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Acoustic (scalar) in R3
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Acoustic (scalar) in R3

Dimensional platform: p,c, Ry
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Q|+

Cost
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Topological sensitivity op - ® I ERE 5 X R

J(Be) = J(0) + €|B| T(x,) + o(€”)

Bellis, Bonnet, Cakoni (2013), IP ot f Bl ‘ — — r




Topological sensitivity
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Multipole expansion
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Multipole expansion
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Helmholtz-Kirchhoff

N

/F G(&.¢. K GE e, k) dTe = — L Tm(G(a,¢, k)

obs

e.g. Blackstock (2000), Garnier & Papanicolaou (2009)

A

VG, k) G(E, x°, k) dIe o [Re(G(wO,C,k)) + %Im(G(wO,C,k))] (x°—C()

2

/F VG(ECk) © VG, k) dly =
% 3Re(G(z°, ¢, k) + (% _ kr)Im(G(axo,C,k))] (7°—0) ® (3°—C)
-~ % [Re(G(wo, ¢, k) + %Im(G(wO,C, k))] I
Re(Ga ¢.K) = o (7 +e7¥),  Im(G(a.C.k) = o (¢ — )



Dirichlet obstacle, large k

Incident plane wave ut = e ikz-d dl

St dn <0

Kirchhoff approximation kL > 1 n//\
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Dirichlet obstacle, large k

Incident plane wave ut = e ikz-d dl
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Stationary Phase (MSP)

1D integral

/ F(x) k(@) pr = eiFvo Z C, k@+1/2

n=0 i T
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Stationary Phase (MSP)

1D integral

/ flz) 9@ dz = koo 30, e

— o0
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CataStrOphe theOI’y Poincare, Thom (1960’s), Poston & Stewart (1978)

Morse lemma
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Stationary phase

1D integral
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Stationary phase

1D integral
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Surface integral

EF
Co
T(x®) = [ f(¢)e™©)d¢ /\

Sf

non-degenerate stationary point

J©etetTas, e=<h), r=e-ar
e.g. Blestein & Handelsman (1986)

2m f(CO) eik(co-dzlzro)-l-i(sgnH)'zr/él
k \/|det H|
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H,, = E—
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Stationary points
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Topological Sensitivity
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Topological Sensitivity
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Caustics
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Fold Catastrophe

i Blestein & Handels 1986 )
Model integral estein & Handelsman (1986) . 7,-1/2
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Fold Catastrophe

i Blestein & Handel 1986 ]
Model integral estein & Handelsman (1986) . 7,-1/2

. _

eik(aw—a/3) 4o — op f-1/3 Ai(—k*a)

Splitting lemma



Cusp Catastrophe

Canonical form (Pearcey integral) Brillouin (1916), Pearcey (1946)

1(p,q) = / el(prtaz”+2%) g

— OO

S0/ — O, S0//7 S0/// _ O

a — 00
AT
1 imag |

Connor & Farrelly (1973)

T T Neeal
LAA/X/# /OO Jik(aztfeitat) 4. _

7 'S
Trevor Pearcey (1919-1998)
CSIRO, Australia

k-1/4 I(k3/4a, kl/Q@)

Borovikov (1994)



Near-caustic behavior

codimension

cod(¢) = dim(Hsy /1A (¢))

Universal unfolding theorem

Uniform
asymptotic
treatment

germ

M

¢(87t) - ]¢(S’t)‘(d,w0)eB¢ T Z Cm(deo)hm(svt)a M = COd(¢)

m=1
Catastrophe | corank | cod universal unfolding ] orin | T -, )
Fold 1 1 +52 +13/3 + ct 1/6 | 2/3 | O(K"/)
Cusp 1 2 52 + 1 + cot? + 1t 1/4 | 1/2 | O(k°%)
Swallowtail 1 3 +52 +1° + 3t +cot? et | 3/10 | 2/5 | O(kM3/10)
Hyp. umbilic 2 3 s34+ 13 + c3st+ ot + 18 1/3 | 1/3 | O(k*3)
Ell. umbilic 2 3 | sP—st?4c3(sP+t) deot+cis | 1/3 | 1/3 | O(K*?)




Near-caustic behavior

codimension o /
T

cod(¢) = dim(Hsy /1A (¢))

Universal unfolding theorem r="rT1/2
Uniform germ M
et _ E © —
¢(Sat) — ]¢(S’t)‘(d,w0)eB¢ =+ Cm(daa3 )hm(svt)a M = COd(¢)
m=1
Catastrophe | corank | cod universal unfolding ( orin | T -, )
Fold 1 1 452 +3/3 4 ct 1/6 | 2/3 | O(K"/)
Cusp 2 +5% + t* + cot? + 1t 1/4 | 1/2 O(k>/*)
Swallowtail 1 3 +5% + 5 +c3t + ot + it | 3/10 | 2/5 | O(Kk'3/19)
Hyp. umbilic 2 3 §3 + 13 + c3st + cot + 18 1/3 | 1/3 | O(k*?)
Ell. umbilic 2 3 | SP—st?Hes(sP+ )+ eat+cas | 1/3 | 1/3 | Ok
singularity index
Tc(mo7 3 ) ~ k“/\Il(kal Cl,...,k°M CM) Diffraction scaling
y ’ \ 3 canonical integral e.g. Airy (for Fold)
/ 5
y \
Pearcey integral
J \ o0
. 2, 4
/ elk(ozx—l—ﬁx +x*) dr = k14 I(k3/404, kl/Qﬁ)
Pearcey (1946) — 0



Verification

O(KkP/*) pearcey ::
LU
MVMVM MUWW
O(k) non-degenerate




Dirichlet

Near-boundary behavior

d-n(¢) i — . ik(c. d-n(¢) i — 5 ik(¢-d—
J, = (1 _) d- (o —¢) eik(Cd+r) g / (1 _ _) d-(zo—¢) elF(Cd—r) ga.
! /Sf 8T i kr (@ =¢)e S¢ gt 87T kr (@2=¢)e 4%

“slow” “fast”

T(z?) = [ f(¢)e"d¢
Sf



Dirichlet

Near-boundary behavior

J, = /Sd"n(C) <1+L) d(w/"—\C) pik(C-d+r) dS; + / d-n(¢) (1_ é) d(a:/O—\C) Lik(¢-d—r) ds,.

kr

¢ 87T gt 8T

“slow” “fast”

T(x®) = [ f(¢)e*¥©d¢
Sf




Dirichlet

Near-boundary behavior

_ d-n(¢) 1 o A\ JiKk(C-dHT) d-n(¢) 1 o A\ Lik(Cd—T) 7@
T = /S <1+E) d-(z°—C)e s, + /S o (1—5) d-(z°—C)e s,

"slow" "fast”

T(x®) = [ f(¢)e*¥©d¢
Sf

Co€ S* where f or ¢ fail to be differentiable < x°e s




Dirichlet

Near-boundary behavior

d-n(¢) 1 — A\ ik(¢Hd d-n(¢) 1 o\ ik(C-d—
7, = (1 _) d. (w0 ) oik(C-dtn) gg / (1 _ _) d.(mo ) eik(Cd—1) ga.
! /Sf 8mr i kr (@ =¢)e ¢ gt 87T kr (@2=¢)e ’

"slow" "fast”

T(z?) = [ f(¢)e"d¢
Sf

Co€ S* where f or ¢ fail to be differentiable < x°e s

critical pts. T
Normal distance
{ = |x°— x™|

27T

t <
k




Planar surface approximation

£ In
oL’

» Y

“0@n/k)] 3

R
©

I

L

© =1/R=02n/k)

p = Rsin(@) =R(O—-0°/6+...)
= 7 [1+0@r/k)]




Dirichlet sin(kr)

Evaluation e




Dirichlet sin(kr)

Evaluation -

T=T'+T = A=J+J, Jo=J5+Js



Dirichlet sin(kr)

Evaluation e

T=T'+T —» L=Ji+J. Jo=J5+J;

d-n(q) 1 o\ Lik(C-dAr) / i) i d. (o —¢) elF(G-d=r)
— + — ) d-(x°e—¢) e r + — — ) d-(x° dS;.
4 /S (1 kr) d-(z°=C)e 45 gt 87T (1 kr) ( C)e 5¢



Dirichlet sin(kr)

Evaluation e

T=T'+T —» L=Ji+J. Jo=J5+J;

/\ /\

_ d-n(¢) ! o ik(¢-dtr) /d-n(g) 1 o\ ik(¢-d—r)
ft= /Sf 87T (1—'__) d-(z°=C)e d5¢ + gt 8mr (1 kr)d(m C)e 45¢

Polar coordinates

o o0 ]‘C . k_ 27T .
T = dn ika*.d /O P {COS(,W) _ sin( "“)} /O (i dy Kl + dy cos(9) kp) eldekp cos() g 4



Dirichlet sin(kr)

Evaluation e

T=T'+T —» L=Ji+J. Jo=J5+J;

/\ /\

d-n(¢) i ik(C-dtr) / d-n(c) i ik(¢-d—r)
f— ]_ . o __ 1 r 1 _ . o __ 1 T '
Jq /Sf Y ( + ) d-(x°—()e dSe + [y ( kr) d-(x°—()e dSe.

Polar coordinates

dn g [k in(k o .
Jr = O k" d /0 P {cos(kr) _ sin( "“)} /O (i d,, Kl + d; cos() kp) gidekp cos(9) g9 1 5

Jp = et d/o (kf)Q [Cos(kr) _ Smk(rr'“)} (i dnkéjg(dtkp)+1dtkpj1(dtkp)) d(kp)

r:\/€2—|—,02
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Dirichlet

k
T (ke dn3 8,7) = 5 sin(zkwn){

distant

nearby

2.7r

Inside

27




Dirichlet

x™ contribution

k 1 —
T*(ké, dn;ﬁ,y) — 5 sin(2k€dn) { 3(2 T 55)
Inside Qutside

(24,2 =1) = (1-87%) }

Apparent wavenumber

along




Dirichlet

2™ contribution

k 3(1 - 6)
T (k(. d, - — % in(2ked {
(kl,d; B, 7) 5 ( ) SE
| Inside Qutside
'Il \\‘ 'I/ \“ ,’/ \\\‘
"l ‘\ l' “‘ Il \\
\ I \ 1 i
* O 1 \ (] \
T ‘\‘ '1' ‘\‘ ,l !
dn — ]-‘\‘ 'll \ | ]
\ ] \\ ," 'll
LY Voo '
~1 g 4 dn = 5
. ) 1 ky
-2 -7 T 27

Single plane-wave incident

o kv o * o) C
T(w,ﬁ,v) — 1%(d)(w)T T 1B¢(d7w)T

+ lggay () T + 3T

T = O(k), T° = O(k*),

S|

(24,2 =1) = (1-87%) }

<a<i, T = Ok)

1153
Qk(d- n)2 distant

nearby  2k(|d-m|)




Dirichlet

Fu I I a pert ure “non-degenerate SPs”

T@6.) = [ T(@6.7)d% .
Q ) Jldtn| = [(¢ — ) -n(C)]
e = |
v v d* T
T k: 1 V(LBO) T dQg + T° dQg + THjE ’ n‘ dSC
7 Q B S+ r?
¢

hyperbolic
umbilic
() \




Dirichlet

FU I I d pert ure "non-degenerate SPs"”

T(woa 67 ’7) — / T(moa Ba ’7) de *_/\ ........
Q Adtn) = |(C— ) Q)
- —
o kY L |d*n|”
T L 1{/$7 (:130)/ T dQg + / T° dQg + / T! ’ > ‘ dSC
€ ~ j: /ra
Q B, S
~ hyperbolic
non-degenerate SPs \ umbilic




Dirichlet

FU | | d pert ure "non-degenerate SPs"”

T(mo’ 57 ’7) — / T(woa /67 ’7) de *_/\ ........
Q Adtn) = |(C— ) Q)
bl
v kY L |d* |7
T < 1j(a:0)/T*de +/ T¢ dQq +/ i 5 ‘dSC
€ = :I: /ra
Q B, S
~ hyperbolic
non-degenerate SPs U umbilic

+ |d"n
].g(d) (mo)/ TII+ de _ _/_I_TII ‘ 5 ‘ dSC
2 SII r




Dirichlet

FU | | d pert ure "non-degenerate SPs"”

‘T‘(mo’ 67 ’7) — / T(woa /67 ’7) de *_/\ .........
0 ] = |(C—zo) ()
- Ut
k7 o * T¢ 40O TH:E ’d*n‘ dS
T p— 1%;6 (JJ ) T de + ) d —+ N 7“2 ¢
Q By S
hyperbolic
non-degenerate SPs 0 umbilic
dn /
Ly(a) () / T Qg = - / e 1 s, \
Q Sy r

W




Full aperture

degenerate SPs

[T an
B

= O(k%),

=
A\
Q
A\

W

cusp
Catastrophe | corank | cod universal unfolding [ omin | T -, )
Fold 1 1 +52 +13/3 4 ct 1/6 | 2/3 | O(k"/%)
Cusp 1 2 52 + 1 + cot? + 1t 1/4 | 1/2 | O(k°%)
Swallowtail 1 3 452 +t° + st +eot? + it | 3/10 | 2/5 | O(k'3/19)
Hyp. umbilic 2 3 s34+ 13 + c3st+ ot + 18 1/3 | 1/3 | O(k*3)
Ell. umbilic 2 3 | 82— st24c3(s?2+t2) +eat+cys | 1/3 | 1/3 | O(k*3)




Dirichlet

Full aperture .c.usticss =

fold
degenerate SPs

/ TC dg = O(k*), l<a<?

B

“nearby” SPs

y k (3(1- . .

T = /QT* A, = (26)3 { (2_|_§) (k€ cos(kl) — Sm(kﬁ))2 — (1—572) (k0)? Sm(ké)Q}

Inside /T Outside

\ 3 =50




Dirichlet

FU” aperture ncaustics & I

fold
degenerate SPs

/ T¢ dQgq = O(k%), %<a<%
B
“nearby” SPs
y . 7k 3(1-5) ' ° ° ? s ’
* — * p— - - 1_ k‘g kg
T /QT e (k€)3{ s (KLeos(kt) = sin(k)* = (1=57%) (ke)? sin(k0)* }
Toefee /TN Outside

Wl

- non-degenerate SPs O(k

)

) 45

Wl

degenerate SPs () (k

"nearby” SPs O(k) 300




Dirichlet

Full aperture .c.usticsa 2

fold
degenerate SPs

/ T dg = O(k®), <a<?
B
"nearby” SPs cusp
g .k 3(1—-0) . 2 2 2 s 2
T = [ Trdo, = { kt cos(k() — sin(ke))* — (1-B%) (kt)? sin(kt)? }
[ a0 & 2 {F (eeos(k) = sin(ke))? = (1-44) (02 sinko)
Inside /T Outside :
g non-degenerate SPs () (k 3 )
B =10 degenerate SPs O(k%) 45
| g - “nearby”"SPs  (O(k) 300




Dirichlet

Full aperture .c.usticsa 2

fold
degenerate SPs

/ T dg = O(k®), <a<?
B
"nearby” SPs cusp
g .k 3(1—-0) . 2 2 2 s 2
T = [ Trdog & { kt cos(k() — sin(ke))* — (1-B%) (kt)? sin(kt)? }
[ a0 & 2 {F (eeos(k) = sin(ke))? = (1-44) (02 sinko)
Inside /T Outside :
g non-degenerate SPs () (k‘ 3 )
B =10 degenerate SPs O(k% ) 45
| g - “nearby”"SPs  (O(k) 300

¥  The “nearby” SP contribution tracks the
shape of the boundary

@)

I




TS: 3=50,y=1 Fu ” apertu e Dirichlet obstacle

Resolution: \/8



TS: 3=50,y=1 Fu ” d pertu e Dirichlet obstacle
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HF Asymptotics

Resolution: \/8
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Constructive Interference




Constructive Interference

(a,b,c) =
A(10,4,40) - o




Constructive Interference

(a,b,c) =
A(10,4,40) - o




Interference
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Constructive Interference




Constructive Interference




Neumann obstacle, large k

T =

Incident plane wave

Kirchhoff approximation

Y 2 ut
- 0

Full aperture

oIl
o1

’U,i — e—ikm-d

EL > 1

Sf
s»

o(1)
T =T +1°

un,=0 on D,

‘|

St d-n <0

2k 1 —
4 (kZ)S { 3(2 m §> (kf cos(kl) — Sin(kﬁ))2 + (1 — 572) (k€)2 sin(kf)z}
v=1,06=0
A ’T T* = O(k)
T * \\%\ Ijl \ \ I" ‘¥\ \\%

Inside

2n

—7T 0

(74



FU I I d per ture Neumann obstacle

U.2a
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|dentification
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lof= nt|f lcation Dirichlet obstacle
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lof= nt|f lcation Dirichlet obstacle
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New heuristic

Theory o Application

Helmholtz, R Navier, R?

Ref. domain: unbounded Ref. domain: bounded

High frequency: AL L Intermediate frequency: A~ L

Full aperture Partial aperture

Tokmashev, Tixier & Guzina (2013), Inverse Problems




New heuristic

Theory Application
Helmholtz, R Navier, R?

Ref. domain: unbounded Ref. domain: bounded

High frequency: AL L Interm. frequency: A~ L

Full aperture Partial aperture




New heuristic

Theory Application
Helmholtz, R Navier, R?

Ref. domain: unbounded Ref. domain: bounded

High frequency: AL L Interm. frequency: A~ L

Full aperture Partial aperture
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New heuristic

Theory Application
Helmholtz, R Navier, R?

Ref. domain: unbounded Ref. domain: bounded

High frequency: AL L Interm. frequency: A~ L

Full aperture Partial aperture

0.04

0.02




New heuristic

Theory Application
Helmholtz, R Navier, R?

Ref. domain: unbounded Ref. domain: bounded

High frequency: AL L Interm. frequency: A~ L

Full aperture Partial aperture

Reconstruction
N L=1.1

0.04

0.02

1-0.02

-0.04




New heuristic

Theory Application
Helmholtz, R Navier, R?

Ref. domain: unbounded Ref. domain: bounded

High frequency: AL L Interm. frequency: A~ L

Full aperture Partial aperture

Reconstruction
AL =0.85

0.04

v

0.02

- 1-0.02
-0.5 I
-0.04
-1 ‘ : :




Summary

High-frequency approximation
Convex impenetrable obstacles

Meso/far- field measurements

Non-degenerate — O (k’ / 7“)

Near boundary — O(k)

Full aperture N O(k/?")
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