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3D imaging of fractures

* non-iterative

* shape reconstruction

« agnostic w.r.t. interfacial condition
- flexible sensing configuration

- arbitrary geometries

Topological Sensitivity Generalized Linear Sampling Method
° heuriS’[iC o rigorous
* robust against noise - superior localization properties

* shape reconstruction
requires high-frequency data

* obstacles in EM




TS for heterogeneous fractures
Sobs

Field equations

V-(C:Vu) + pw*u=0, O\
n-C:Vu = K(x)|u], I

Least-squares cost functional

J(L) = J(0) + e T(x,) + ofe”)

FP & BG, Int J Solids Struct (2015)

TS formula

T(x,, k. ,k.) = Vu;-A-Vu,

n’» ' -s



TS for heterogeneous fractures

TS formula
4th order polarization tensor
/
T(x,, k., k) = Vui-A-Vu,
Free field
Adjoint field

t, = u — u;




Polarization tensor

T(x,,k ,k.) = Vu;-A-Vu,

Polarization tensor Ft

A = a,(n'en'@n'en’) +
2

O (n'®e;, +e.an)o(n'

8(1—-v)(2v—1)

n k) =
(k) Su(kl, A +2v +1)
, 4(1 — v?)
as(ky) =
3u(2 —v)(KLA+v+1)

FP & BG, Int J Solids Struct (2015)



High-frequency TS

T(z?) = [ f(¢)e*?9d¢
Sf

Single plane-wave illumination

Stationary phase
(oscillatory integrals)

O(k)

N\

near boundary
(tangent-plane approximation)

O(F)

Caustics
(Catastrophe theory)

O(ka)v % <«

/N
(UL TEN



High-frequency TS

Full aperture illumination

Stationary phase L
(self-cancellation) O(k ’ )

Caustics .
(diffraction scaling) O(k3)

near boundary () (l{j)

1 7Tk - 2
i = (kD)3 {3(21_'_55) (k€ cos(kl) — sin(k())” — (1—B7%) (k)? Siﬂ(k@Q}

BG & FP, Proc R Soc A (2015)
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Generalized Linear Sampling Method

1998- - Obstacles
Colton, Kirsch, Kress, Monk, Arens, Guzina, Nintcheu

Fata, Madyarov , Bellis, Bonnet, ...

2003- _ _ EM Cracks
Cakoni, Haddar, Boukari, Kress, Ritter, Potthast,

Monch, Park, Bourgeois, ...

2014- GLSM
Haddar, Audibert, Cakoni, ...




Generalized Linear Sampling Method

1998- - Obstacles
Colton, Kirsch, Kress, Monk, Arens, Guzina, Nintcheu

Fata, Madyarov , Bellis, Bonnet, ...

2003- | | EM Cracks
Cakoni, Haddar, Boukari, Kress, Ritter, Potthast,

Monch, Park, Bourgeois, ...

2014- GLSM
Haddar, Audibert, Cakoni, ...

elastic Herglotz wave function

/ g,(d) eFrd€ 45, +/ g.(d) =45 45y
Qd Qd,



Generalized Linear Sampling Method

d

1998- o Obstacles
Colton, Kirsch, Kress, Monk, Arens, Guzina, Nintcheu

Fata, Madyarov , Bellis, Bonnet, ...

2003- | | EM Cracks
Cakoni, Haddar, Boukari, Kress, Ritter, Potthast,

Monch, Park, Bourgeois, ...

2014- GLSM
Haddar, Audibert, Cakoni, ...

elastic Herglotz wave function

wi(g) — / g, (d) ¥ 45, + / g.(d) 4 ds,

scattered field

V-(C:Vv)(€) + pwv(§) = 0,

n-C:Vv = K(&)[v] — 7,



- Generalized Linear Sampling Method

scattered field

V-(C:V)(€) + pwv(§) = 0,

n-C:Vv = K(&)[v] — ¢/,

Scattered far field patterns i crecton of
( oikp €] . oiks €] )
v(§) = v (&) + v
V7 e T G
Physical experiment
W>(d, é’) Far field operator

Far-field pattern observed along é due to v = F(g) . — / g(d) . W (d, é) de
incident wave in direction d (,Ugo7 ,vgo) (gp’ gs) d




GLSM IDEA

A

®;|a](§) =

P wave patten

(k& [ {rem) + 2@} e e as,,

_
4 /Q g(d) - W*(d, &) dS4

\ synthetic rearrangement

Fg = ®7(¢)



ll-posedness Fg = ®7(¢)

source density vector

F

far field
operator

F: L*(Qa) x L (Qa) — L*() x L* ()

injective
Uniqueness Fg=0 = g=20
/ dense range W
Existence Ve>0, dg°: ||Fg° — 7 HLZ(Qé) < € Hadamard (1923)
1T lim — ¢
Stability b gl

compact operator of infinite dimension —» no stability



Factorization Fg

source densities § —» free field traction on |
A L2(Qq) x L2 (Qq) — HY2(I)

free field traction — FOD

fracture

T: H_l/z(r) — ﬁl/z(r) boundary condition
T[t'](€) = [v],  [v](€) = (' +n-C:Vv) K (§)

admissible FODs over [’ far field pattern

A H'YP(T) — L (Qg) x L*(Qg)

) = ~ (i€ [ @) +2mdad)e

()

it [ {n(ax@mg) + pnx@d}evas,). e A1)



F = " TH GLSM Theorem Fg = ®7(¢)

space of all admissible space of the measured
FODs over [° scattered waveforms

Theorem. Provided K~ '€ L>(T'), and that w is not a "Neumann” eigen-
value of the field equation, for any trial crack L C %, — that is smooth and
non-intersecting, corresponding to a density function a(§) € HY/2(L),

®X(£) € Range(H) if and only if L CT.



’F T v

GLSM Theorem Fg = ®(€)

space of all admissible space of the measured

FODs over [

&,

v injective
v dense range

&

v injective
v dense range
v compact

@

v bounded
V' continuous
v continuous inverse

scattered waveforms

AL -
“iaaslagsian P —

. L+ . L2
lim [|7g;"] oo limsup |[A#g g <0

1 —
H—2(T) e—0

source densities § —» free field traction on |




BT o Imaging functional Fg = ®(¢)
LSM cost functional

JEYSM: HF(S - @onQ 4 H H2 LSM indicator

noisy operator fLSM — ]-/ || ||2

GLSM cost functional

(g, Fg)| = |#€g,THg| > c|#g|’

0 o0
M = || F°g — @7 |1° + a (6)lg]* + (g, Fg)|)

NOoN-convex

F-factorization

1
Hg|? FPgl® = (g, F;
|#g| 1B ol” =g, Bea)l L



A

Imaging functional Fg = ®7(¢)

convex GLSM cost functional F) = [R(F)|+ S(F°)

noisy kernel

N\
JS5M = [|[FPg — @T|1> + a(Sllgll* + |(F¥ g, 9)])

GLSM indicator

Favsm = 1/1/0]g|2 + [(F{g, 9)

LSM indicator

Ssm =1/ || 9|




3-step approach
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Numerical results




shear stiffness

normal stiffness

“zebra”’ interface
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shear stiffness

normal stiffness

Numerical results

“cheetah” interface 0

Imaginary




Geometric Reconstruction

reconstruction

e Geometric

QLobs

Seismic
experiment

Non-iterative
waveform tomography




Q Mid-plane reconstruction

— noise level (6%)

method «——

LSM

GLSM

full aperture ANE=1




Q Mid-plane reconstruction

— noise level (6%)
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Q Mid-plane reconstruction

—— noise level (6%)

0%

method «——

LSM

GLSM

half aperture Al =0.25



0.8

0.6

0.4

0.2

0.8

racture reconstruction

scattered
interpolant

GLSM

(10% threshold)

mean filter

RO
QRGO
ARQRQX

Rl

N
GO
9

reconstructed
fracture surface



3D fracture reconstruction

cheetah




Layered composites

Fext




Layered composites

sampling

T, area,

: . 4 '. . thresholded ‘
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FOD reconstruction
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FOD profile
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discrete

ver = M[v]



recovered
fracture surface

v = M V]

local modes
(interface waves)



FOD Reconstruction

ve = M V]

recovered

local modes
(interface waves)




|dentification of interfacial parameters

obs

> Spec. stiffness
\ profiles
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Reconstruction of K ;.
-

TBIE T[9] N
o u ) [V]
4(€) - K-[](6) = n-C [ B: Dafo](@)ds, -
free field )
traction pw’i-C :/1% U - ([[1‘}]] R fh) (x) dS,

discretization

K[v] = T[¥] + t;



Reconstruction of K ;.
-

TBIE T[v] -

t(&) — K-[0](€) = n-C: ][2 D, [v](z)dS, — o
free _field
traction pw2 - C / U )de

discretization

K[v] = T[¥] + t;

Regularization » interface-wave smoothing  w==  Tikhonov
suppression the differential
operator i
[[V]] loc source density Y
o rearrangement SVD of T K
- .
P "- [[V]]loc SN O
0" o [[{’]]7 T
‘e M, F| m g

b <l
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