring inertia terms, may be

written as:

dive® + p*“b* +h® = 0 (6.31)

where o® is the partial stress for the o phase, such that o = o°* + o, p* is the partial mass
density such that p = p*+pf, b* is the body force per unit mass on constituent a (we assume
the same body force for each constituent, such as acceleration of gravity, b = b = g), and
h® is the internal body force drag of other constituents on constituent a. We note that
the internal body forces due to drag between constituents sum to zero (equal and opposite;

Newton’s third law of motion), and thus do not affect the mixture as a whole:

he+h" = 0 (6.32)

where h® is the body force drag of pore fluid on the solid skeleton, and k' is the body force
drag of the solid skeleton on the pore fluid. Thus, when summing the individual balance of
linear momentum equations for solid and fluid constituents, we have the balance of linear

momentum equation for the mixture:

dive +pg = 0 (6.33)
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This looks the same as a single constituent/phase medium, but we recognize the additive
decomposition of the stress and mass density into its respective components for each con-
stituent. The balance of angular momentum for non-polar constituents states that the

respective partial stresses (and, in turn, the total stress) are symmetric: o = (a®)7.

It is now relevant to discuss a principle that allows us to distinguish stress acting on the solid
skeleton, and the pressure acting on the pore fluid (assuming the fluid is nearly inviscid, such
as water). We apply the effective stress principle (assuming Biot coefficient B = 1), which

can be credited to Terzaghi [1943] (pgl2) (among others), that states,
o=o0 —pl (6.34)

where the real (Cauchy) pore fluid pressure p; = % (%tr(af)) is positive in compression,
and the mean effective stress is positive in tension p’ = %tr(o" ), where o’ is the effective
stress, or the stress acting on the solid skeleton, for which we will apply our solid skeleton
constitutive equations. We assume a nearly inviscid (no shear stress) isotropic fluid (e.g.,
water), where then,

1
ol =p'1 = pr = E(—pf) (6.35)

and
OS—OI—I— f —=1]1 6.36
b nf ( . )

Thus, we note that the partial solid stress o is NOT equal to the effective stress o/, o®° # o,
unless the pore fluid pressure pr = 0. The effective stress principle is useful for introducing
constitutive equations for the solid skeleton separate from the pore fluid, but it requires more
study for application to materials other than soils or rocks, such as soft biological tissues.
For rocks, we introduce the Biot coefficient B, recognizing that the stiffness of the rock solid
skeleton is on the same order of magnitude as the rock solid constituent; for soils, foams,

and soft biological tissues, B ~ 1.
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Thus, we may state the coupled Strong Form (balance of mass and linear momentum) for

the solid-fluid mixture with incompressible constituents, ignoring inertia terms, as

4

Find w;(x,t) : Q x [0, T] + R,
and pg(zx,t) : Q x [0,T] — R, such that
0ij.j + pbl =0 €
u; = g onl,
oln; = 17 onI’
(S) 7 ' (6.37)
ui(w, O) = Up; c Q
. ~Darc
Wi + ,Ui(f),iy =0 €
pe o= T onT',. (andT)
—niﬂg??)rcy = s only
pi(x,0) = pro € O

where the BCs on a mixture body are shown in Fig.6.7.

Constitutive Equations:

Before we introduce constitutive equations, we present the thermodynamics (Clausius-Duhem
inequality) for a biphasic mixture. The balance of energy for constituent « in the current

configuration B is written as

Da (0%
P D: — o € 4+ divg® — p*r® (6.38)
1
=Y + 7 (iva - ea) — v, -h® (6.39)

where e® is the internal energy per unit mass of constituent «, q® is the heat flux of con-
stituent «, r® is the heat input per unit mass of constituent «, and é* is the energy den-
sity rate for constituent « supplied by all other constituents. Then, skipping details, the

Clausius-Duhem inequality, assuming existence of a Helmholtz free energy func-
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Iy

(7
r =T 9

Figure 6.7. A body Q that can have a saturated region {2, with associated BCs: g“ is the

prescribed displacement on I, t7 is the prescribed traction on I'y, r is the prescribed pore fluid
pressure on I',.; and s is the prescribed fluid flux across I's (positive into the body). We will consider
only bodies that are fully saturated, where Q0 = €.

tion per unit mass ¥ for constituent « is written as

1 DOl (0%
e* +~° (90‘770‘ + 5Va Va = ea) — v, -h* —p° qu +o%: e (6.40)
D9 1
2 P+ o (gradd®) - ¢* (6.41)

Summing over the constituents a =s.f, the resulting constitutive equations follow from
arguments by Coleman and Noll [1963], Coleman and Gurtin [1967] for independence of rate

processes, where we assume inter-constituent mass exchange v* = 0, we use the effective
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stress principle, the constituents are incompressible, and we have

s _0pyt) ()

d(p*y°)
r_
o= (6.43)

The reduced dissipation inequality, assuming at a local mixture continuum point the

temperature 0° = 0' = 0 and q = ¢* + q', we have,

_ 0 . 100
—(Pf¢f)d1vvf - 8—{: + pr(af - bf) : (nf’Uf) T 0ox q=>0 (6.44)

For non-negative dissipation, we arrive at the generalized Darcy’s law for seepage velocity

(nfy), and the Fourier’s law for mixture heat flux g, as follows

. 0 N ~ |0
(n'o) o< — a—];f + p®(a; — bY)| = (nfoy) = —k a—‘if + p®(as —b')|  (6.45)
100 100
157y ox —a- _kegaw (6.46)

where hydraulic conductivity k and thermal conductivity k% = nfk? + nsk? are proportion-
ality parameters. Thus, a generalized form of Darcy’s law and Fourier’s law result from
the second law of thermodynamics. We will assume isothermal (9 = 0) and homogeneous
temperature (00/0x = 0) for now. We assume the body force per unit mass on the fluid is

a result of gravity, b’ = g.

Assuming a quadratic form of the Helmholtz free energy function for the solid skeleton p*i®,
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we arrive at a linear elasticity model, which we further assume is isotropic, such that

pPUi(e’) = %es rc: € (6.47)
o = a(g?fs) =c:€,e=¢€ (6.48)

aéj = Cijki€kl (6.49)
c=A1®1+2ul (6.50)

Cijil = AN0ijOny + 20015 (6.51)

T = 5B+ Bad) (6.52)

We could generalize the constitutive equation for the effective stress governing the response

of the solid skeleton by including plasticity, or viscoelasticity, or viscoplasticity, etc.

Constitutively, based on the thermodynamics resulting in Eq.(6.45), we can assume Darcy’s
law for the superficial (Darcy) seepage fluid velocity. Refer to Coussy [2004] (pg45) for more
details. Recall from undergraduate soil mechanics (if you ever took such a course) the 1D

Darcy experiment illustrated in Fig.6.8.

We can generalize Eq.(6.45) further by considering anisotropic hydraulic conductivity, but
for now we stick to the isotropic assumption that a hydraulic conductivity tensor k= k1.
If we ignore inertia terms (as ~ 0), assume the body force on the fluid is that of gravity

(bf = g), then we have the simplified version of the generalized Darcy’s law as
oY = —k [V — pTg] (6.53)

where g is the gravitational vector. From Coussy [2004] (pg46), we find that the hydraulic
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_J
in flow h
6Parcy
V
L
ho
7
out flow +
datum

Figure 6.8. An illustration of Darcy’s classic seepage experiment to measure hydraulic conductivity

k of a porous medium. The 1D equation for the superficial Darcy seepage velocity is f)? Y = ki,
and the hydraulic gradient i = (hy — hy)/L, ignoring body force and velocity head.

conductivity may be a function of porosity n (n = n' for fluid-saturated porous medium)

(n') %Z:EZ{]; (6.54)
Fn) =1 m En(;f)z (6.55)

where for fine sand, the intrinsic permeability s ~ 1x1072m? [Coussy, 2004] (Table3.1,pg47),
for lung parenchyma s ~ 2 x 107'?m? * [Lande and Mitzner, 2006] and at 20° C, for water
the viscosity is 7y = 1073Pa.s. Note that k = vfl%, and the unit weight of fluid is ¢ = p™®yg,
g = 9.81m/s*. Equation (6.55) is the Kozeny-Carman formula [Coussy, 2004]. Assuming

small strain kinematics, we can relate the rate of change of the fluid volume fraction (the

*calculated from provided hydraulic conductivity of air through the lung parenchyma, and viscosity of
air at 20° C gt = 1.83 x 10~ 5Pa.s
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porosity) to the solid skeleton volumetric strain as,

nt = (1—n'é, (6.56)
£
¢ _ony, + Ay,
Ml = AL Ac. (6.57)
A€, = tr(Ae) (6.58)

This will introduce nonlinearity into the governing equations, requiring a nonlinear Newton-

Raphson finite element solution; more details to follow.

6.2 Coupled, Variational, Weak Form (W)

The first step in obtaining the finite element coupled equations to solve for coupled porome-
chanics (pore fluid flow coupled to solid skeleton deformation), we must formulate the Weak
Form (W) starting from the Strong Form (S). We introduce a weighting function w;(x) that
is used in formulating the weak form of balance of linear momentum for a 2D porous medium

with domain €2, such that

/ w;(o45.5 + pgi)da =0 (6.59)
0

We introduce a weighting function 7(x) to be used in formulating the weak form of balance

of mass as follows (we assume saturated porous medium ¢ = Q),

/Q 0 [u + @2;;?] da =0 (6.60)
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After integration by parts, and assuming a two-dimensional domain €2, the coupled weak

form is written as,

Find w;(x,t) € " and p¢(x, t) € /P such that

fQ w; j(07; — prdij)da = fQ pw;g;da + frt w;t? ds — th w;n;peds

Jo mttiida — [, n,if]l%a)rcyda = fFS nsds
holds Yw;(x) € ¥* and n(x) € 77
S ={u; : U x[0,T] = R% u; € HY uy(t) = g (t) on Ty, ui(x, 0) = uso(x)}
P ={p: QA x[0,T] — R,pr € H' pe(t) = r(t)onT,, Ty, pe(x,0) = pro(x)}
Y= {w;: Q> R* w; € H,w; =0onT,}

YP={n:Q—Rne H ,n=0onT,}
(6.61)

where 7" is the effective traction vector acting on the solid skeleton, n; is the unit normal
vector to the surface I';, 7" is the trial solution space for solid skeleton displacement vector
u;, P is the trial solution space for pore fluid pressure pr, #™* is the variational space for

weighting function vector w;, and #? is the variational space for weighting function 7.

6.3 Coupled, Discrete, Galerkin Form (G)

Details aside (refer to [Hughes, 1987]), the discrete, Bubnov-Galerkin form is expressed as

follows:
(L | (PP

(v oy | (yP)hcoyr
ui(x,t) € ()" pilx.t) € (7))
wi(z) € (V)" () € (VP)

(6.62)

where h implies a discretization parameter, typically related to the finite element “diame-

ter” (i.e., diameter of circle that circumscribes a 2D element, or diameter of a sphere that
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circumscribes a 3D element).

6.4 Coupled, Finite Element (FE), Matrix Form

To illustrate the coupled finite element (FE) implementation of solid-fluid saturated porome-
chanics at small strain, ignoring inertia terms and chemical reaction of constituents, we start

with a mixed quadrilateral finite element shown in Fig.6.9.

Qe
he

e

O p¢

Figure 6.9. A mixed quadrilateral element (Q9P4, 9 nodes for biquadratic interpolation of dis-
placement u?e, and 4 nodes for bilinear interpolation of pore fluid pressure p?e), that is shown
to be convergent with respect to spatial discretization [Hughes, 1987]. Q¢ is the element domain,

and the overall discrete domain subdivided into finite element domains from which it is assembled:
0= A, 0.
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We then interpolate as follows:

u"(€,1) =

w'(E) =

pi(€t) =

he

Y Ni@)di(t) = N“(€) - d°(1)

SN—— =
2x(2%9)  (2%9)x1

d
)
d;
Ny 0 dfc(a)
N' = . de =
0 N} dz(a)
Ne(g) e

4
Y N1 = Nv - 97
b=1

NN NN

NP . of

Ix(1#4)  (1#d)x1
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(6.67)

(6.68)
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where the derivatives are

i (€, 1)

Vnhe

foe

o=t 3
d,
[Bl .B;]
d,
STAAGITE ey o
b=1 O b=1 aNgy(é)

Be,p - af

Be,p . 06

ZBé’aiz{Bg’ B! B BZ]-

(6.70)

(6.71)

(6.72)

(6.73)

(6.74)

(6.75)

Currently, our equations are nonlinear because the porosity n'(u) is a nonlinear function of

displacement w. To simplify the formulation initially, we will ignore the change in porosity

due to volumetric deformation of the solid skeleton. This assumption may be appropriate for

certain rocks and hard biological tissues like bone, but is NOT appropriate for soils and soft

biological tissues (a full finite deformation formulation is actually needed, which is beyond

the scope of this course; refer to Li et al. [2004], de Boer [2005], Regueiro and Ebrahimi

[2010], Regueiro et al. [2014], etc.). Recall that

s sR

p = pP4p =n

— psR _I_nf(pr
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p(d) = p+n'(d)(p™ - ™)
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Thus, since the porosity n(d) is a nonlinear function of displacement, then so is the mixture

mass density p(d). We will ignore this nonlinearity for now, and revisit later.

The coupled FE equations are written then as:

Ael(ce)T X (/ (Be,u)T . Dclastic X Be,uda) .d° — (/ (BG,U)T . Ne’pda) .9°¢

) e ’ e ’
= / p(N“)T" . bda + / (N“)T .17 ds — / (N . np“ds (6.79)
‘ Iy rg
s £ £ |

K(ae)T_ (/E(Ne,p)T : Be’“da) P (/E(Be,p)T k. Be’pda) 5

e:1 A >y A >y
(ke,dQ)T ke,QG
= / pR(B)T . k- gda + / (NP 'sds (6.80)
e 1"5
£
and in more compact form
Nel
A(Ce)T . |:ke,dd .df — ke,d@ . 9¢ = f?d + ff,d _ f;,d] (681)
e=1
ACl(ae)T X [(ke,dB)T . de + keﬂe . 0¢ = feﬂ] (682)
e=1

After element assembly, we have the coupled parabolic PDEs to solve using generalized
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trapezoidal integration in time as,

C-D+K-D=F (6.83)
. d d
D= , D= (6.84)
0 0
[ 0 0 Kdd _Kdﬂ
C- . K= (6.85)
(KdG)T 0 0 K@G
- Fd
Fel (6.86)

but we must assemble the global stiffness K and “damping” C' matrices. An example will

show such assembly process.

But before we do this, we summarize the generalized trapezoidal rule to integrate in time

Eq.(6.83).

6.5 Time Integration using Generalized Trapezoidal Rule

Refer to Hughes [1987] for more details. First, evaluate the FE coupled balance of mass and
linear momentum equations at time ¢,,1, and introduce difference formulas for D,,; and

V .11, where «v is the time integration parameter

C . Vn+1 -+ K . Dn+1 - Fn+1 (687)
Dn+1 - Dn + AtVn+a (688)
Vn-i—oe - (1 - a)Vn + aVn-i—l (689)

where the classical choices for « are:
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6.5. TIME INTEGRATION USING GENERALIZED TRAPEZOIDAL RULE

« method type

0 forward Euler | explicit (if C' is diagonal, which it is not)

1/2 | trapezoidal rule implicit

1 | backward Euler implicit

The code implementation follows this approach:

1. initialize: given initial displacement and pore pressure Dy, solve for V

2. predictor:
D, =D, +(1-a)AtV, (6.91)
3. solution: for V,
(C + OéAtK) : Vn+1 = Fn+1 - K- Dn-‘,—l (692)
4. corrector:
D, =D, +aAtV,,, (6.93)

5. stability: we will choose an unconditionally-stable method: « = 1 (Backward Euler)
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6.6 Example of Element Assembly to obtain Global

Matrix form

We consider as an example of the coupled pore fluid and solid skeleton deformation, a
3 element plane strain consolidation problem, with parameters A\ = 29¢6Pa, y = Te6Pa,
7 = 4e4Pa, k =1e-6(m%s) /kg, n® = 0.58, n' = 0.42, p"* = 2700kg/m?, p™ = 1000kg/m?,
po = VR + R = 1566 + 420 = 1986kg/m?. Refer to Fig.6.10 for geometry of the mesh
and the IEN array [Hughes, 1987] that relates the local node numbers per element to the

global node numbers.

Yy
to'
@ﬁlllllizllllig@ .
(Y o5 60
@ e analytical small strain solution of settle-
(\7 8 9, ment at end of consolidation: AH =
i * ® Hyt” /(A + 2p) = 2.8mm
3m| 410 J1 124 e IEN array:
e
@ el | e2 | e3
107 1319
13 14
® ot 1o 2| 9|15/ 21
31319 |15
17 18 411 7 |13
16 e * “ 5] 8 |14|20
@ 6|6 |12 18
19 20 21 71218 |14
R X 81 4 |10 | 16
m 9| 5 | 11|17

normal displacements fixed
at sides and bottom

Figure 6.10. 3 element plane strain mesh example.
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We continue with the ID array [Hughes, 1987] that relates the global dof numbers to the

global node numbers and local dof, as follows

global node number

local nodaldof |1 2 3 4 5 6 7 & 9 10 11 12
1 02006 0 0 100 0 0 14 0
2 13 4 5 7 8 9 11 12 13 15 16
3 0 00o0O0©O02 0 27 0 0 O
d.o.f.

13 14 15 16 17 18 19 20 21

0 18 0 0 22 0 0 25 0
17 19 20 21 23 24 0 O O

28 0 29 0 O O 30 O 31
d.o.f.
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Combining the ID array with the IEN array [Hughes, 1987], we obtain the Location Matrix

(LM) that we will use in our element assembly process:

local node # nodal dof | el e2 e3
1 0 0 0
1
2 9 17 0
’
1 0 0 0
2
2 12 20 0
;
1 0 0 0
3
2 4 12 20
;
1 0 0 0
4
2 1 9 17
;
1 10 18 25
5
2 11 19 0
’
1 0 0 0
6
2 8 16 24
;
1 2 10 18
7
2 3 11 19
;
1 0 0 0
8
2 5! 13 21
;
1 6 14 22
9
2 7 15 23
1 {3 26 28 30
2 {3 27 29 31
3 {3 0 27 29
4 {3 0 26 28
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6.6. EXAMPLE OF ELEMENT ASSEMBLY TO OBTAIN GLOBAL MATRIX FORM

Continuing with the example, we show the details of calculating the various element matrices

and vectors, starting with the element stiffness matrix for displacement dof:

ke,dd _ / (Be,u)T . Delastic . B®%da (694)
1 1 )
— / / (Be,u)T X Dolastlc . Be’ujedfdﬁ (695)
—1J-1
B = { B B! ... B! (6.96)
ONY
ox 0
u o __ ONY
B;=| o 2 (6.97)
ONY  ONY
oy ox

where for plane strain, linear isotropic elasticity, we have

A+ 2p A 0

Delastic — A A + 2,U 0 (698)
0 0 "
where recall p = 2(1—%1”), A= (12‘_“5”, and we ignore currently the calculation of the out-of-plane

stress (which becomes important for pressure-sensitive materials like geomaterials). Recall
that we interpolate the displacement field 4" using quadratic shape functions, as shown in

Fig.6.11.
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" Nien) = génle—1)m—1)

4, J_ 3 Ny(Em) = jénle+ Vm—1)
Ny(em) = gen(e+ )+ 1)

| 9 6 Ny n) = %én(&—l)(nﬂ)
° 5 Nien) = (- €)m-1)
Ny(Em) = &€+ D7)

1 5 2 NiEm) = gulr+ 1)1 - €)

NeEm) = &E- D7)
Ny(&m) = (1=&)(1—n")

Figure 6.11. Biquadratic shape functions for quadrilateral.
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6.6. EXAMPLE OF ELEMENT ASSEMBLY TO OBTAIN GLOBAL MATRIX FORM

With these shape functions, we need to transform global (x,y) to local coordinates (&,7),

such that coordinate transformation of the shape function derivatives are:

he

ONg 9y Oy ONg
oz _ Lo e 9% (6.99)
oNg Je| _ox oz ONZ
dy an 73 on
. he  he he  he
R R (6.100)

where the coordinate derivatives are (leaving off superscript hA® on x and y)

9 9
ONy ON®
he a € h® a e
T = Z—xa, T, = x$ (6.101)
a=1 ag a=1 077
L ONY 2 AN
he a e he a e
Ye = Z 85 Ya s y,n - 87] Y, (6102)
a=1 a=1

Once the coordinate transformation is complete, we can take advantage of spatial Gaussian
integration [Hughes, 1987], in this case for integrating k% we use 3 x 3 Gauss integration,
as shown in Fig.6.12.

A

& a=1/3/5,b=25/81, c=40/81, d = 64/81

ip. | & n | W

1 | —a|—al b

X4 X? 3X 2 a | —al b
3 a a b

\ _ 4 | —a | a b

X8 9 )6( § 5 0 | —a| ¢

§

6 a 0 c

X4 Xs Xo 710 | a]c
8 | —al| O c

9 0 0 d

Figure 6.12. 3 x 3 Gauss integration.
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For the coupling element matrix, we may likewise use 3 x 3 Gauss integration, such that

ke,d@ _ / (BG’U)T'Ne’pdCL
Q

1.

1
(B™)" - N“Pjdédn
—1
B~ |5 B . B

~
_ ONY  ONY
Bl = | o ong

[ ox dy :|

N v g g 8]
N =1-6(1-1)
N = (1 +6)(1 1)
Np = (1 4+6)(1+n)
NP = 10—+ )

We may use 3 x 3 Gauss integration to integrate the element body force vector as

Fol = / (N7 . gda

1 1
- / / (N . gjededn

11
0

g= ) g:9.8m/s2
—g

Ne’“:{NTf N: ... N
N 0

For element 1, e = 1, we have a nonzero traction force vector, but for elements e =
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(6.108)
(6.109)
(6.110)

(6.111)

(6.112)

(6.113)

(6.114)

(6.115)

(6.116)
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6.6. EXAMPLE OF ELEMENT ASSEMBLY TO OBTAIN GLOBAL MATRIX FORM

¢4 — (. Thus for element 1, we have,
74 = /(Ne’“)T-t"'ds (6.117)
ry
1 /
= /[Ne’“(nzl)]T-t“ (0.5)d¢ (6.118)
-1
, 0
t7 = (6.119)
—to
N“”“(nzl):{o 0 N NY 00 N‘O O (6.120)

000 0 3&¢&+1) 0 1e¢€-1) 0
0000 0 sE(E+1) 0 1E-1)

00001—-€ 0 0000
(6.121)

0000 0 1-¢& 0000

where we will use 3pt Gauss integration along £. Recall that ds = /dx? + dy? = d§ (2—2)2 + (3—2)2

along an element edge. Given the element node numbering, the top surface of element 1 where
the traction t7" is applied in Fig.6.10 is = 1, then 2" (£) = N¥(&,n = 1)(1m) + N (&, n =
1)(0m) + N (& n = 1)(0.5m), y"*(§) = N§'(§,n = 1)(3m) + N (&,n = 1)(3m) + N#(&,n =

1)(3m) = 3m, where agge = 0.5m and % = 0.0m, then ds = d&,/(0.5m)2 + (0.0m)? =

(0.5)d¢.
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For the boundary force vector due to pore fluid pressure pf acting on the boundary where

traction is applied, we have

£t = /(Ne’“)T-np?edS
r

e
t

- / N““(n = DI - npl (0.5)de

1

N“”“(nzl):[o 0 N! N 00 NY 0 O
000 0 Le+1) 0 lee—1) 0
0000 0 1E(E+1) 0 leE-1)

00001-¢ 0 0000
0000 O 1= 0000

where for element 1, p!” = 0 on I'. The element matrix for pore pressure dof is

ke,@@ — / (Be,p)T k- Be,pda
Q

1 1
= / / (B“")" - k- B®j%d¢dn
—1J-1

B = [ B/ B} B B

ON?

D oz
B, = NP
b

Jy

where we may use 2 x 2 Gauss integration to integrate.
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For the fluid forcing vector, we assume the flux s = 0 is zero on I'?, then

s

Fol = / pPR(B" . k- gda (6.131)
Qe
1 pl
= [ [ ey giacay (6.132)
—1J-1
where we may use 2 x 2 Gauss integration to integrate.

We then insert these individual contributions into coupled element matrices and

a forcing vector:

ke,dd _ke,dG

K¢ = (6.133)
0 ke,@@
0 0
Cc° = (6.134)
(ke,dQ)T 0

fe,d_l_ fe,d _ fe,d
F¢ = ! te ? (6.135)
o

We must then use the LM matrix to assemble the individual 22 x 22 and 22 x 1 contributions
to the global “coupling” matrix, stiffness matrix, and forcing vector, and then use generalized

trapezoidal integration to solve the transient matrix equations.
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6.7 Nonlinearity: Porosity Dependence on Solid Skele-

ton Deformation

Now assume that the solid skeleton effective stress o’ can be governed by a nonlinear con-
stitutive model (e.g., elastoplasticity), and that the density and hydraulic conductivity are
functions of porosity n!, and porosity is a function of the solid skeleton volumetric strain e,,.

The coupled FE equations are written then as:

_ / A (N - gda + / (N ds / (N ds (6.136)

(. J/

K(ae)T_ (/S(Ne,p)T,Be,uda) 5 (/S(Bep) LGP (@, 99)d )

e=1 (. J/ (. J/

/ (IN®P) Tsds
Jre

-

] (ke‘,ZQ)T fe,Q,IN},(de706 fe ;rEXT .
and
ACI(ce)T ) [fe,d,INT(de) _gedd | ge — fe,d,EXT(de)} (6.137)
e=1
'R ¢ e e pe e
A(ae)T_ [(ke,dO)T .d — f ,G,INT(d 70 ) _ f ,67EXT} (6.138)
e=1

After element assembly, we have the coupled nonlinear parabolic PDEs to solve using gener-

alized trapezoidal integration in time, and the Newton-Raphson method, assuming the time
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6.7. NONLINEAR POROSITY DEPENDENCE

integration method is implicit. These equations are

FUNT(@) K .9 = FLEXT(g) (6.139)
(K®)T.q— FOINT(d,9) = FOEXT (6.140)
which we may rewrite as,
C - D+ F'NT(D) = FPXT(D) (6.141)
. d d
bp=| |, D= (6.142)
] 0
0 0 FLINT () _ K . g
C — , F'NT(D) = (@) (6.143)
(KdG)T 0 —FG’INT(d, 0)
FLEXT (g
FEXT(D) = (d) (6.144)
FOEXT

Recall the generalized trapezoidal integration:

C V.. + F"(D,.,)=F*D,.) (6.145)

Dn+1 = Dn+l + O{Atvn+1 (6146)
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and express in residual form, solving for Vﬁﬂ in a Newton-Raphson iteration algorithm:

R(ViY) = C-Vig+FY(DL) - FPN (D) =0 (6.147)
= R+ %—f 5V =0 (6.148)

— 0V =— <%_§>_1 RV (6.149)
V=V, +dV (6.150)

DM =D,y + oAtV (6.151)

We then have the consistent tangent:

OR _ . OF™T 9D  OF"X" 0D (6.152)
ov. oD OV oD OV ‘
oD
8FINT INT INT
oD az«;d alge (6.154)
INT B a171(1,INT T
oF  _ od (6.155)
ad BFQ,INT :
L ad
aFINT _Kd9
00 - _aFe,INT (6'156)
L 00 |
8FEXT I EXT EXT
_ | oF oF
oD | od 20 (6.157)
EXT B aFyd,EXT
oF od (6.158)
od 0 ‘
aFEXT O
S . (6.159)
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6.7. NONLINEAR POROSITY DEPENDENCE

where:

JFLINT
od

oFINT
od

gFO-INT
00

aFd,EXT

od

na 9 fe 4INT — p oo
Be,u T 7 Be ud
Nel 8f691NT Nel 8~Darcy
_ Bep T f d
eAl od’ é Qe( ) odc
oY cm ok on'
oar — LVt g
Ok _ ;] 3-()
ot " (T = (")
onf 1—nf ~en
od® (1 +Aev) B
Nel afe,B,INT Nel af)Darcy
I — BeP T f d
eiAl 96° é Q( ) o0°
~ Darc,
avafee i =—k-B""
. |10
=k
01
Tl afad EXT el . 0
— Nev il
A=A N 905
ap _ fR sR, anf _ fR sR 1 - nf
od° (n™ = )ﬁ (p _'0)1+Aev

211

(6.160)

(6.161)

(6.162)

(6.163)
(6.164)

(6.165)

(6.166)

(6.167)

(6.168)



CHAPTER 6. POROMECHANICS AT SMALL STRAIN

6.8 Dynamic Mixture Theory and FE Implementation

For ‘long’ period motions such as earthquakes, or human exercise activity (jumping, running;
i.e., NOT high impact such as during a car crash, etc.), to simplify the formulation we assume
fluid and solid accelerations are equal: a; =~ a. Then, the coupled balance equations in FE

matrix form after assembly, but now with inertia terms (acceleration) are:

M(d)-d+ F*N(d) - K? .0 = FXT(q) (6.169)

(K®)T.d— FNT(d.d,6) = F“BXT (6.170)

where the mass matrix for the mixture is

Nel

M= P [ p(N“)T - N“da (6.171)
-1 Qe

Also, the generalized Darcy’s law including acceleration [Coussy, 2004] (pg.45):

op"Y = —k[Vpr— pT(g — a)] (6.172)
a (&,t) = N“"(&)-d (1) (6.173)
Then, we can rewrite as
M -D+C-D+ F™(D,D) = FFXT(D) (6.174)
. d M 0
D=| |, M= (6.175)
6 0 0

Fvrp py< | T @ KT8 (6.176)
’ ~F*NT(d, d, 0) |

FG’INT(d, d, 9) _ Ael fe,B,INT(dE’ de, ee) _ AeI/ (Be,p)T . ,D]fDarcy(Eie’ de’ Oe)da

e=1 ¢

e=1
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These equations are integrated in time using Newmark’s method and solved by the Newton-

Raphson method. To summarize:

1. given D,,, V,, and A,, from the previous time step, solve for D, .1, V.1, and A,

at the current time

M- A, ,+C -V, +F"(A,, D,.,)=F*"(D,,) (6.177)

At?
D, ,=D,+AtV, + N [(1 — 25)An + 2ﬁAn+1] (6.178)

where v, § are integration parameters; can substitute to solve for Aﬁii using Newton-

Raphson, and then update D} and VE] during iteration

2. introduce “predictors” from known values

N At?
Dy = Dy + AV, + ——(1-25) 4, (6.180)
Vo =V, + A1 —7)A, (6.181)
such that
DE = Dy + BAP AR (6.182)
Vil = Vo +7AtA (6.183)

3. to initialize time-stepping, we must solve for initial solid skeleton acceleration ag from

the first coupled FE equation

M- ag = F***"(dg) — F*"™" (dg) + K” - 8 (6.184)
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4. assume éo =0

5. rewrite in residual form, and solve via Newton-Raphson (many of the derivatives for
consistent tangent already are given for the nonlinear consolidation problem without

inertia terms)

R(ALH) = M- AL+ OV + PN (AL, DAY — PP (D5 = 0 (6.155)
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