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Chapter 1

Introduction

1.1 Description of problem

Dynamic failure in bound particulate materials is a combination of physical processes in-
cluding grain and matrix deformation, intra-granular cracking, matrix cracking, and inter-
granular-matrix/binder cracking/debonding, and is influenced by global initial boundary
value problem (IBVP) conditions. Discovering how these processes occur by experimen-
tal measurements is difficult because of their dynamic nature and the influence of global
boundary conditions (BCs). Typically, post-mortem microscopy observations are made of
fractured /fragmented /comminuted material [Kipp et al., 1993], or real-time in-situ infrared-
optical surface observations are conducted of the dynamic failure process [Guduru et al.,
2001]. These observation techniques, however, miss the origins of dynamic failure internally
in the material. Under quasi-static loading conditions, non-destructive high spatial resolu-
tion (a few microns) synchrotron micro-computed tomography can be conducted [Fredrich
et al., 2006]* to track three-dimensionally the internal grain-scale fracture process leading
to macro-cracks (though these cracks can propagate unstably). Dynamic loading, however,
can generate significantly-different micro-structural response, usually fragmented and com-
minuted material [Kipp et al., 1993]. Global BCs, such as lateral confinement on cylindrical
compression specimens, also can influence the resulting failure mode, generating in a glass
ceramic composite axial splitting and fragmentation when there is no confinement and shear

fractures with confinement [Chen and Ravichandran, 1997]. Thus, we resort to physics-based

*Such experimental techniques are not yet mature, but can provide meaningful insight into the origins of
‘static’ fracture, and thus could play an important role in the discovery of the origins of dynamic failure.
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modeling to help uncover these origins dynamically.

Examples of bound particulate materials include, but are not limited to, the following: poly-
crystalline ceramics (crystalline grains with amorphous grain boundary phases, Fig.1.1(a)),
metal matrix composites (metallic grains with bulk amorphous metallic binder, Fig.1.1(b)),
particulate energetic materials (explosive crystalline grains with polymeric binder, Fig.1.1(c)),
asphalt pavement (stone/rubber aggregate with hardened binder, Fig.1.1(d)), mortar (sand
grains with cement binder), conventional quasi-brittle concrete (stone aggregate with cement
binder), and sandstones (sand grains with clayey binder). Bound particulate materials con-
tain grains (quasi-brittle or ductile) bound by binder material oftentimes called the “matrix.”
The heterogeneous particulate nature of these materials governs their mechanical behavior
at the grain-to-macro-scales, especially in IBVPs for which localized deformation nucleates.
Thus, grain-scale material model resolution is needed in regions of localized deformation nu-
cleation (e.g., at a macro-crack tip, or at the high shear strain rate interface region between
a projectile and target material’). To predict dynamic failure for realistic IBVPs, a model-
ing approach will need to account simultaneously for the underlying grain-scale physics and

macro-scale continuum IBVP conditions.

Traditional single-scale continuum constitutive models have provided the basis for under-
standing the dynamic failure of these materials for IBVPs on the macro-scale [Rajendran
and Grove, 1996, Dienes et al., 2006, Johnson and Holmquist, 1999], but cannot predict dy-
namic failure because they do not account explicitly for the material’s particulate nature.
Direct Numerical Simulation (DNS) represents directly the grain-scale mechanical behavior
under static [Caballero et al., 2006] and dynamic loading conditions [Kraft et al., 2008, Kraft
and Molinari, 2008]. Currently, DNS is the best approach to understanding fundamentally
dynamic material failure, but is deficient in the following ways: (i) it is limited by current
computing power (even massively-parallel computing) to a small representative volume el-
ement (RVE) of the material; and (ii) it usually must assume unrealistic BCs on the RVE
(e.g., periodic, or prescribed uniform traction or displacement). Thus, multi-scale modeling

techniques are needed to predict dynamic failure in bound particulate materials.

Current multi-scale approaches attempt to do this but fall short by one or more of the

following limitations: (i) not providing proper BCs on the micro-structural DNS region

"Both projectile and target material could be modeled with such grain-scale material model resolution
at their interface region where significant fracture and comminution occurs. We will start by assuming the
projectile is a deformable solid continuum body without grain-scale resolution, and then extend to include
such resolution in the future.

10



1.1. DESCRIPTION OF PROBLEM

Figure 1.1. (a) Microstructure of alumina, composed of grains bound by glassy phase. (b) SiC
reinforced 2080 aluminum metal matrix composite [Chawla et al., 2004]. The 4 black squares are
indents to identify the region. (c) Cracking in explosive HMX grains and at grain-matrix interfaces
[Baer et al., 2007]. (d) Cracking in asphalt pavement.

(called “unit cell” by Feyel and Chaboche [2000], extended to account for discontinuities
in Belytschko et al. [2008]); (ii) homogenizing at the macro-scale the underlying micro-
structural response in the unit cell and thus not maintaining a computational ‘open window’
to model micro-structurally dynamic failure*; and (c) not making these methods adaptive,
i.e., moving a computational ‘open window’ with grain-scale model resolution over regions

experiencing dynamic failure.

Feyel and Chaboche [2000] and Belytschko et al. [2008] recognized the complexities and

This is a problem especially for modeling fragmentation and comminution micro-structurally.

11



CHAPTER 1. INTRODUCTION

limitations of unit cell methods as they are currently formulated, implemented, and applied.
Feyel [2003] stated that, in addition to the periodicity assumption for the micro-structure

13

(impossible to model fracture), “... real structures have edges, either external or internal
ones (in case of a multimaterial structure). In the present FE2 framework, nothing has been
done to treat such effects. As a consequence, one cannot expect a good solution near edges.
This is clearly a weak point of the approach ...” In fact, for a non-periodic heterogeneous
micro-structure found in bound particulate materials, we should not expect predictive results

for modeling nucleation of fracture anywhere in the unit cell.

Belytschko et al. [2008] introduced discontinuities into Feyel and Chaboche [2000]’s unit
cell (calling it a “perforated unit cell”) and relaxed the periodicity assumption to model
fracture nucleation, while up-scaling the effects of unit cell discontinuities to the macro-scale
to obtain global cracks embedded in the FE solution (using the extended finite element
method). BCs on the unit cell are an issue, as well as the interaction of adjacent unit cells.
As noted in Belytschko et al. [2008], if regular displacement BCs (i.e., no jumps) are applied
to unit cells that are fracturing, then the fracture is constrained non-physically. Belytschko
et al. [2008] proposed to address this issue by solving iteratively for displacement BCs by
applying a traction instead. What traction to apply is still an unknown and can be provided
by the coarse-scale FE solution. Belytschko et al. [2008] stated that “... the application
of boundary conditions on the unit cell and information transfer to/from the unit cell pose
several difficulties ... When the unit cell localizes, prescribed linear displacements as given
in the analysis are not compatible with the discontinuities ... The effects of boundaries and

adjacent discontinuities are not reflected in the method.”

1.2 Proposed Approach

A finite strain micromorphic plasticity model framework [Regueiro, 2010] is applied to formu-
late a simple pressure-sensitive plasticity model to account for the underlying microstructural
mechanical response in bound particulate materials (pressure-sensitive heterogeneous mate-
rials). Linear isotropic elasticity and non-associative Drucker-Prager plasticity with cohesion
hardening/softening are assumed for the constitutive equations [Regueiro, 2009]. Micromor-
phic continuum mechanics is used in the sense of Eringen [1999]. This was found to be
one of the more general higher order continuum mechanics frameworks for accounting for

underlying microstructural mechanical response. Until this work, however, the finite

12
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strain formulation based on multiplicative decomposition of the deformation gra-
dient F' and micro-deformation tensor x has not been presented in the literature
with sufficient account of the reduced dissipation inequality and conjugate plas-
tic power terms to dictate the plastic evolution equation forms. We provide such

details in this report.

To illustrate the application of the micromorphic plasticity model to the problem of interest,
we refer to an illustration in Fig.1.2 of a concurrent multiscale modeling framework for
bound particulate materials (target) impacted by a deformable solid (projectile). The higher
order continuum micromorphic plasticity model is used in the overlap region between a
continuum finite element (FE) and DNS representation of the particulate material. The
additional degrees of freedom provided by the micromorphic model (micro-shear, micro-
dilation/compaction, and micro-rotation) will allow the overlap region to be placed closer
to the region of interest, such as at a projectile-target interface. Further from this interface

region, standard continuum mechanics and constitutive models can be used.

1.3 Focus of Report

Regarding the approach described in Sect.1.2, this Report focusses primarily on the nonlin-
ear micromorphic continuum mechanics and finite strain elastoplasticity constitutive model
tasks. How this generalized continuum model couples via an overlapping region to the DNS
region (Fig.1.2) is described in Sects.2.4,2.5.

An outline of the report is as follows: Section 2.1 summarizes the Statement of Work (SOW)
and the Tasks, 2.2 presents the formulation of the nonlinear (finite deformation) micromor-
phic continuum mechanics balance equations, 2.3 presents the finite strain elastoplasticity
modeling framework based on a multiplicative decomposition of the deformation gradient
and micro-deformation tensor, Sects.2.4 and 2.5 describe how the micromorphic continuum
mechanics fits into a multiscale modeling approach, and Chapt.3 summarizes the results,

conclusions, and future work.

13
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to particulate micro-structural DNS) H

Figure 1.2. 2D illustration of concurrent computational multi-scale modeling approach in the
contact interface region between a bound particulate material (e.g., ceramic target) and deformable
solid body (e.g., refractory metal projectile). The discrete element (DE) and/or finite element (FE)
representation of the particulate micro-structure is intentionally not shown in order not to clutter
the drawing of the micro-structure. The grains (binder matrix not shown) of the micro-structure
are ‘meshed’ using DEs and/or FEs with cohesive surface elements (CSEs). The open circles denote
continuum FE nodes that have prescribed degrees of freedom (dofs) D based on the underlying
grain-scale response, while the solid circles denote continuum FE nodes that have free dofs D
governed by the micromorphic continuum model. We intentionally leave an ‘open window’ (i.e.,
DNS) on the particulate micro-structural mesh in order to model dynamic failure. If the continuum
mesh overlays the whole particulate micro-structural region, as in Klein and Zimmerman [2006] for
atomistic-continuum coupling, then the continuum FEs would eventually become too deformed by
following the micro-structural motion during fragmentation. The blue-dashed box at the bottom-
center of the illustration is a micromorphic continuum FE region that can be converted to a DNS
region for adaptive high-fidelity material modeling as the projectile penetrates the target.

1.4 Notation

Cartesian coordinates are assumed for easier presentation of concepts and also to be able to
. . . € . . . . %3 .
define a Lagrangian elastic strain measure E" in the intermediate configuration B, assuming a

multiplicative decomposition of the deformation gradient F' and micro-deformation tensor x

14
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into elastic and plastic parts (Sect.2.3.1). See Regueiro [2010] for more details regarding finite
strain micromorphic elastoplasticity in general curvilinear coordinates, and also Eringen
[1962] for nonlinear continuum mechanics in general curvilinear coordinates, and Clayton

et al. [2004, 2005] for nonlinear crystal elastoplasticity in general curvilinear coordinates.

Index notation will be used mostly so as to be as clear as possible with regard to details of
the formulation. Cartesian coordinates are assumed, so all indices are subscripts, and spatial
partial derivative is the same as covariant derivative [Eringen, 1962]. Some symbolic/direct
notation is also given, such that (ab);, = a;jbji, (@ @ b)ijr = aijby, (@ © €)ijk = QimCimp-
Boldface denotes a tensor or vector, where its index notation is given. Generally, variables in
uppercase letters and no overbar live in the reference configuration By (such as the reference
differential volume dV'), variables in lowercase live in the current configuration B (such
as the current differential volume dv), and variables in uppercase with overbar live in the
intermediate configuration B (such as the intermediate differential volume dV). The same
applies to their indices, such that a differential line segment in the current configuration
dx; is related to a differential line segment in the reference configuration d.X; through the
deformation gradient: dz; = F;;dX; (Einstein’s summation convention assumed [see Eringen,
1962, Holzapfel, 2000]). In addition, the multiplicative decomposition of the deformation
gradient is written as Fj; = Ffl—FIZ’I (F = F°F"), where superscripts e and p denote elastic
and plastic parts, respectively. Subscripts (e); (e) ; and (e) ; imply spatial partial derivatives
in the current, intermediate, and reference configurations, respectively. A superscript prime
symbol (e)" denotes a variable associated with the micro-element for micromorphic continuum
mechanics. Superposed dot (D) = D(0)/Dt denotes material time derivative. The symbol

def . . oL
= implies a definition.

15



Chapter 2

Technical Discussion

2.1 Statement of Work (SOW) and Specific Tasks

Bound particulate materials are commonly found in industrial products, construction ma-
terials, and nature (e.g., geological materials). They include polycrystalline ceramics (e.g.,
crystalline grains with amorphous grain boundary phases), energetic materials (high explo-
sives and solid rocket propellant), hot asphalt, asphalt pavement (after asphalt has cured),
mortar, conventional quasi-brittle concrete, ductile fiber composite concretes, and sand-
stones, for instance. Bound particulate materials contain particles* (quasi-brittle or ductile)

bound by binder material oftentimes called the “matrix”.

The heterogeneous nature of bound particulate materials governs its mechanical behavior at
the particle- to continuum-scales. The particle-scale is denoted as the scale at which particle-
matrix mechanical behavior is dominant, thus necessitating that particles and matrix mate-
rial be resolved explicitly (i.e., meshed directly in a numerical model), accounting for their
interfaces and differences in material properties. Currently, there is no approach enabling pre-
diction of initiation and propagation of dynamic fracture in bound particulate materials—for
example polycrystalline ceramics, particulate energetic materials, mortar, and sandstone—
accounting for their underlying particulate microstructure across multiple length-scales con-
currently. Traditional continuum methods have provided the basis for understanding the

dynamic fracture of these materials, but cannot predict the initiation of dynamic fracture

*We use ‘particle’ and ‘grain’ interchangeably.

16



2.1. STATEMENT OF WORK (SOW) AND SPECIFIC TASKS

without accounting for the material’s particulate nature. Direct numerical simulation (DNS)
of deformation, intra-particle cracking, and inter-particle-matrix/binder debonding at the
particle-scale is limited by current computing power (even massively-parallel computing)
to a small representative volume element (RVE) of the material, and usually must assume

overly-restrictive boundary conditions (BCs) on the RVE (e.g., fixed normal displacement).

Multiscale modeling techniques are clearly needed to accurately capture the response of
bound particulate materials in a way accounting simultaneously for effects of the microstruc-
ture at the particle-scale and boundary conditions applied to the engineering structure of
interest, at the continuum-scale. The services of a scientist or engineer are required to de-
velop the mathematical theory and numerical methodology for multiscale modeling of bound

particulate materials of interest to the Army Research Laboratory (ARL).

The overall objective of the proposed research is to develop a concurrent multi-scale com-
putational modeling approach that couples regions of continuum deformation to regions
of particle-matrix deformation, cracking, and debonding, while bridging the particle- to
continuum-scale mechanics to allow numerical adaptivity in modeling initiation of dynamic

fracture and degradation in bound particulate materials.

For computational efficiency, the solicited research will use DNS only in spatial regions
of interest, such as the initiation site of a crack and its tip during propagation, and a
micromorphic continuum approach will be used in the overlap and adjacent regions to provide
proper BCs on the DNS region, as well as an overlay continuum to which to project the
underlying particle-scale mechanical response (stress, internal state variables (ISVs)). The
micromorphic continuum constitutive model will account for the inherent length scale of
damaged fracture zone at the particle-scale, and thus includes the kinematics to enable
the proper coupling with the fractured DNS particle region. Outside of the DNS region, a
micromorphic extension of existing continuum model(s), with the particular model(s) to be

determined based on ARL needs, of material behavior will be used.

This SOW calls for development of the formulation and finite element implementation of
a finite strain micromorphic inelastic constitutive model to bridge particle-scale mechanics
to the continuum-scale. The desired result is formulation of such a model enabling a more
complete understanding of the role of microstructure-scale physics on the thermomechanical
properties and performance of heterogeneous materials of interest to ARL. These materials
could include, but are not limited to, the following: ceramic materials, energetic materials,

geological materials, and urban structural materials.

17



CHAPTER 2. TECHNICAL DISCUSSION

2.1.1 Specific Tasks

Specific tasks, and summary of what was accomplished for each Task.

1. Investigate and assess specific needs of ARL researchers with regards to multi-scale
modeling of heterogeneous particulate materials. Determine, following discussion with
ARL materials researchers, the desired classical continuum constitutive model to be
reformulated as a micromorphic continuum constitutive model and used in the region
outside and overlapping partially the DNS window, for material(s) of interest to ARL.
For example, polycrystalline ceramics models include those of Johnson and Holmquist
[1999] or Rajendran and Grove [1996] and energetic materials include those following
Dienes et al. [2000].

A finite strain Drucker-Prager pressure-sensitive elastoplasticity model [Regueiro, 2009
was selected as a simple model approximation to start, with future extension to the
more sophisticated constitutive model forms mentioned in the Task 1. This model is

presented in Sect.2.3.3.

2. Formulate theory and numerical algorithms for a finite strain micromorphic inelastic
constitutive model to bridge particle-scale mechanics to the continuum-scale based on

the decided constitutive equations from Task 1.

See summary for Task 1.

3. Initiate finite element implementation of the formulated finite strain micromorphic

ielastic constitutive model in a continuum mechanics code.

The finite element implementation has been initiated in the password-protected ver-
sion of Tahoe tahoe.colorado.edu, where the opensource is available at tahoe.cvs.
sourceforge.net. This report focusses on the theory, while details of finite element
implementation and numerical examples will follow in journal articles and a future

report.

4. Interact with ARL researchers in order to improve mutual understanding (i.e., under-
standing of both PI and of ARL) with regards to dynamic fracture and material degra-

dation in bound particulate materials and associated numerical modeling techniques.

Continue to interact with ARL researchers regarding their needs for this research prob-

lem.

18



2.2. NONLINEAR MICROMORPHIC CONTINUUM MECHANICS

5. Formulate algorithm to couple finite strain micromorphic continuum finite elements to

DNS finite elements of bound particulate material through an overlapping region.

The formulated algorithm is presented in Sect.2.5.

6. Initiate implementation of coupling algorithm in [previous| Task using finite element
code Tahoe (both for micromorphic continuum and DNS). Future extension can be made
for coupling micromorphic model (Tahoe) to DNS model (ARL or other finite element,

or particle/meshfree, code).

The coupling algorithm has been initiated for a finite element and discrete element
coupling. Extension to other DNS models of the grain-scale response is part of future
work. See Sect.2.5.

2.2 Nonlinear micromorphic continuum mechanics

2.2.1 Kinematics

Figure 2.1 illustrates the mapping of the macro-element and micro-element in the refer-
ence configuration to the current configuration through the deformation gradient F and
micro-deformation tensor x. The macro-element continuum point is denoted by P(X, E)
and p(x, &, t) in the reference and current configurations, respectively, with centroid C' and
c. The micro-element continuum point centroid is denoted by C’ and ¢ in the reference
and current configurations, respectively. The micro-element is denoted by an assembly of
particles, but in general represents a grain/particle/fiber microstructural sub-volume of the
heterogeneous material. The relative position vector of the micro-element centroid with re-
spect to the macro-element centroid is denoted by E and &(X,E,t) in the reference and
current configurations, respectively, such that the micro-element centroid position vectors

are written as (Fig.2.1) [Eringen and Suhubi, 1964, Eringen, 1999

X=X +Zx, w,=x.(X,t)+&(X, B 1) (2.1)

Eringen and Suhubi [1964] assumed that for sufficiently small lengths | 2] < 1 (|| o || is the

Ly norm), & is linearly related to 2 through the micro-deformation tensor x, such that

19



CHAPTER 2. TECHNICAL DISCUSSION

gk(X,E,t) = XkK(X7t>EK (22)

where then the spatial position vector of the micro-element centroid is written as

zy, = (X, 1) + xex (X, 1) =k (2.3)

This is equivalent to assuming an affine, or homogeneous, deformation of the macro-element
differential volume dV' (but not the body B; i.e., the continuum body B is expected to
experience heterogeneous deformation because of x, even if boundary conditions (BCs) are
uniform). It also simplifies considerably the formulation of the micromorphic continuum
balance equations as presented in Eringen and Suhubi [1964], Eringen [1999]. This micro-
deformation x is analogous to the small strain micro-deformation tensor ¢ in Mindlin [1964],
physically described in his Fig.1. Eringen [1968] also provides a physical interpretation of
x generally, but then simplies for the micropolar case. For example, x can be interpreted
as calculated from a micro-displacement gradient tensor ® as x = 1 + ®, where ® is not
actually calculated from a micro-displacement vector w’, but a u’ can be calculated once ®
is known (see (2.265)). The micro-element spatial velocity vector (holding X and = fixed)

is then written as

Vi = = i+ & = v + vy (2.4)

where £k = XkKZK = )'(kKX;(%& = vy, v is the macro-element spatial velocity vector,
U = Xk X (V = XX ') the micro-gyration tensor, similar in form to the velocity gradient
Vg1 = FkKFI;ll (ﬁ = FF_l).

Now we take the partial spatial derivative of (2.3) with respect to the reference micro-element
position vector X7, to arrive at an expression for the micro-element deformation gradient

F} . as (see Appendix A)
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2.2. NONLINEAR MICROMORPHIC CONTINUUM MECHANICS

Figure 2.1. Map from reference By to current configuration B accounting for relative position
=, & of micro-element centroid C’, ¢ with respect to centroid of macro-element C, c¢. F and x
can load and unload independently (although coupled through constitutive equations and balance
equations), and thus the additional current configuration is shown.

Ok (X, 1)

F = Fue(X,t)+ E3% =L
K

(2.5)

Ovenr (X, 1)\ 02
T (xkA(X,t)—FkA(X,t)—M~ ) A

oxX, M) oxg
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where the deformation gradient of the macro-element is Fjx = 0z (X, t)/0X k. The micro-
element deformation gradient [F}, maps micro-element differential line segments dx) =
F}dX'r and volumes dv' = J'dV’, where J' = det F' is the micro-element Jacobian of
deformation. This is presented for generality of mapping stresses between By and B, B, and

B, B and B, but will not be used explicitly in the constitutive equations in Sect.2.3.3.

2.2.2 Micromorphic balance equations and Clausius-Duhem in-

equality

Using the spatial integral-averaging approach in Eringen and Suhubi [1964], we can derive
the balance equations and Clausius-Duhem inequality summarized in (2.57). The rationale of
this integral-averaging approach over dv and B in the current configuration is to assume the
classical balance equations in micro-element differential volume dv’ must hold over integrated
macro-element differential volume dv, in turn integrated over the current configuration of
the body in B. This approach will be applied repeatedly to derive the micromorphic balance
equations in (2.57).

Balance of mass: The micro-element mass m’ over dv can be expressed as

m’:/ p’dv’:/ podV’ (2.6)
dv dv

where pj = p'J', J' = det F'. Then, the conservation of micro-element mass m’ is

Dm/
Dt

Thus, the pointwise (localized) balance of mass over dv is
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2.2. NONLINEAR MICROMORPHIC CONTINUUM MECHANICS

Dp'  0v
ot P =0

(2.8)

Now, consider the balance of mass of solid over the whole body B. We start with the

integral-average definition of mass density:

pdv o / pldv’
dv

The total mass m of body B is expressed as

o foum o] - [ oo

Then for conservation of mass over the body B we have

Dt s, Loy Dt

Do ,0u | .,
= +p— |dv| =0
/B /dv Dt O,

—_———
=0

Then, the balance of mass in B leads to the standard result

Dm D
_— = _ :0
Dt Dt )P
D
_ (pJ) 11/
B, Dt

. Dp 8vl .
= /3 (E + pa—xl) dv=20

(2.10)

(2.11)

(2.12)

Localizing the integral we have the pointwise satisfaction of balance of mass for a single
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constituent (in this case, solid) material:

Dp 8vl
— — =0 2.13
Dt + p@xl ( )

Balance of micro-inertia:

Given that Z is the position of micro-element dV’ centroid C” in the reference configuration
with respect to the mass center of the macro-element dV centroid C' (see Fig.2.1), we have

the result

/d ) phErdV! =0 (2.14)

This can be thought of as the first mass moment being zero because of the definition =k as
the “relative” position of C” with respect to C' (the mass center of dV') [Eringen, 1999]. The

second mass moment is not zero, and in the process a micro-inertia Iy, in By is defined as

def

p()]KLdV = /dv p/OEKELdV/ (215)

Likewise, a micro-inertia iy, in B is defined as

. def
pigdy = /p'fk&dv' (2.16)
dv
= /p/XkKEKXlLELdU,
dv

= XkKXlL/ PoERELdV’
dv
= XexXiLPolkrdV = xerXinplkrdv

= I = X}ilelikl (2.17)

The balance of micro-inertia in By is then defined as
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2.2. NONLINEAR MICROMORPHIC CONTINUUM MECHANICS

D DIk,
— I dV = dV =0 2.18
Di /Boﬂo KL Bopo Dt (2.18)
Dixy _ o (Diw_ .
Dt XKkXL[ Dt kalal lalak

— — lel . . )

1 1

- PX X —— — Vialal — Vialak dU — O
/ KEALL ( Dt

Localizing the integral, and factoring out px X7}, the pointwise balance of micro-inertia in

B is

Dikl

ﬁ - Vkaz.al - Vlaiak =0 (219)

Balance of linear momentum, and first moment of momentum: To derive the micromorphic

balance of linear momentum and first moment of momentum (different than angular mo-
mentum), Eringen and Suhubi [1964] followed a weighted residual approach, where the point
of departure is that balance of linear and angular momentum in the micro-element dv’ over

dv are satisfied:

Ul,k,l +0'(fp —a,) =0 (2.20)

where micro-element Cauchy stress o’ is symmetric (macro-element Cauchy stress o will
be shown to be symmetric). Using a smooth weighting function ¢’ (to be defined for three
cases), the weighted average over B of the balance of linear momentum on dv is expressed

as

LA o+ o= o) ae'} - (2.22)

where (o), = 0(e)'/0x). Applying the chain rule (¢'oy,); = ¢,05, + ¢’} ;, We can rewrite
(2.22) as
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/za {/d [(¢'o)0 — &0 + 00 (f — a)] dv’} =0 (2.23)

/8 . { /d | ’o—l’k)n;da’} + /B { /d ! (=& 101 + 0'& (fi, — a},)] dv’} =0 (224)

We consider three cases for the weighting function ¢ leading to three separate micromorphic

balance equations on B:

1. ¢’ =1, balance of linear momentum

2. ¢ = epmpal,, balance of angular momentum, where e,,,; is the permutation tensor
[Holzapfel, 2000]

3. ¢/ =}, balance of first moment of momentum

Substituting these three choices for ¢’ into (2.24), we can derive the respective micromorphic

balance equations on B:

1. ¢’ =1, balance of linear momentum:

A atniaarh+ [{ ] - aprach <o 2.25)

The spatial-averaged definitions of unsymmetric Cauchy stress oy, body force f;, and

acceleration ay are used to derive the micromorphic balance of linear momentum:

opmda & /al’knfda’ (2.26)
da
d def 1l 300
pfrdv = P frdv (2.27)
dv
d def 'adu'
pagdv = pagdv (2.28)
dv

From (2.25) and (2.26-2.28), there results
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/aza onda + / p(fr —ag)dv =0 (2.29)
/ [Ulkl -+ P fk — ak)] dv =10 (230)

sy

Localizing the integral, we have the pointwise expression for micromorphic balance of

linear momentum

g+ p(fx —ag) =0 (2.31)

Note that the macroscopic Cauchy stress oy is unsymmetric.

2. ¢ =epmrtl,, T = Ty + &p, balance of angular momentum:

LA comtataioniaay + [ [ o [=acteot o= ao) av'} = o
oB da B dv

/ {/ enmk((xm—i_gm)al/k)ngda,}

oB da

—l—/B {/dv Crnmk [— g + P (Tm + Em) (fr — a})] dv’} -0 (2.32)

= Oz! /0x; = 6,,. We analyze the terms in (2.32), using aj, = a; + &, and

m,l

Sk = (ch + kal/bc)gc, such that

where o/
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LA comtn+ &aotomiaa}

/B {/dv Enmb [~ O] dv’}
L{L%MWWW%MMM}

L{LQMW@W%MP%WW}

/ / /

/ enmkxm/ o da
oB da

—_—

—olknlda

/ Enmk / O-lkgmnlda'
oB da

= mlkmmda

6nmk/ [Tmon + Mygmm] da
oB

enmk/ [Umk + Ty O + mlkm,l] dv (233)
B

_enmk// U;nkdv/: _enmk/Smkd’U(234)
B Jdv B
—_—

def

= S dv
/ CrmkTm / o frdv' + / Crimk / 0 fi&mdv’
B dv B dv
——— ——
L) frdv L
enmk/ (Tmpfr + plim) dv (2.35)
B

_enmk/ {/ p/(xmak + xmgk + gmak
B dv

+£mék)dvl}

—enmk/ xmak/ pdv’
B dv

d_cfpd

p'édv +ay, / P Emdy’
dv

=0 =0

+ T (Ve + VibVe) /
dv

+/pé%w’
dv

def
= pwkmdv

—enmk/ [Tmpar + pwrm] dv (2.36)
B

where myy,, is the higher order (couple) stress, s,,; is the symmetric micro-stress, (y,,
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is the body force couple, and wy,, is the micro-spin inertia. Combining the terms, we

have

S

enmk/ T (Ouy 4+ p(fro — k) + Ok — Sk + Mupmy + P(Cpm — Wim) | dv =0
B ~~

=0

enmk/ [Umk — Smk T Mikm,i + P(Ekm - wkm)] dv =0 (237)
B

Thus, upon localizing the integral,

Enmk [Umk — Smk + Mikm,l + p(fkm - wkm)] =0 (238)
Omk] = Smk] TMafkm]t + P(Lkm] — Wiem)) = 0 (2.39)
—~—
=0
resulting in
O[mk] + Mufkem], + p(f[km] — w[km]) =0 (2.40)

where the antisymmetric definition opur = (0me — 0km)/2. Eq(2.40) is the pointwise
balance of angular momentum on B, providing 3 equations to solve for a micro-rotation
vector ¢y [Eringen, 1968]. But we want to solve for the general nine-dimensional micro-
deformation tensor g, thus we need 6 more equations. The balance of first moment

of momentum provides these additional equations.

3. ¢ =a! , balance of first moment of momentum: The analysis follows that for balance
of angular momentum, except we do not multiply by the permutation tensor e,,.

Thus, we may write directly (2.38) without e, as

Ok = Smk + Mk, + P(lkm — Wkm) = 0 (2.41)

This in general provides 9 equations to solve for a micro-displacement gradient tensor
;. ;e through the definition xxx = S + Prr. We note that (2.41) encompasses (2.40)
(the 3 antisymmetric equations), and provides 6 additional equations (the symmetric
part of (2.41)) [Eringen and Suhubi, 1964].
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Balance of energy: It is assumed the classical balance of energy equation holds in micro-

element dv’ over macro-element dv as

/ peédv = / (O + Qo + P dV (2.42)
dv dv

where ¢’ is the micro-internal energy density per unit mass, ¢; the micro-heat flux, and r’

the micro-heat source density per unit mass. This is then integrated to hold over the whole
body B as

/{/ p’é’dv’} = / {/ (a;lv{7k+qg7k+p'r/)dv'} (2.43)
B dv B dv

The individual terms in (2.43) can be analyzed, using v, = v; + él = U + Um&m, a] = a; + él,

and oy, = p'(a; — f}):

/ p'édv / edV’ = —/ poe’dV’ = t(poedV) = poedV = pédv (2.44)
dv dv

= poedV—pedv
/d o dv’ = /d (0%V1) & — Ohyv7) dV' (2.45)

— / / /
da dv

- / o1 (01 + Vi€ Yl — / A} = F) (01 + vimon) v
da dv

/ / !/ / !/ / /! / / pr! /
= vl/ opnpda +Vlm/ O&mnyda —vl/ p a;dv +vl/ p fidv
da da dv dv .,

%# Vv - ~ Vv - Vv
o inkda i nida  pardv 4 frdv
_ / d/_ /& d/—l— /f/g d/
VimQy pgm v Vim pglgm v Vim P Jismav
dv dv dv
—_— —_— —
=0 A ot  plydv
/ ro_ 11 g def
Qv = gnda = gnida (2.46)
dv da
) 17 4 def
pridv’ = prdv (2.47)
dv
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Substituting these terms back into (2.43), we have

/pédv = / (vlaklnk+Vlmmklmnk)da—/vlp(al—fl)dv—/l/lmp(wlm—&m)dv
B B B

B
+/ qknkda+/prdv (2.48)
oB B

= / vi(okk + p(fi — @) + Vi (Mt e + Pl — Wim))
B N o/ N o/

g '

=0 =Sml—Oml

+VLKOKL + Vim kM, + Qe k. + pr] dv

Localizing the integral, the pointwise balance of energy over B becomes

P€ = Vi (Spt — 1) + V1kOkt + Vign Mt + Qe + P (2.49)

Second Law of Thermodynamics and Clausius-Duhem Inequality: We assume the second law

is valid in micro-element dv’ over dv such that

D 1 / 1 WA / p/r’ /

— | pndv — —qnda — dv' >0 (2.50)
Dt dv dae Rk dv 9

Jawp v pido g (D) gl defor gy

Note that no micro-temperature ¢’ is currently introduced [Eringen, 1999]. Integrating over
B, localizing the integral, and multiplying by macro-temperature 6, we arrive at the pointwise

form of the second law as

, 1 Tk pr
Y N (P — [ B> 92.51
/Bpﬁdv /B (e%,k 929&) dv /B 7 dv >0 (2.51)

. 1
PO = i+ Gl — pr = 0 (2.52)

We derive the micromorphic Clausius-Duhem inequality by introducing the Helmholtz free
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energy function v, and using the balance of energy in (2.49). Recall the definition of
[Holzapfel, 2000], and its material time derivative leading to an expression for pfn in (2.52)

as

v =e—0n (2.53)
v =¢é—0n—0n (2.54)
pi) = pé — pn — pi) (2.55)

Upon substitution into (2.52) and using (2.49), we arrive at the micromorphic Clausius-

Duhem inequality:

. . 1
—p( +n0) + op(vie — vie) + Skl + MitmVim k. + 5%9,1@ >0 (2.56)
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Summary of balance equations: The equations are now summarized over the current config-

uration B as

balance of mass :

balance of micro — inertia :

balance of linear momentum :

balance of first moment of momentum :

balance of energy :

Clausius — Duhem inequality :

B2+ por =0

pdv o [, pdv’

Di . .
Dlzl — Vkmlml — Vimimk =0

. def
pigdv = [, p'&&dv’

owg + p(fe —ax) =0
opmda L olnda
def
pfedv = [, 0o fidv'
papdy < L, Pagdv

Ot — Smi + Migm g + PLim — Wim) = 0
Sudv L Ol dt’
Migmpda S Lo Ori&mmida’
plimdv [, 0 flEmdt!
pomdv = [ Pé&mdv’

P = (Sp1 — Ok Vi + TRV

+MkimVimk + Qkk + PT

—p(¢ + 779) + o (Vg — vik) + Sk
A+ M Vim,k + 5qe0 5 > 0

(2.57)

where D(e)/Dt is the material time derivative, iy, is the symmetric micro-inertia tensor,

oy, the unsymmetric Cauchy stress, fr the body force vector per unit mass, f/ the body

force vector per unit mass over the micro-element, ay is the acceleration, s,,; the symmetric

micro-stress, my,, the higher order couple stress, ¢;,, the body force couple per unit mass,

wym the micro-spin inertia per unit mass, e is the internal energy per unit mass, v the micro-

gyration tensor, vy the velocity gradient, v, ; the spatial derivative of the micro-gyration

tensor, ¢ is the heat flux vector, r is the heat supply per unit mass, ¢ is the Helmholtz free
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energy per unit mass, 7 is the entropy per unit mass, and @ is the absolute temperature. Note
that the balance of first moment of momentum is more general than the balance of angular
momentum (or “moment of momentum” [Eringen, 1962]), such that its skew-symmetric part
is the angular momentum balance of a micropolar continuum (see above (2.40)). Recall that
the Cauchy stress o/, over the micro-element is symmetric because the balance of angular

momentum is satisfied over the micro-element [Eringen and Suhubi, 1964].

Figure 2.2. Differential area of micro-element da’ within macro-element da in current configuration

B.

Physically, the micro-stress s defined in (2.57), as the volume average of the Cauchy stress
o’ over the micro-element, can be interpreted in the context of its difference with the un-

4

symmetric Cauchy stress as s — o (Mindlin [1964] called this the “relative stress”). This is
the energy conjugate driving stress for the micro-deformation x through its micro-gyration
tensor v = xx ! in (2.57)5, and also the reduced dissipation inequality in the intermediate
configuration (2.95) and (2.98) as 3 — S (the analogous stress difference in B). In fact,
we do not solve for s or X directly, but constitutively we solve for the difference s — o
or ¥ — 8 (see (2.118)). The higher order stress m is analogous to the double stress g in

Mindlin [1964] with physical components of micro-stretch, micro-shear, and micro-rotation
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2.3. FINITE STRAIN MICROMORPHIC ELASTOPLASTICITY

shown in his Fig.2. For example, myo is the higher order shear stress in the zo direc-
tion based on a stretch in the z; direction. Using the area average definition for my,,, we
have miian; = (1/da) [, o1,&mn)da’, where of, is the normal micro-element stress in the x;

direction, and &, is the shear couple in the x5 direction.

2.3 Finite strain micromorphic elastoplasticity

This section proposes a phenomenological bridging-scale constitutive modeling framework
in the context of finite strain micromorphic elastoplasticity based on a multiplicative de-
composition of the deformation gradient F' and micro-deformation tensor x into elastic and
plastic parts. In addition to the 3 translational displacement vector u degrees of freedom
(dofs), there are 9 dofs associated with the unsymmetric micro-deformation tensor x (micro-
rotation, micro-stretch, and micro-shear). We leave the formulation general in terms of x,
which can be further simplified depending on the material and associated constitutive as-
sumptions (see Forest and Sievert [2003, 2006]). The Clausius-Duhem inequality formulated
in the intermediate configuration yields the mathematical form of three levels of plastic
evolutions equations in either (1) Mandel-stress form [Mandel, 1974], or (2) an alternate
‘metric’ form. For demonstration of the micromorphic elastoplasticity modeling framework,
Jo flow plasticity and linear isotropic elasticity are initially assumed, extended to a pressure-
sensitive Drucker-Prager plasticity model, and then mapped to the current configuration for

semi-implicit numerical time integration.

The formulation presented here differs from other works on finite strain micromorphic elasto-
plasticity that consider a multiplicative decomposition into elastic and plastic parts [Sansour,
1998, Forest and Sievert, 2003, 2006] and those that do not [Lee and Chen, 2003, Vernerey
et al., 2007].

Sansour [1998] considered a finite strain Cosserat and micromorphic plastic continuum, re-
defining the micromorphic strain measures (see (B.1) in Appendix B) to be invariant with
respect to rigid rotations only, not also translations. Sansour did not extend his formulation
to include details on a finite strain micromorphic elastoplasticity constitutive model formu-
lation, as this report does. Sansour proposed to arrive at the higher-order macro-continuum
by integrally-averaging micro-continuum plasticity behavior using computation. Such an
approach is similar to computational homogenization, as proposed by Forest and Sievert

[2006] to estimate material parameters for generalized continuum plasticity models. On a
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side note, one advantage to the micromorphic continuum approach by Eringen and Suhubi
[1964] is that the integral-averaging of certain stresses, body forces, and micro-inertia terms
are already part of the formulation. This will become especially useful when computa-
tionally homogenizing underlying microstructural mechanical response (e.g., provided by a
microstructural finite element or discrete element simulation) in regions of interest, such as
overlapping between micromorphic continuum and grain/particle/fiber representations for a

concurrent multiscale modeling approach (Fig.1.2).

Forest and Sievert [2003, 2006] established a hierarchy of elastoplastic models for generalized
continua, including Cosserat, higher grade, and micromorphic at small and finite strain.
Specifically with regard to micromorphic finite strain theory, Forest and Sievert [2003] follows
the approach of Germain [1973], which leads to different stress power terms in the balance of
energy and, in turn, Clausius-Duhem inequality than presented by Eringen [1999]. Also, the
invariant elastic deformation measures do not match the sets (2.89) and (B.1) proposed by
Eringen [1999]. Upon analyzing the change in square of micro-element arc-lengths (ds’)? —
(dS")? between current B and intermediate configurations B (cf. Appendix C), then either
set (2.89) or (B.1) is unique. Forest and Sievert [2003, 2006] proposed to use a mix of
the two sets, i.e. (2.89)1, (B.1)s, and (B.1)s, in their Helmholtz free energy function. When
analyzing (ds')?—(dS")?, they would also need (B.1); as a fourth elastic deformation measure.
As Eringen proposed, however, it is more straightforward to use either set (2.89) or (B.1)
when representing elastic deformation. The report presents both sets, but we use (2.89).
Mandel stress tensors are identified in Forest and Sievert [2003, 2006] to use in the plastic
evolution equations. This report presents additional Mandel stresses and considers also an

alternate ‘metric’-form oftentimes used in finite deformation elastoplasticity modeling.

Vernerey et al. [2007] treated micromorphic plasticity modeling similar to Germain [1973]
and Mindlin [1964], which leads to different stress power terms and balance equations than
in Eringen [1999]. The resulting plasticity model form is thus similar to Forest and Sievert
[2003], although does not use a multiplicative decomposition and thus does not assume the
existence of an intermediate configuration. An extension presented by Vernerey et al. [2007]
is to consider multiple scale micromorphic kinematics, stresses, and balance equations, where
the number of scales is a choice made by the constitutive modeler. A multiple scale averaging
procedure is introduced to determine material parameters at the higher scales based on lower

scale response.

In general, in terms of a multiplicative decomposition of the deformation gradient and micro-

deformation, as compared to recent formulations of finite strain micromorphic elastoplasticity
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reported in the literature (just reviewed in preceding paragraphs), we view our approach
to be more in line with the original concept and formulation presented by Eringen and
Suhubi [1964], Eringen [1999], which provide a clear link between micro-element and macro-
element deformation, balance equations, and stresses. Thus, we believe our formulation and
resulting elastoplasticity model framework is more general than what has been presented
previously. The paper by Lee and Chen [2003] also follows closely Eringen’s micromorphic
kinematics and balance laws, but does not treat multiplicative decomposition kinematics and
subsequent constitutive model form in the intermediate configuration, as this report does.
We demonstrate the formulation for three levels of J; plasticity and linear isotropic elasticity,
as well as pressure-sensitive Drucker-Prager plasticity, and numerical time integration by a

semi-implicit scheme in the current configuration B.

2.3.1 Kinematics

We assume a multiplicative decomposition of the deformation gradient [Lee, 1969] and micro-
deformation [Sansour, 1998, Forest and Sievert, 2003, 2006] (Fig.2.3), such that

F=F‘F" |, x=x%’ (2.58)

Frg = FigFRe 0 Xek = XngXeg

Given the multiplicative decompositions of F' and x, the velocity gradient and micro-gyration

tensors can be expressed as

L = FF'=FF '+ FL'F ' =040 (2.59)
v = FgFq+ FglpaFoa = G, + 0
_ . o
L%C‘ - FEBFPBC*

v = Xx_l _ Xexe—l + XeI-JXJ’Xe—l — ¢ + P (260)
vik = XiaX“ar + XipLEeX ex = Vi + Vi

TXP _ P . p—1
Le = XppX'5e

37



CHAPTER 2. TECHNICAL DISCUSSION

Figure 2.3. Multiplicative decomposition of deformation gradient F' and micro-deformation tensor
X into elastic and plastic parts, and the existence of an intermediate configuration B. Since F¢, F?,
x¢, and xP can load and unload independently (although coupled through constitutive equations
and balance equations), additional configurations are shown. The constitutive equations and bal-
ance equations presented in the report will govern these deformation processes, and so generality
is preserved.

In the next section, the Clausius-Duhem inequality requires the spatial derivative of the
micro-gyration tensor, which will be split into elastic and plastic parts based on (2.60).

Thus, it is written as
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Vv = Vv°4+ VP (2.61)
Vimk = Vipk + Vi
e - e e—1 e . e e—1
Vimk = XiA kX Am — YinXnbD kX Dm (2.62)

P _ e D e p e TXP P -1
Vimk = (ch,k Xea T Xig Xpag — XiF Lz XG‘A,k) XaAm

VX4 X T (2.63)

The spatial derivative of the elastic micro-deformation tensor V¢ is analogous to the small
strain micro-deformation gradient WX in Mindlin [1964], and its physical interpretation in Fig.2
of Mindlin [1964]. For example, X{, , is an elastic micro-shear gradient in the x, direction
based on a micro-stretch in the x; direction. Furthermore, just as differential macro-element

volumes map as

dv = JdV = JoJPdV = JedV (2.64)

where J¢ = det F° and J? = det F?”, then micro-element differential volumes map as

dv' = JdV' = J AV = JUdV’ (2.65)

where J¢ = det F¥ and J” = det F”. F and F” have not been defined from (2.5), and are
not required for formulating the final constitutive equations. Likewise, according to micro-

and macro-element mass conservation, mass densities map as

po = pJ=pJJP =pJ* (2.66)
plo — le/ — lee/Jp/ — pljpl (267)

This last result was achieved by using a volume-average definition relating macro-element

mass density to micro-element mass density as
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pdv & / gdv . podV / phdV', pdV / gdv’ (2.68)
dv av dv

This volume averaging approach by Eringen and Suhubi [1964] is used extensively in formu-

lating the balance equations and Clausius-Duhem inequality in Sect.2.2.2.

2.3.2 Clausius-Duhem inequality in B

This section focusses on the Clausius-Duhem inequality mapped to the intermediate config-
uration to identify evolution equations for various plastic deformation rates that must be

defined constitutively, and their appropriate conjugate stress arguments in B.

From a materials modeling perspective, it is oftentimes preferred to write the Clausius-
Duhem inequality in the intermediate configuration B, which is considered naturally elas-
tically unloaded, and formulate constitutive equations there. The physical motivation lies
with earlier work by Kondo [1952], Bilby et al. [1955], Kroner [1960], and others, who viewed
dislocations in crystals as defects with associated local elastic deformation, where macro-
scopic elastic deformation could be applied and removed without disrupting the dislocation
structure of a crystal. More recent models extend this concept, such as papers by Clayton
et al. [2005, 2006] and references therein. The intermediate configuration B can be considered
a “reference” material configuration in which fabric/texture anisotropy and other inelastic
material properties can be defined. Thus, details on the mapping to B are given in this
section. Recall that the Clausius-Duhem inequality in (2.57)s was written using localization

of an integral over the current configuration B, such that

: . 1
/ {—PW +n0) + or(vie — Vik) + Suvik + MiimVim ke + é%e,k dv >0 (2.69)
B
Using the micro-element Piola transform o'y, = F¢; KS}(EF “z/J¢ and Nanson’s formula

nyda’ = J¢ Fj’k_lN ;idfi’ , the following mappings of the area-averaged unsymmetric Cauchy
stress o, volume-averaged symmetric micro-stress s, and area-averaged higher order couple

stress m terms are obtained as
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def
Omilmda = / o' un., da
da
1 _ _ _
_ el Qr el gel el —Lawr g a1
o /dA JelFmMSMNF’lN'] FAm NAdA

S R
ai U
= FySunNydA
where SMNNMCZA déf F]%a_l /dA F;/B i/KBNx/LTdA/

|
recall NydA = —F¢

e o uhmda
1 _
= FnnSun iy nmda (2.70)
=0ml
d dﬁf / d I iFe/_ Ql _Fe_/Je/dV/
Spav = 0@V = _ Jer " RKPKLUIL
dv N _dV
= I pFiYgpdV
where YgzdV o Fﬁi_lFfj_lf FZEI’,FJG} _}Jd‘_//
av
1 . = .
= S FrXrpFpdv (2.71)
————

=5kl
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dCf / / /
Mimneda = /Uklfmnkda
da

1
- / JelF]:}{S}(LF’lEI/(XmM“MJE/FZ/k N/ dA

_ / XSy By N d A
dA
= FlLXmMMKLMNKdA
where Mgy NepdA < Fe ! /dA S Dy NedA

recall NyidA = 7 —Fygnida
1 e
= e — Fir B X Mg i nieda (2.72)
=Mkim

where 5’}—( 7 is the symmetric second Piola-Kirchhoff stress in the micro-element intermedi-
ate configuration (over dV'), Sgr is the unsymmetric second Piola-Kirchhoff stress in the
intermediate configuration B, Yk is the symmetric second Piola-Kirchhoff micro-stress in
the intermediate configuration B, Mg ; is the higher order couple stress written in the
intermediate configuration, and Nz the unit normal on dA. In general, F # F€, but the

constitutive equations in Sect.2.3.3 do not require that F*“ be defined or solved.

Using the mappings for p and dv, and the Piola transform on ¢, the Clausius-Duhem

inequality can be rewritten in the intermediate configuration as

/ [—ﬁ(@; + 779) + JGO'M(’UUc — Vlk) + Jeskll/lk
B

1. _
Vg (FeaEexemMeir) + 5@1?9,;? av >0 (2.73)

Individual stress power terms in (2.73) can be additively decomposed into elastic and plastic
parts based on (2.59-2.61). Using (2.61), the higher order couple stress power can be written

as
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lLXmMM )

gtz (XZM,K - anXZM,g> } elastic
(2.74)

Mgl ( Vin Xt &

D o —p p ) plastic
+ | Xac.&Xea T XapXpa g — X aB L5E Xpa K} XpAM)

where the spatial derivative with respect to the intermediate configuration B can be defined

as

(0).x = () iFix (2.75)

The other stress power terms using (2.59,2.60) are written as

Jeopue = FISEFISRS'KE—FC'EBE%RSRE (2.76)
T ome o ’
Jouvw = (FoviFir) Sir+ LEFXe O Sk, (2.77)
b clastic i plastic
Josuvn, = (Fevi Fig) S+ 9%, EEFXe FeSg (2.78)
e
where C = F% F¢5 is the right elastic Cauchy-Green tensor C° = F'F° in B, and

\II%E = F X% 5 an elastic deformation measure in B as ¥° = F"'x¢ (cf. Appendix C).

Similar to Eringen and Suhubi [1964] for a micromorphic elastic material, the Helmholtz
free energy function in B is assumed to take the following functional form for micromorphic

elastoplasticity as
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SO X Z, 25 2. 0) (2.79)
PUO(Figes Xiies Xoowr ies Zics Zyes 23 149)

where Z3 is a vector of macro strain-like ISVs in B, Z}( is a vector of micro strain-like ISV,

and Z ;‘? 7 is a spatial derivative of a vector of micro strain-like ISVs. Then, by the chain rule

DY)  0pY) o | OpY) .. | O(pd) DN k)

- e Fig+ e XkE + e
Dt OFc . ™ oxge ™™ oxgy g Dt

opY) 5 OpY) 5, Opd) PZkt)  0(pY),
7 ———~ /X% = ’ 0 2.80
T0Zg KT ezX “ K Tz, Dt o (2:80)

where an artifact of the “free energy per unit mass” assumption is that

Dp) .- = g - - _ " D(p))

.~ Pt =) =y = (V) + (2.81)

where we used the result j = D(py/J?)/Dt = —pJP/JP. Substituting (2.74-2.78) and
(2.80,2.81) into (2.73), and using the Coleman and Noll [1963] argument for independent
rate processes (independent F,f[—(,
ity is satisfied if the following constitutive equations hold:

X5z PD(X°kir.z)/Dt, and 0), the Clausius-Duhem inequal-
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= OPY) o1 | pe1 e OPY) oy
) Fex Fezlve Fex
KL OF¢ ok T gXea X La

e— e a(pi,l?E) e—
+ 1 KlddeEaX;M’EF E}
_ o(pd)
Mgiy = aX(ffM_FeE,i (2.84)
kMK
_ d(py
pn = —% (2.85)

S op QZ)F"’—l (2.82)

(2.83)

For comparison to the result reported in equation (6.3) of Eringen and Suhubi [1964], we

map these stresses to the current configuration, using

1 v s . 1 0y
Ol — ﬁFkRSKEF}Z:FFkK’ a(Fe) (286)
1K
1 _
Sp = ﬁFERZI‘{EE%
1 ApP) . Ap) a(mﬁ))
= - Fe p —|-X6A s + Xiir B p (287)
J ( kK 8}7’”—{ k axl_ kM,E&Xl 15
1 e e . e \ 1 8ﬁ1Z e e
Mt = ﬁFkKF’lLXmMM_EM:ﬁa;e_)_ Fyk Xona (2.88)
IM,K

The equations match those in (6.3) of Eringen and Suhubi [1964] if elastic, i.e. F° =
F. x¢ = x. We prefer, however, to express the Helmholtz free energy function in terms
of invariant—with respect to rigid body motion on the current configuration B—elastic

deformation measures, such as the set proposed by Eringen and Suhubi [1964] as

Cir = FerFir » Yo = FerXer » Diom = FrrXerm (2.89)

We have good physical interpretation of F° (and F?) from crystal lattice mechanics [Bilby
et al., 1955, Kroner, 1960, Lee and Liu, 1967, Lee, 1969], while the elastic micro-deformation
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X° has its interpretation in Fig.2.3 of this report (elastic deformation of micro-element) and
also Fig.1 of Mindlin [1964] for small strain theory. The spatial derivative of elastic micro-
deformation Vx® has it physical interpretation in Fig.2 of Mindlin [1964], and was earlier
in this report described, for example, as x{; , is the micro-shear gradient in the zy direction
based on a stretch in the x; direction (although directions are not exact here because of
the spatial derivative with respect to the intermediate configuration B). The Helmholtz free

energy function 1 per unit mass is then written as

SO(C T 7. 25N 2. 0) (2.90)
pU(Ckrs Vir Tiim: Zio 23, Z 1, 0)

and the constitutive equations for stress result from (2.82-2.84) as

; 0pv) , p0) ey

S = 280?@ ﬁ’%BCBM Vs
+§F(g?i>ccegi Ia6 _ (2.91)
Y = 2%;2+2s m 2&75206;1\11%3}
+2sym [ gégi)c CriTase (2.92)
Mgy = (981_“(;2 (2.93)

where sym [e] denotes the symmetric part. These stress equations (2.91-2.93) when mapped
to the current configuration are the same as equations (6.9-11) in Eringen and Suhubi [1964]
if there is no plasticity, i.e. F° = F and x° = x. To consider another set of elastic

deformation measures and resulting stresses, refer to Appendix B.

The thermodynamically-conjugate stress-like ISVs are defined as
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Qf( = : ) Q[( = = ) Qf(i = : (2-94)
K

which will be used in the evolution equations for plastic deformation rates, as well as multiple
scale vield functions, where we will assume scalar Z, ZX, VZX, and Q, QX, va. The stress-
like ISVs in Sect.2.3.3 will be physically interpreted as yield stress @ and QX for macro-
plasticity (stress S calculated from elastic deformation) and micro-plasticity (stress difference
3 — S calculated from elastic deformation), respectively, while va is a higher order yield
stress for micro-gradient plasticity (higher order stress M calculated from gradient elastic

deformation).

The remaining terms in the Clausius-Duhem inequality lead to the reduced dissipation in-
equality expressed in localized form in two ways: (1) Mandel form with Mandel-like stresses
[Mandel, 1974], and (2) an alternate ‘metric’ form. Each will lead to different ways of writing
the plastic evolution equations, and stresses that are used in these evolution equations. From

(2.73), the reduced dissipation inequality in Mandel form is written as

+ (SkC%z) L + [O %5 Vax(Za — Sap) V) Lk (2.95)

where C’X’G%N = xe}éxe;\i, \Ileg% = XegiF e;;il, skw [e] denotes the skew-symmetric part
defined as
def r7x,p Fe—1 e TX:P \re—1 1e
2skw [o] = (L0 ol mir] — (L Y el Gar] (2.96)

and the spatial derivative of the micro-scale plastic velocity gradient is
X [ -1 (. X -1
D & = WX oii & = (o — IS X 1) X't (2.97)
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The Mandel stresses are SgC%;, C’X’e}(ﬁv\if%]\—,(igg —Sap)¥s;, and Mgz WS 5, where the
first one is well-known as the “Mandel stress,” whereas the second and third are the relative
micro-Mandel-stress and the higher order Mandel couple stress, respectively. We rewrite the

reduced dissipation inequality (2.95) in an alternate ‘metric’ form as

+_K'E (C_'f—3 _LE ) + (igi — ]‘(Z) [\Ife— _LXP CxeZ L pe } (2.98)

Form of plastic evolution equations: Based on (2.95), in order to satisfy the reduced dissipa-

tion inequality, we can write plastic evolution equations to solve for FF. ., x% ., and . ;

in Mandel stress form as

L? - =Hig (SC°, Q) (2.99)
solve for £ and iz = B PP
LYt = HY (CY) (2 - 5)8°, Q") (2.100)
solve for x¥. - and x§x = Xur X’ k&
T X TXoP \Je—1 e vV 3¢ AV
Lt i — 25kw (L3290 cpl ] = Hpyig (M v,Q X)
(2.101)

p e _ _ e p p—1
solve for XKK,L and Xk, L — (XkK,L - XMXAK,L)X KK

where the arguments in parentheses (e) denote the Mandel stress and stress-like ISV to use
in the respective plastic evolution equation, where H, H*, and H VX denote tensor functions
for the evolution equations, chosen to ensure that convexity is satisfied, and the dissipation
is positive. This can be seen for the evolution equations in (2.102-2.104) by the constitutive
definitions in (2.120), (2.124), and (2.128) in terms of stress gradients of potential functions
(i.e., the yield functions for associative plasticity). In an alternate ‘metric’ form, from

(2.98), we can solve for the plastic deformation variables as
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Ci L = Hir (S, Q) (2.102)
solve for F? and Ffy = FyF?
VS LR O i Uy = Hi e (2 -5, Q) (2.103)

solve for x7. . and xj . = XkKXp;{lf{
= =, = o TX,P \Tre—1 e _ TV \/ AV
oL bnr i — 2Vipskw (LY ol rnr] = Higg (M @ X>
(2.104)

p e _ _ e p p—1
solve for XKK,L and Xk, L = (XkK,L - XMXAK,L)X KK

We use this ‘metric’ form in defining evolution equations in Sect.2.3.3.

Remark 1. The reason that we propose the third plastic evolution equation (2.101) or
(2.104) to solve for x'» x.p directly (not calculating a spatial derivative of the tensor x' .
from a finite element interpolation of x?) is to potentially avoid requiring an additional bal-
ance equation to solve in weak form by a nonlinear finite element method (refer to Regueiro
et al. [2007] and references therein). With future finite element implementation and numer-
ical examples, we will attempt to determine whether (2.101) or (2.104) leads to an accurate
calculation of x% . -. In Regueiro [2010], a simpler anti-plane shear version of the model
demonstrates the t’wo ways for calculating Vx?, either by an evolution equation like in
(2.101) or (2.104), or a finite element interpolation for x? and corresponding gradient cal-
culation Vx?. Note that in Forest and Sievert [2003], for their equation (155)s, they also

propose a direct evolution of a gradient of plastic micro-deformation.

2.3.3 Constitutive equations

The constitutive equations for linear isotropic elasticity, Jo flow associative plasticity, and
Drucker-Prager non-associative plasticity with scalar ISV hardening/softening are formu-
lated. We define a specific form of the Helmholtz free energy function, yield functions, and
evolution equations for ISVs, and then conduct a semi-implicit numerical time integration

presented in Sect.2.3.4.
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Linear Isotropic Elasticity and J; Flow Isochoric Plasticity

Helmholtz free energy and stresses: Assuming linear elasticity and linear relation be-
tween stress-like and strain-like ISVs, a quadratic form for the Helmholtz free energy function

results as

|

+ Nl

(2.105)

_I_

ol =Nl = O
=
=i®
wll
=
wl
=
=
N
QI
=
2
o]
Qi
+
o
=i
[l
o]
=i
(wll
=
=
=
4

Note that the ISVs are scalar variables in this model, which will be related to scalar yield
strength of the material at two scales, macro and micro, and H and HX are scalar harden-
ing/softening parameters, and }_IIZ% is a symmetric second order hardening/softening modu-
lus tensor, which we will assume is isotropic as H;j.—f = (HVX)0g1. Elastic strains are defined
as [Suhubi and Eringen, 1964] 2E%; = C%; — 0gp and £5; = WS — dgp. The elastic
moduli are defined for isotropic linear elasticity, after manipulation of equations in Suhubi
and Eringen [1964] as

Aginy = MNgpdus + 1 Ormdiy + 0rn0rm) (2.106)
Brimy = (1—7)0gidmy + r0gmdry +vOrnoim
—0 (0 idrn + 0 nOLar) (2.107)
Crinnpo = T (0xr0un0pg + 0ro0LxdNp)

+72 (0r20mPONG + Ok 10LqONP)

T30k LONQINP + TaORNOLNIOPQ

+75 (Orm0rn0pg + 0k POLNIONG)

+760 g 10LPONG + TrORNOLPONIQ

+75 (0gp0q0in + 0ra0LN0stp) + Tod g NOLG0M P

+T100% OO0 + T10RGOL it (2.108)
Dgrmnx = T0grdun +0(0rmOry + 0gnorm) (2.109)

20



2.3. FINITE STRAIN MICROMORPHIC ELASTOPLASTICITY

where Aggy and Dgf iy have major and minor symmetry, while Bz ;5 and CREMNPQ
have only major symmetry, and the elastic parameters are \, u, n, 7, k, v, o, 71 ... T11. Note
that the units for 7 ...7; are stressxlength? (e.g., Pa.m?), thus there is a built in length
scale to these elastic parameters for the higher order stress. The elastic modulus tensors
Agimins Brimy, and Dgryy are not the same as in Eringen [1999] because different elastic
strain measures were used, but the higher order elastic modulus tensor CRLMNPQ is the
same. Note that A is the typical linear isotropic elastic tangent modulus tensor, and A and
w are the Lamé parameters. After some algebra using (2.91-2.94), and (2.105), it can be

shown that the stress constitutive relations are

Ski = ArimvE§y + Dremun€in

+(DrpunEsy + Brenn€in) [C7 5845 + 028]

+Crponral vpaC 1o one (2.110)
Yk = AgpuvEyy + DrpunEiy

+2sym {(DrrnEyy + Brennéayn) [C°7 €% + 015

B
) T
+CrpenralipaC ToTase |

(2.111)

i = Crimveol§po (2.112)
Q = HZ (2.113)
Q¥ = H*Z* (2.114)
Qf = HYZ} (2.115)

Note that the units for HVX are stressxlength? (e.g., Pa.m?), thus there is a built in length
scale to this hardening/softening parameter for the higher order stress-like ISV. Assuming
elastic deformations are small, we ignore quadratic terms in (2.110) and (2.111) relative to

the linear terms, leading to the simplified stress constitutive equations for Sg; and Y7 as
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= (A + 1) (Eym)dkr +2(u+0)Eyp
+0(E )0k + KEG + VES
Yk = A+ 1) (Ey)orr +2(n+0)Exg
+0(E5y ) 0L + 25ym [wER + vEf ¢ ]

Note that the stress difference used in (2.103) then becomes

HéeT + vE®

= k&L +VELT

M
|
!
|

M
=i
wll

I
=i
wll

|
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Yield functions and evolution equations: In this discussion, three levels of plastic yield
functions are defined based on the three conjugate stress-plastic-power terms appearing in
the reduced dissipation inequality (2.98), with the intent to define the plastic deformation
evolution equations such that (2.98) is satisfied. This allows separate yielding and plastic
deformation at two scales (micro and macro) including the gradient deformation at the
micro-scale. If only one yield function were chosen to be a function of all three stresses
(S, ¥, M), then yielding at the three scales would occur simultaneously, a representation
we feel is not as physical as if the scales can yield and evolve separately (although coupled
through balance equations and stress equations for § and X). Recall the plastic power terms
in (2.98) come naturally from the kinematic assumptions F' = F¢F? and x = x°x?, and
from the Helmholtz free energy function dependence on the invariant elastic deformation
measures C°, W° IT'°, and the plastic strain-like ISVs Z, ZX, and V ZX.

Macro-scale plasticity: For macro-scale plasticity, we write the yield function F as

F(8,a) ¥ |dev8|—a<0 (2.119)

JdevS| = /(devS) : (devS)
(devS) : (devS) =
ef

(de
G def g l = & e—1
devSry = Spy— 3 Gpoae ) O

where @ is the macro yield strength (i.e., stress-like ISV Q o Q).

The definitions of the plastic velocity gradient L” and strain-like ISV then follow as

. - dof . OF
i5lpr = Ta5 (2.120)
OF
= N
Skt KL
S devSgii
Npr = -
KL ldev S|
<ot LOF .
a = HZ (2.122)
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where 7 is the macro plastic multiplier.

Micro-scale plasticity: For micro-scale plasticity, we write the yield function FX as

XS - 8,09 Y ||dev(E - §)| —ax <0 (2.123)

where @X is the micro yield strength (stress-like ISV QX o aX). Note that at the micro-scale,

the yield strength aX can be determined separately from the macro-scale parameter a.

Remark 2. We use the same functional forms for macro and micro plasticity (FX with
similar functional form as F, but different ISVs and parameters), but this is only for the
example model presented here. It is possible for the functional forms to be different when
representing different phenomenology at the micro and macro scales. More micromechanical
analysis and experimental data are necessary to determine the micro-plasticity functional

forms in the future.

The definitions of the micro-scale plastic velocity gradient L*” and strain-like ISV then

follow as

X
O i n ¥ P 2120
oFx -
0(Zkr — Skr)  **
S dev(Zrr — Ski)
KL ldev(E - 9)||
. X
ox _axgg g (2.125)
aX = HXZX (2.126)
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where X is the micro plastic multiplier.

Micro-scale gradient plasticity: For micro-scale gradient plasticity, we write the yield function

FVX as

FYX(M,av%) < ||devM|| - ||a¥X| <0 (2.127)

1.
gCEBMABK]

- def — _—
devMpyg = Mpjg — (C°)pg {

where @VX is the micro gradient yield strength (stress-like ISV va o aVX). Note that at
the gradient micro-scale, the yield strength can be determined separately from the micro- and
macro-scale parameters, which is a constitutive assumption. The definitions of the spatial

derivative of micro-scale plastic velocity gradient V.LX" and strain-like ISV then follow as

Ie _ TXo T € TXoP \qe—1 e def -
EDL%%,R = 20 pskw [LE2Y ol hg] = VVXm (2.128)
OFVX  devMgry
OMgry  [|devM||
7X - v
D(Z7%) def _ﬁvXﬁFVX — (37Y) a;* (2.129)
Dt 9a B |
ay*=HZX (2.130)

where 4VX is the micro plastic gradient multiplier.

Remark 3. The main advantage to defining constitutively the evolution of the spatial
derivative of micro-scale plastic velocity gradient VL*" in (2.128) separate from the micro-
scale plastic velocity gradient L™ in (2.124) (i.e., no PDE in x%. ) is to avoid finite element
solution of an additional balance equation in weak form. One could allow VL*" and V Zx
to be defined as the spatial derivatives of L*" and ZX, respectively, but then the plastic
evolution equations are PDEs and require coupled finite element implementation (such as in
Regueiro et al. [2007]). We plan to implement the model, after time integration in Sect.2.3.4,

within a coupled finite element formulation for the coupled balance of linear and first moment
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of momentum, and thus avoiding another coupled equation to include in the finite element

equations is desired.

Remark 4. With these evolution equations in B, (2.120) can be integrated numerically to
solve for F* and in turn F° (2.124) can be integrated numerically to solve for x? and in
turn x¢, and (2.128) can be integrated numerically to solve for Vx® and in turn Vx®. Then,
the stresses S, ¥ — S, and M can be calculated and mapped to the current configuration
to update the balance equations for finite element nonlinear solution. Such numerical time
integration will be carried out in Sect.2.3.4, and finite element implementation is ongoing

work.

Drucker-Prager Pressure-Sensitive Plasticity

Following the ‘metric’ form in (2.98), the J; flow plasticity model is generalized to include
pressure-sensitivity of yield and volumetric plastic deformation (dilation only for now, i.e.,
no cap on the yield and plastic potential surfaces that allows plastic compaction, e.g. pore

space collapse).

Macro-scale plasticity: For macro-scale plasticity, we write yield F' and plastic potential G

functions as

F(8,6) € |devS|| — (A% — B%p) <0 (2.131)

6 _ a0 6 _ 30 o 2V/6
A? =p%cos¢p, B? =p%sin¢ , S BT

)

(
G def g l ~ & Se—1
devSr; = Sty — 3“aBPAB C%;

_ def 1 ~e O 1 ~E C
p=3ChpSap=3C 8
G(8,6) € ||devS| — (AYE — BYp) (2.132)
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where ¢ is the macro cohesion, ¢ the macro friction angle, 1) the macro dilation angle, and
—1 < B <1 (B =1 causes the Drucker-Prager yield surface to pass through the triaxial
extension vertices of the Mohr-Coulomb yield surface, and § = —1 the triaxial compression
vertices). Functional forms of AY and BY are similar to A? and B?, respectively, except ¢
is replaced with .

The yield and plastic potential functions have the usual functional form for pressure-sensitive

plasticity with cohesive and frictional strength, as well as dilatancy [Desai and Siriwardane,
1984].

Remark 5. To satisfy the reduced dissipation inequality, it can be shown that ¢ >
[Vermeer and de Borst, 1984] which also has been verified experimentally. We note that
¢ > 1 leads to non-associative plasticity, which violates the principle of maximum plastic
dissipation [Lubliner, 1990], but does not violate the reduced dissipation inequality. It is
well known that frictional materials like concrete and rock exhibit non-associative plastic
flow, and thus such feature is also included here. An associative flow rule is reached when

the friction and dilation angles are equal, ¢ = 1.

The definitions of the plastic velocity gradient L” and strain-like ISV then follow as

e T det - OG
il = Y950 (2.133)
oG o 1y
0Sgr Nii+ 380
2 devSkr
Ngp = R
KL | devS|
z —1%:14% (2.134)
¢ = HZ (2.135)

where # is the macro plastic multiplier, and the stress-like ISV is Q e

Remark 6. Note that the functional forms of the plastic evolution equations are similar to
those dictated by the principle of maximum plastic dissipation [Lubliner, 1990], except that

a plastic potential function G is used in place of the yield function F' (i.e., non-associative).
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For purposes of discussion, we show the evolution equations for small strain plasticity:

cdef . 0g

pdet 09 pat 09
€ =7 ¢ 736

o (2.136)

where € is the plastic strain, and ¢ the strain-like ISV. Non-associative plasticity violates
the principle of maximum plastic dissipation, but we use similar functional forms that will

satisfy the reduced dissipation inequality (i.e., the 2nd law of thermodynamics is satisfied).

Micro-scale plasticity: For micro-scale plasticity, we write the yield FX and plastic potential

GX functions as

FX(E-8,8) € |ldev(S - §)|| — (A% — BX?5Y) <0 (2.137)
21/6
NoR— N NoR— NoIes o 2V

AX? = gXPcos pX , BY? = XPsin X |, [P = 3T B sin g%

dev(Sr7 — S77) € (817 — Sp7) — pFCe;t

e 1A -

< 3Cas(Xap — Sap)
GXE—-8,8) ¥ |ldev(E - 8§)| — (A¥¥e — BXYpX) (2.138)

where ¢X is the micro cohesion, ¢X the micro friction angle, )X the micro dilation angle, and
—1 < BX < 1, which are material parameters for the micro-scale. Functional forms of AX:%
and BX¥ are similar to AX? and BX?, respectively, except ¢X is replaced with 1X. Note that
at the micro-scale, the cohesion, friction and dilation angles can be determined separately

from the macro-scale parameters, and likewise the yielding and plastic deformation.

Remark 7. We use the same functional forms for macro and micro plasticity (FX and GX
with similar functional form as F' and G), but this is only for the example model presented
here. It is possible for the functional forms to be different when representing different phe-
nomenology at the micro and macro scales. More micromechanical analysis and experimental
data are necessary to determine the pressure-sensitive micro-plasticity functional forms in

the future.
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The definitions of the micro-scale plastic velocity gradient L*” and strain-like ISV then

follow as

Vs LrC iy Vi = ﬁxa(im—gm) (2139
OGX 1
B T e
0(Sgr—Sk) " "3 e
o _ dev(Err — Ski)
KL |dev(E — 9)||
= def - aé . RV
ZX = =X I = AXYAX (2.140)
X = HXZX (2.141)

where 4X is the micro plastic multiplier, and QX L ax

Micro-scale gradient plasticity: For micro-scale gradient plasticity, we write the yield FVX

and plastic potential GVX functions as

FY(M, %) € ||devM|| — (AY?|[e¥|| — BY¢||p7¥|) <0 (2.142)

2v/6
AVXP — BVX? og HVX . BYX? — VXS gin VX Vx.¢ _
BV cos X BTN0sin g, I = o

- def - ~e—1 -
devMig = Mijg — C 7"
vy def 1 5. -
= 3CapMask
GVY(M, ") € |devM|| — (AV¥[[e¥| — BY|p¥x|) (2.143)

where VX is the micro gradient cohesion, ¢VX the micro gradient friction angle, 1)VX the
micro gradient dilation angle, and —1 < BYX < 1, which are material parameters for the
gradient micro-scale. Functional forms of AVX¥¥ and BVX¥ are similar to AVX? and BVX?,
respectively, except ¢VX is replaced with )VX. Note that at the gradient micro-scale, the
cohesion, friction, and dilation angles can be determined separately from the micro- and
macro-scale parameters, which is a constitutive assumption. The definitions of the gradient

of micro-scale plastic velocity gradient V.L*" and strain-like ISV then follow as
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L}%’i—ﬂ o — 28 pskw [LS2We T 1 2] M rrr (2.144)
_ — _V
8§}VX deVMR'EM EBVX wC pMX
OMgry  ||devM| KEp¥x|
. o, OGTX —_—
7x déf _ 1Vx _ AVx,w ~Vx A 2.145
=T e (7 ] (2.145)
& X = HYXZX (2.146)

where AVX is the micro plastic gradient multiplier.

Remark 8. With these evolution equations in B, (2.133) can be integrated numerically to
solve for F” and in turn F° (2.139) can be integrated numerically to solve for x? and in
turn x¢, and (2.144) can be integrated numerically to solve for Vx® and in turn Vx®. Then,
the stresses S, ¥ — S, and M can be calculated and mapped to the current configuration
to update the balance equations for finite element nonlinear solution. Such numerical time
integration will be carried out in Sect.2.3.4 for the form of the constitutive equations after

mapping to the current configuration.

Mapping constitutive equations to current configuration B: Oftentimes, the consti-
tutive equations in the intermediate configuration are mapped to the current configuration
Eringen and Suhubi [1964], and the material time derivative is taken to obtain an objective
stress rate and corresponding stress evolution equation in B (cf. Moran et al. [1990], Simo
[1998]). Recall the stress mappings in (2.86-2.88) which when we take the material time

derivative leads to the following equations

e

. 1 e G €
Op = _ﬁgkl + L pioa + okl + FF kESKLEIL (2.147)
b e & & 1 & " e
Se = TSkt Cpisi + skl + Jel R RL (2.148)
. 'e 1 e e v
Mkim = _ﬁmklm + ¢ kiMilm + mkzmg i+ mklzy mi + Je —F° kKF ILX mM AR LM
(2.149)
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To complete these equatlons we need the material time derivative of the stresses in the
intermediate configuration, Sx RL 5 wi, and My wiir, as well as the mapping of the plastic
evolutions equations to the current configuration. Given the constitutive equation for Sy

n (2.116), we can write

RL = ()\_I_T)(EJC;ZM)(SRZ+2(M+U)E%E+n( _]?ZM)(;K[_/

+RES + VES 2 (2.150)

where B, = L;ZN/Q and gKZN = U¢ . We can show that
Con = 2E5d5FSy , diy = (65 +65)/2, 0 = EGF°7) (2.151)
Uiin = Foucins €= v+, v =g (2.152)

where d° is the symmetric elastic deformation rate in B, and ° a mixed micro-macro elastic

velocity gradient in B. Then we can write

FISI_(SREF}% = ()\_I—T)(bfjdfj) i +2(M+U) Zz f_] jl +n(¢iej€z¢j) Zl
+rb e 05 + vbies i (2.153)

where the left elastic Cauchy-Green tensor is bf; = Fig Fiy and a mixed elastic deformation
tensor ¢f; = F X%y It is then possible to write the material time derivative of the stress

difference map as

Fip(Srr— Sgp)Fy = RbGeSUS + b es s (2.154)
For the couple stress, the material time derivative is written as
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We can rewrite the gradient of elastic micro-deformation as

_ def 1
F%p@ = FSnynqupPquQ 3 f}/npq = XeAprLA,q

such that

?Vﬁ@ = FEN fynpq XpPF’e

o€ d
v

Then, the couple stress material time derivative map becomes

npq f}/npq + eanyapq + f}/npaeeq + fYreLaqV sp

(2.155)

(2.156)

(2.157)
(2.158)

F]:KF}LXmMMKLM = [7—1 (beklwenm¢eqp + welm,l?benpbekq) + T2 (bekle7emeenq + wekmbelq,lvbenp)
T30 YV np + Ta 1 b kn ¥ + 75 (¢ekmbezn¢eqp + ¢elm¢ekpbenq)
+Tﬁwekm¢elpbenq + T7bekn¢elpweqm + Tg (¢ekpbelq¢enm + bekqbelnbx’emp)

o€
e e e e e e e e e
_'_7—9() knb lqu mp + Tl(ﬂb kpb lnw qm + Tllb kq¢ lpw nm} ,ynpq

X5€ — v _ _
where b¥¢,,, = Xt Xpar-
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In summary, we have the stress evolution equations in B as
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e

Op = — 7Okt Crioa + ol +
% [N 4 7) (64556 1 + 2(pn 4 0) 6 kadls ;0% 0 + 1 (4° 55,0k
R g g+ Ve Ut ] (2.160)
Skl — Ok = _g(skl — o) + Lki(sa — i) + (Spi — o) 0 +
%(“belﬁfj “i T VO RiEGU 1) (2.161)
Mim = _émklm + O kiMitm + Mg L1 + Mgt s +
% (71 (0t ¥ gp F im0 pbhq) + T2 (D kb pb g + wekmbequnP)

+T3beklweqmwenp + T4¢elmbekn¢eqp + Ts5 (wekmbeln¢eqp + welmwekpbenq)
U o + T 0 g+ T (U 140 U 15 )

e

70 b 10y + T10U b 1t g+ T11E kg 1,0 ] Vg (2.162)

where objective elastic stress rates are defined as

gkl o O — U0 — owily; + d;0n (2.163)
]
T def . . . . .
(st —ow) = (8. — 0w) — L (sa — o) — (8w — o) lj; + d5; (S — o) (2.164)
ad € .
Mgt = T — CiMitm — MueimCl; — MV, + dgMiim (2.165)

where J¢/J¢ = d<. The stress rates on o and (s — &) are recognized as the elastic Truesdell
stress rates [Holzapfel, 2000], whereas the stress rate on the higher order stress is new, and
can similarly be defined as an elastic Truesdell higher order stress rate. To show m is
objective, consider a rigid body motion [Holzapfel, 2000], with translation ¢ and rotation Q

(orthogonal: QQ™ = 1) on the current configuration B, resulting in B*, such that

T =c+Qx+¢& =c+Qx (2.166)
Recall the definition of the higher order stress through the area-averaging, but now on the
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translated and rotated configuration BT as

def +
my, nida = /Uklf nydd’
da

Where 0'];—;_ = QkaU;leb 5 57—; — chgc 5 n;:_ - den&

= QkaUQlemec&den&da/
da
= Qka (/ U;bfc”&da/) QuQmcQra
da

~~

def
= mgpcndda
= Qkamachlemgn]jda (2167)
_m+
" klm
We employ the standard results [Holzapfel, 2000]
v = Qi + Quili; Qi (2.168)
vl = Qu+ Quivs Q) (2.169)
st = d (2.170)
. +
where Q= QraQ1.. We substitute into the expression for r??, , with after some tensor
algebra, we can show that m is objective:
OF  def L4 i et et
My = W, — O My, — MG 5 = My vns + dimy,,
= Qra(Mkim — LMt — Mpimli; — MiiVyn; + diiMiim ) QisQme
m}
= Qka Muim QuvQme (2.171)
q.e.d.

Now, to map the plastic evolution equations, we start with the macro-scale plasticity. The

yield and plastic potential functions in B become
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F(o,c) = J°|deval®— J° (A% — B%p) <0 (2.172)
dever[© & \/(devoy, ey b5, (devor,)
1 1
devoi; = 045 — <§Ukk> oij , P= gakk
G(o,c) = J°|deva|®— J° (A%c— B¥p) (2.173)

where 0°;; ! =Fy ! ey ! . The map of the plastic velocity gradient and strain-like ISV become

_0G

G 2.174
iy Y aon (2.174)

oG devo,, )

— = Je b bt B )

o ( " ||deve || .
7 = —y%—f = AY4.J° (2.175)
c = HZ (2.176)

Next, for micro-scale plasticity, the yield and plastic potential functions in B become

FX(s—oa,cX) = Jdev(s —a)||° = J° (AX?cX — BX?pX) <0 (2.177)
1
pX = g(Skz — Ok1) Ok
GX(s —o,cX) = Jdev(s —o)||° — J (AXVeX — BY¥pX) (2.178)

The map of the plastic micro-gyration tensor and strain-like ISV become
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0GX
Y 2.179
Vlk Y a<3kl - Ukl) ( )
0GX 1 dev(sep —owp) ,.q 1 )
- —Je(e 1 be + —BX’”’é
O(sk1 — oxy) < Faldev(s —a)|le T3 M
) X
ZX = —5x %GX = AXY4 Je (2.180)
c
& = HXZX (2.181)

For micro-scale gradient plasticity, the yield and plastic potential functions in B become

FYX(m,e¥X) = J°||devm|[X — J¢ (AVX?||cVX|[X — BYX?||p¥X||X) <0 (2.182)

VXX %y evXpre L VX

[devm | 2\ /(devmye)bes, e bee L (devimg,)

. 1
VXX €\ pbe tpyX | pYX = 5 kb
G™(m, e¥) = Jdevml — J° (AT T} - BTN (2183)

The map of the gradient plastic micro-gyration tensor and strain-like ISV become

, OGVx
Vo = (1Y) T (2.184)
IGVX devimyy, 1 pyX
- Je 7acbe—lbe—lbx,e—1 _BVX,w(S a x,e—1
i <||devm||x S e
. OGVX VX
7% = —(AVX) e = AVXY(3VX) Je_—b___pxe-] 2.185
,a (7 )8CLYX (ry ) ||CVX||X ba ( )
o X = HYXZXY (2.186)

Remark 9. It is reassuring to see that the left hand sides of the plastic deformation evolu-
tion equations (2.174,2.179,2.184) simplify considerably in the current configuration from the
forms in the intermediate configuration (2.133,2.139,2.144). They will be further simplified

when assuming small elastic deformations.
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Remark 10. Solving numerically for the increment of v}, leads to the solution of the
increment of v, ;, and in turn the evolution of the couple stress my;, over time. We see

this by taking the spatial derivative of the micro-gyration tensor as

Vimk = Vimk T VWimk (2.187)
Vimk = [X1KX k) &

Velmvk - ;ylemk - Vela’yeamk + Veam’yelak (2188)

Remark 11. With the definition of the plastic evolution equations, plastic deformation can
be calculated, and elastic deformation updated to calculate the stresses. A finite element

implementation will solve these equations. We will take advantage of small deformation
-1

elasticity, such that elastic deformation in the current configuration, b%;;", b%;, etc, can be

approximated by the second order unit tensor 9;;.

To illustrate the implementation, we apply assumptions for small elastic deformation in the

next section.

Small elastic deformation and Cartesian coordinates for current configuration B:
Assuming small elastic deformation, the tensors bei_jl, b5 VC4, bX’ei_jl ~ 0;; and J® ~ 1,
when multiplied by another variable that is not d;; or 1, such as be,;lldevaabbeb_ll ~ devoy,.
Also, the rate of elastic volumetric deformation is .J* /J¢ = dS;. With these approximations,

in summary, we have the stress evolution equations in B as
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o = —(d5)on + Guou+ onall + (A +7)(d5) 0 + 2(n + 0)dy,
+n(e5,) 0k + KeYy + vep, (2.189)
Suw—0u = —(df)(su — ow) + Ci(sa — ou) + (ki — o) l; + wey + vey (2190
Mg = —(d§) Mt + CogMivm + M € + MitiV; + Crimnpq %qu

Chimnpg = T1 (Ok10nmOgp + OtmOnpOrg) + T2 (OkiOmpOng + OkmOigOnp)
+730510gmOnp + Ta01mOkngp + T5 (OkmOimdgp + OtmOpong)
+T60kmO1pOng + T70kn01pOgm + T8 (OkpdigOnm + OkgOinOmp)
+790kn01g0mp + T100kpOinOgm + T110kq01pOnm

The yield and plastic potential functions in B become

F(o,c) =

G(o,c) =

|deve]|| — (A%c — B%p) <0
[dever|| = y/(devoyy)(devory)

1 1
devoi; = 045 — (gakk) oij , P= gakk

|deve|| — (AYc — BYp)

The map of the plastic velocity gradient and strain-like ISV become

. 0G
N 780;@1
oG devakl 1
= ~BYS
dom _ Jldeve] 37
oG
= A = A¥3
gy Y
= HZ

(2.191)

(2.192)

(2.193)

(2.194)

(2.195)
(2.196)

Notice that €7 = 4(0G /00 )T. Next, for micro-scale plasticity, the yield and plastic potential

functions in B become
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FX(s —o,cY)

GX(s — o, cY)

= ||dev(s — o) — (AX’%X — BX’¢pX) <0 (2.197)
pX = §(Skk — Okk)
= ||dev(s — o)|| — (AXYeX — BX¥pX) (2.198)

The map of the plastic micro-gyration tensor and strain-like ISV become

0GX
% 2.199
Vlk Y a<3kl - Ukl) ( )
0GX dev(skl - Ukl) 1
= + =BXY§
s —ow)  |dev(s—o)| = 3 &
ZX = —AX oG _ AXY4X (2.200)
dcx
X = HXZX (2.201)

For micro-scale gradient plasticity, the yield and plastic potential functions in B become

GVX(m,cVY) =

ldevm|] — (AV[l ™| — BY?|[p¥X[[) <0 (2.202)

e = Yol

|devm|| = \/(deVmijk)(devmijk)

1
devmijk = Myjk — §5ijmaak (2203)
1
HPVXH =V pXLXpXLX ) pr = gmkkm
Idevm|] — (AVX[|eYX[| — BY*¥|[p¥¥|)) (2.204)

The map of the gradient plastic micro-gyration tensor and strain-like ISV become
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OGVx

P _ (A VX 2.205
Vim,k (7 )amklm ( )

OGVX _ devmym, lex’wékl psz

Omgim  ||devm|| 3 Vx|l

. oGV cYX

X —  _(AVX) I — AVXY (VX _a 2.206
,a () A (¥ )||ch|| (2.206)
o = HYXZX (2.207)

Solving numerically for the increment of 1, , leads to the solution of the increment of vf ,,
and in turn the evolution of the couple stress my, over time. We see this by taking the

spatial derivative of the micro-gyration tensor as

Vimk = Vipg T Vi (2.208)
Vimk = [X1K Xierm) ’k

e e e e e e
Vimk = Yimk — ViaYamk T VamViak

Boxes 1 and 2 provide summaries of the stress and plastic evolution equations, respectively,
in symbolic form to solve numerically in time. The details of the symbolic equations have
been provided in index notation in this Section. The numerical time integration scheme is

presented next in Sect.2.3.4.
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Box 1. Summary of stress evolution equations in the current configuration in symbolic notation.

6 = —(trd)o + L0 + T + (N4 7)(trd*)1 + 2(u + 0)d°
+n(tre®)1 + re® + ve’ (2.209)
s§—06 = —(trd®)(s —0o)+£(s—0)+ (s — )T + keT + ve° (2.210)
o= —(trd)m +£m+m o7 +mrT + e Y (2.211)

Box 2. Summary of plastic evolution equations in the current configuration in symbolic notation.

aG\"
p _— & =
¢ 7<aa> (2.212)
0G devo 1
= ZB%1 = ¢
Oo  ||deve|| + 3 "
Z = A%} (2.213)
agx \7T
D AX
v ¥ <8(s—a)> (2.214)
0GX dev(s — o) 1 .
— _BX71/)1: X
95 —o) Jdev(s—o)] 3 ’
ZX = ANYR (2.215)
GV \"
P —  (AVX
Vv (¥ )( 8m> (2.216)
v v
0G™X _ devm 1 pgyug o P _ avx
Om  |[|devm| = 3 [pVX|
. cVX
vVZX = AVW(;YVX)W (2.217)
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2.3.4 Numerical time integration

The constitutive equations in Sect.2.3.3 are integrated numerically in time following a semi-
implicit scheme [Moran et al., 1990]. We will solve for plastic multiplier increments A~y and
A~X in a coupled fashion (if yielding is detected at both scales; see Box 9), and multiplier
A~yVX afterward because it is uncoupled. It is uncoupled because of the assumption that
quadratic terms in (2.110) and (2.111) were ignored, leading to uncoupling of the higher
order stress m from Cauchy stress o and micro-stress s, whereas o and s remain coupled

(thus coupling 4 and AX).

We assume a deformation-driven time integration scheme within a finite element program
solving the isothermal coupled balance of linear momentum and first moment of momentum
equations (2.57)3 and (2.57)4, respectively, such that deformation gradient F',,; and micro-
deformation tensor Xx,,,, are given at time t,,;1, as well as their increments AF,, = F, 11 —
F, and AXx, 1 = Xugs1 — Xp- We assume a time step At = ¢, —t,. Boxes 3-8 provide
summaries of the semi-implicit time integration of the stress and plastic evolution equations,

respectively, in symbolic form.

To obtain 4 in Box 1 through '())/e, we use (2.208) such that

Vv = Vv°+ Vv
Vv =V [xx']
Vit = 4 — 1oyt + T O
— A=vy — vl O+ Vv — VP (2.218)

Recall (2.158) which gives the equation for the objective rate of ¢ as

R e o 4 (2.219)

which appears in (2.211) in Box 1, and in Box 4 for the numerical integration. For V(x,, ., —
X,) and Vi, ., in Box 4, because x is a nodal degree of freedom in a finite element solution

and thus interpolated in a standard fashion, its spatial gradient can be calculated.
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Box 9 summarizes the algorithm for solving the plastic multipliers from evaluating the yield
functions at time ¢, 1. It involves multiple plastic yield checks, such that macro and/or micro
plasticity could be enabled, and/or micro gradient plasticity. Because the macro and micro
plasticity yield functions F' and FX, respectively, are decoupled from the micro gradient
plastic multiplier 4#VX, we will solve first for the micro and macro plastic multipliers, as
indicated by (I) in Box 9, and then for the micro gradient plastic multiplier in (II) afterward.
Once the plastic multipliers are calculated, the stresses and ISVs can be updated as indicated

in Boxes 5-8.

This micromorphic plasticity model numerical integration scheme will fit nicely into a cou-
pled Lagrangian finite element formulation and implementation of the balance of linear

momentum and first moment of momentum. Such work is ongoing.
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Box 3. Summary of semi-implicit time integration of Cauchy stress o and micro-stress-Cauchy-
stress difference (s — o) evolution equations. (@) implies the trial value, in this case the trial
stress. Results of the semi-implicit time integration of the plastic evolution equations in Box 5 are

included here.

onp1 = (1 —tr(AtdS, ), + (A, oy, + on(Ates, )T +
(A + )tr(Atdy )1+ 2(p + o) (Atdy, ) + ntr(Ate;, 1)1
+r(Atel ) + v(Ated )T (2.220)
(s =)t = (1—tr(Abd;y1))(s = 0)n + (Atly1)(5 — 0)n + (s — 0)n(Atly )T +
r(Atel )T + v(Atel, ) (2.221)
Atly = Atl, 1 — ALl (2.222)
At—en+1 - (AFn-i-l)F;j_l
deve™ 1
At = (Avy, ptryT ptr— 7 - RB"1
n+1 ( o +1)(7' ) ) r ”deVUtrH + 3

tr(AtdS ) = tr(Atl, 1) — tr(AteD ) = tr(Atl,1) — BY(Av,p1)

Atel, | = At + Al (2.223)
Atvy ) = Atv, — At

Atv, 1 = (AXn+1)X7_L—i1-1
dev(s — o))" 1
At = (A~X SOt T potr — 737 7 BXYq
V1 = (A ) (F05)7, 7 [dev(s — o)t i

tr(Atel ) = tr(Ate,i1) — tr(Atel ) = tr(Atentr) — BXYY(AYY, )
tr(Atep+1) = tr(Atvpgr) + tr(Atly1q)
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Box 4. Summary of semi-implicit time integration of higher order stress m evolution equation.

Results of the semi-implicit time integration of the plastic evolution equations in Box 5 are

included here.

mn+1 =

o€
At TYn+1 =

(1 —tr(Atdy, ) mn + (ALl )my + My © (AtefH-l)T + mn(AtV$L+1)T +

. o€
c:(Atv,.1) (2.224)
At g+ (AL )T + (AL ) + 5 © (At ) (2.225)
At = (Atvg )y — (Atvg )T 05 + AtV — AtV L (2.226)
Atv’/n-‘rl - V(Xn+1 - Xn)Xr_z—}-l - (Xn+1 - Xn)X;il(VXn+1)X;j-l (2227)
AV = (A7) ()T (2.29)
devm®™ 1 pYxtr
~SVoxtr _Bvxﬂ/’l _
T devmi] T3 o]
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Box 5. Summary of semi-implicit time integration of plastic evolution equations in the current

configuration.
G \"
Atlyy = A <a7> (2.229)
oG devo® 1
= ZB%1 = pt*
do'r  ||devetr|| + 3 "
Znir = Zn+ A" Avis (2.230)
cnt1 = HZpw (2.231)
agx  \T
b — X
Atvy o = Avy <m> (2.232)
oG dev(s = o)™ 1oy aam
d(s—o)r |dev(s—o)¥"|| 3
Iy = ZXHACVAYR, (2.233)
&, = HXZY, (2.234)
oGV "
v
AtVquH = (A%H)-(ﬂ <W> (2.235)
oGV = devrn' _|_lBVX71ZJ1® va7tr :f,Vx,tr
omt  ||devm®| = 3 oVt
Vx
VZX,, = VZ,>§+AVX’w(A%Yf1)HC:W (2.236)
Cn
Czjfl = HVXVZ%(H (2.237)
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Box 6. Elastic-predictor-plastic-corrector form of semi-implicit time integration of stress o

evolution equation in the current configuration.

Op1 = 07— (A1) DPY — (Aqyy, ) DYPY (2.238)
" = (1 —tr(Atlyy1))on + (Atly1)on + Tn(Atlyy1)T + (N + 7)tr(AtL, 1)1 +
2(p + o)sym(Atly 1) + n [tr(Atvygr) + tr(Atl,41)] 1
+k [Atvr 4+ (Atly) '] + v [(Atvpg)T + Atl,y] (2.239)
DP'r = BV, + (") o, + o, + (A + 7)BYL + 2(u + o)sym(#7) + nBY1
+rPT 4y (P (2.240)
DXPY = pBXYT ()T ot (2.241)

Box 7. Elastic-predictor-plastic-corrector form of semi-implicit time integration of

micro-stress-Cauchy-stress difference (s — o) evolution equation in the current configuration.

(s=0)ns1 = (s—0)" = (Aypy)) BPY — (A, ) EXPY (2.242)
(s—)" = (1—tr(Atlns1))(8 — 0)n + (Atlyi1) (8 — 0)n + (8 — ) (Atlni1)”

i [(Atvni1)T + Aty + v [Atvg g + (Atlyiq)” ] (2.243)

EMY = —BY(s—0)u+ (M) (s — 0)n + (s = 0)nf" + m(F)T + 0t (2.244)

EXP = ot g (potnT (2.245)

Box 8. Elastic-predictor-plastic-corrector form of semi-implicit time integration of higher order

couple stress m evolution equation in the current configuration.

M = M (A K2 - (MY, JKXP (80T ) KX (2.216)
m" = (1 —tr(Atly1))m, + (Atl, 1)m, +m, © (At£n+1)T + mn(AtunH)T

+c: [(At'/n+1)7fz - (At'/n+1)T OYn +Yn © (Atvpp1) + AtV

(A1) 5, + v (At 1) (2.247)

KPY = BYm, + (#5)T'm, + m, 0 #" + ¢ [P+ 72('?““)T] (2.248)
KXPY = o i el [0 T 00 6 42 8 o (0T (2.249)
KVxptr CS(,’A,,Vx,tr)T (2.250)
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Box 9. Check for plastic yielding and solve for plastic multipliers.

(I) solve for macro and micro plastic multipliers Ay and A~X:

Step 1. Compute trial stresses o', (s — o)'", and trial yield functions F* FXtr

Step 2. Consider 3 cases:

(i) If F > 0 and FX' > 0, solve for A,y and Ay ; using Newton-Raphson for

coupled equations:
F(onst,cnr1) = F(Aypi1,Ayp4) =0 (2.251)
FX((s = 0)n+1, C§+1) = F*(Avp41, A77>§+1) =0 (2.252)

(ii) If F* > 0 and FX' <0, solve for Ay, with AvyX,; = 0 using Newton-Raphson:

F(oni1,6n41) = F(Avnp1, Ay, =0)=0 (2.253)

(i) If F** < 0 and FX" > 0, solve for Ay | with Ay, = 0 using Newton-Raphson:

FX((s — 0)n+1, ciL‘H) = FX(Avy,41 =0, A’yzﬂ) =0 (2.254)

(IT) solve for micro gradient plastic multiplier AyVX, given A~y and AvyX:
Step 1. Compute trial stress m' and trial yield function FYXtr

Step 2. If FVXtr > 0, solve for A%Yfl using Newton-Raphson:

F¥(mp41,e0) = FYX(Ay0) =0 (2.255)
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2.4. UPSCALING FROM GRAIN-SCALE TO MICROMORPHIC
ELASTOPLASTICITY

2.4 Upscaling from grain-scale to micromorphic elasto-

plasticity

In the overlapping domain, the continuum-scale micromorphic solution can be calculated
as a partly-homogenized representation of the grain-scale solution (Fig.2.4)". This will be
useful for fitting micromorphic material parameters, and also in estimating DNS material
parameters when converting from micromorphic continuum finite element (FE) mesh to
DNS in a future adaptive scheme. Thus, a micromorphic continuum-scale field Omicromerphic
is defined as a weighted average (over volume and area) of the corresponding field 08" at

the grain-scale, which is written as follows:

~ icvol def i\ def 1 ~
Dmlcromorphlc,vol 1 <Dgra1n> 1 / CU(’I", 9’ ﬁ)DgramdU (2256)
v PW-avE
Qavg
; ; def ; in\ def 1 ; ;
Dmlcromorphlc,arean lel < [j8rain,, grain > lel [jerain p, grain 7. (2 25 7)
a I‘avg Fave

. def
where (o) denotes the volume-averaging operator, v*»*& =

Joyave W(r, 0,0)dv the weighted
average current volume, w(r,6,1) the kernel function (if using spherical coordinates in 3D
averaging), 0*® the grain-scale volume averaging domain, (e) denotes the area-averaging
operator, and I'*'® the grain-scale area averaging domain. These averaging operators will be
mapped back to the reference configuration, such that the domains Q5"® and I'j"® are fixed.
A length ¢ (approximate diameter of 2*'8 and I'*'8) is a material property and is directly

related to the length scale used in the micromorphic constitutive model.

A macro-element material point (Figs.2.3,2.4) can be characterized as fully overlapping, non-
overlapping, or partly-overlapping according to the level of overlapping between the averaging

domain Q2% and the full grain-scale DNS region Q84" Within the fully-overlapping aver-

aging domain, the Cauchy stress tensor U,%fain and vector of ISVs ¢&"%" at the grain-scale will

be projected to the micromorphic continuum-scale using the averaging operators <Dgrai“>v

and <Dgrai“>a to define the unsymmetric Cauchy stress oy, the symmetric micro-stress s,

and the higher order stress my,,:

TThe author would like to acknowledge discussions with his colleague at UCB, Prof. F. Vernerey, regarding
the natural built-in homogenization in micromorphic continuum theories of Eringen [1999], Eringen and
Suhubi [1964].
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Tave \

Figure 2.4. Two-dimensional illustration of micromorphic continuum homogenization of grain-scale
response at a FE Gauss integration point X in the overlap region. v®"'¥ implies a Representative
Volume Element if needed to approximate stress from a discrete element simulation at a particular
point of integration in Q'8 for example in [Christoffersen et al., 1981, Rothenburg and Selvadurai,

1981].

owng, <a§fﬂnn§“ﬁ“>a (2.258)
skl%§‘<o§fﬂn>v (2.259)
Mg <0 graing &N > . (2.260)
gu & (g, (2.261)

where it is assumed the variables on the left-hand-sides are micromorphic. Kinematic cou-
pling and energy partitioning will determine the percent contribution of grain-scale DNS and

micromorphic continuum FE to the balance equations in the overlapping domain.
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2.5. COUPLED FORMULATION

2.5 Coupled formulation

We consider here the bridging-scale decomposition [Kadowaki and Liu, 2004, Klein and
Zimmerman, 2006, Wagner and Liu, 2003| to provide proper BC constraints on a DNS

region to remove fictitious boundary forces and wave reflections.
Kinematics:

The kinematics of the coupled regions are given, following the illustration shown in Fig.1.2.
It is assumed that the micromorphic continuum-FE mesh covers the domain of the problem
in which the bound particulate mechanics is not significantly dominant, whereas in regions
of significant grain-matrix debonding or intra-granular cracking leading to a macro-crack, a
grain-scale mechanics representation is used (grain-FE or grain-DE-FE). Following some of
the same notation presented in Kadowaki and Liu [2004], Wagner and Liu [2003], grain-FE

displacements in the system in the current configuration B are defined as

v

Q=19.a5--.q,)", a.B8,...,7€A (2.262)

where g, is the displacement vector of grain-FE node «, and A is the set of all grain-FE
nodes. The micromorphic continuum-FE nodal displacements d, and micro-displacement-

gradients ¢, (see below for x" = 1 + ®" [Eringen, 1968]) are written as

D = [dydy....de;bg ber--- ;)" (2.263)
a,b,...,ce./\v/', d,e,...,feM

where d,, is the displacement vector at node a, ¢, is the micro-displacement-gradient ma-
trix at node d, N is the set of all nodes, and M is the set of finite element nodes with
micro-displacement-gradient dofs, where typically M c N. In order to satisfy the BCs for
both regions, the motion of the grain-FE nodes in the overlap region (referred to as “ghost”
grain-FE nodes, Fig.1.2) is prescribed by the micromorphic continuum displacement and
micro-displacement-gradient fields, and written as @ € .Z, while the unprescribed (or free)
grain-FE nodal displacements are Q € A, where AUA=Aand ANA=0. The displace-
ments and micro-displacement-gradients of continuum-FE nodes overlaying the grain-FE are
driven by the grain-FE motion (also through the averaging shown in Fig.2.4) and written as

DeN , M , while the unprescribed (or free) nodal displacements and micro-displacement-
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gradients are D € N, M, where NUN =N, NNN =0, MUM = M, and MM = 0.

In general, the displacement vector of a grain-FE node « can be represented by the finite
element interpolation of the continuum macro-displacement field u” and micro-displacement-
gradient field ®" (where x" = 1 + ®" [Eringen, 1968]) evaluated at the grain-FE node in

the reference configuration X, such that

u( X, 1) = ZN” . RMXa ) =) N (Xo)g(t) ac A (2.264)
beM

where N are the shape functions associated with the continuum displacement field u”, and
N2 the shape functions associated with the continuum micro-displacement-gradient field
®". Recall that N* and N have compact support and thus are evaluated only for grain-FE
nodes that lie within a micromorphic continuum element containing nodes a and b in its

domain. The displacement of a micro-element (Fig.2.1) can be written as

(X, E ) = 2/(X,Et) - X'(X,E)
= (X, t)+&X,Ejt) - X — B
= 5c(X,t)—XJ+§(X,E,tZ—E
u(},(,t) x()}r,t)E
= u(X,t)+ [x(X,t) -1 E
P X 1)
= u(X,t)+ (X, H)E (2.265)

where we used the definition x = 1+ ® [Eringen, 1968] to put the form of micro-deformation
tensor x similar to the deformation gradient F' = 1+ 0u/0X. The prescribed displacement

of ghost grain-FE node o can then be written as

~

q,(t) = (W)X, Bart) = u" (X, t) + (X, )E, ac A (2.266)

where 2, is the relative position of grain-FE node a from a micromorphic continuum point.
The choice of this continuum point could be either a continuum-FE node or Gauss inte-

gration point. This will be investigated in the multiscale implementation. The influence
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of the micro-displacement-gradient tensor ®" in the overlap region on the ghost grain-FE
nodal displacement could, through specific micromorphic viscoelastic constitutive relations
for x¢, act to “damp out” high-frequency waves propagating through the fine mesh grain-FE
region to the overlap/coupling region. The partitioning of potential and kinetic energies be-
tween grain-FE and micromorphic-continuum-FE systems within the overlap region will be
dependent on the grain-FE equations of the bound particulate system and the micromorphic

continuum-FE equations of the continuum system.

For all ghost grain-FE nodes, the interpolations can be written as

Q=Ng, D+Ngy-D (2.267)

where N oD and NV op are shape function matrices containing individual nodal shape func-
tions N and N, but for now these matrices will be left general to increase our flexibility
in choosing interpolation/projection functions (such as those used in meshfree methods).

Overall, the grain-FE displacements may be written as

SN Bl e
Q Ng, Ngp D 0

where Q' is introduced [Klein and Zimmerman, 2006] as the error (or “fine-scale” [Wagner
and Liu, 2003]) in the interpolation of the free grain-FE displacements @, whose function
space is not rich enough to represent the true free grain-FE nodal motion. The shape function
matrices IN are in general not square because the number of free grain-FE nodes are not the
same as free micromorphic-FE nodes and prescribed nodes, and number of ghost grain-FE
nodes not the same as prescribed and free micromorphic-FE nodes. A scalar measure of

error in grain-FE nodal displacements is defined as [Klein and Zimmerman, 2006]

e=Q - Q' (2.269)

which may be minimized with respect to prescribed continuum micromorphic-FE nodal dofs
D to solve for D in terms of free grain-F'E nodal dofs and micromorphic continuum FE

nodal dofs as
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D=M;:Ni5@Q—NopD), Mpp=N,;Ngp (2.270)
This is known as the “discretized Ly projection” [Klein and Zimmerman, 2006] of the free
grain-FE nodal motion  and free micromorphic-FE nodal dofs D onto the prescribed
micromorphic-FE nodals dofs D. Upon substituting (2.270) into (2.267), we may write the
prescribed grain-FE nodal dofs @ in terms of free grain-FE nodal @ and micromorphic-FE

nodal D dofs. In summary, these relations are written as

Q = By,Q+Bs,D (2.271)
D = Bp,Q+Bp,D (2.272)
where
By, = NgpBp, (2.273)
B@D = N@D—FN@ﬁBﬁD (2.274)
Bp, = MgﬁNgf7 (2.275)
Bp, = —M;:N 5Nop (2.276)

As shown in Fig.1.2, for a finite element implementation of this dof coupling, we expect that
free grain-FE nodal dofs @ will not fall within the support of free micromorphic continuum
FE nodal dofs D, such that it can be assumed that Ngp = 0 and

B@QQ + BgpD (2.277)
= BﬁQQ (2.278)

o O
|

where
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Bs, = NapBig (2.279)

By, = Ng, (2.280)
o -1 T

Bp, = MyNos (2.281)

B;, = 0 (2.282)

The assumption Ngp # 0 would be valid for a meshfree projection of the grain-FE nodal
motions to the micromorphic-FE nodal dofs, as in Klein and Zimmerman [2006], where we
could imagine that the domain of influence of the meshfree projection could encompass a
free grain-FE node; the degree of encompassment would be controlled by the chosen support
size of the meshfree kernel function. The choice of meshfree projection in Klein and Zim-
merman [2006] was not necessarily to allow @ be projected to D (and vice versa), but to
remove the computationally costly calculation of the inverse M li)lﬁ in (2.271) and (2.272).
Since we will also be using the Tahoe code TAHOE for the coupled multiscale grain-FE-
micromorphic-FE implementation, where the meshfree projection has been implemented for
atomistic-continuum coupling [Klein and Zimmerman, 2006], we will also consider the mesh-

free projection in the future.
FE Balance Equations:

Following standard finite element methods to formulate the nonlinear dynamic matrix FE
equations, using the dofs defined in the previous section, the balance of linear momentum

for the grain-scale FE is

MPQ + F'VNT9(Q) = FFYT9 (2.283)

where M€ is the mass matrix (lumped or consistent [Hughes, 1987]), F/N"?(Q) the non-
linear internal force vector, and F¥*7>% the external force vector (which could be a function

of Q, but here such dependence is not shown).

For the balance of linear momentum and balance of first moment of momentum in (2.57),
the weak form can be derived following the method of weighted residuals in Hughes [1987]
(details not shown), the Galerkin form expressed, and then the FE matrix equations written

in coupled form as
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D7 INT,D _ EXT.D
MPD + FINTP(D) = F

(2.284)

where MP” is the mass and micro-inertia matrix, F'~*”(D) the nonlinear internal force

vector, FPXT"P the external force vector, and D = [d ¢]” is the generalized dof vector for

the coupled micromorphic FE formulation.

These FE equations can be written in energy form to make the partitioning of energy in the

next section more straightforward. For the FE matrix form of balance of linear momentum

at the grain-scale, we have

d (019N 9T° 0U° _ Lpung
i\ 00 ) 0Q T oQ

where T% is the kinetic energy and U? the potential energy, such that

1. .
9 = 5QMQQ

Q
Q . INT,Q
U9(Q) — /O FINTQ(8)4S

(2.285)

Carrying out the derivatives in (2.285), and using the Second Fundamental Theorem of
Calculus for U?/0Q, leads to (2.283). Likewise, for the coupled micromorphic balance

equations, we have the energy form

d orP B orpP N ouP _ pEXTD
dt \ oD oD oD

where TP is the kinetic energy and UP the potential energy, such that
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Partitioning of Energy:

1

D
~ [ FT(s)as
0

We assume the total kinetic and potential energy of the coupled grain-FE-micromorphic-FE

system may be written as the sum of the energies

%Q.¢
°Q.

(2.287)

D))+ T°(D, D(Q))
D (2.288)

(Q D)) +U"(D,

where we have indicated the functional dependence of the prescribed grain-FE nodal dofs and

micromorphic-FE nodal dofs solely upon the free grain-FE nodal dofs and micromorphic-FE

nodal dofs Q and D, respectively. Lagrange’s equations may then be stated as

DA —
it \oQ) 0Q  9Q
— <8D) 5tap=F (2.289)

which lead to a coupled system of governing equations (linear and first moment of mo-

mentum) for the coupled grain-FE-micromorphic-FE mechanics. Details of the derivatives,

partitioning coefficients, and numerical examples will follow in a future report and journal

articles.

87



CHAPTER 2. TECHNICAL DISCUSSION

This page intentionally left blank.

88



Chapter 3

Summary

3.1 Results

The schematic for a concurrent multiscale computational modeling approach for simulating
dynamic fracture in bound particulate materials was presented, that will account for grain-
scale micro-cracking influences on macroscale fracture. Details of a finite strain micromorphic
pressure-sensitive Drucker-Prager elastoplastic constitutive model were presented, as well as
its semi-implicit numerical integration. The approach for coupling grain-scale finite element

equations to the macroscale micromorphic finite element equations was presented.

3.2 Conclusions

A three-level (macro, micro, and micro-gradient) micromorphic pressure-sensitive plasticity
model will provide additional flexibility in coupling with grain-scale mechanics in an overlap-
ping region (Fig.1.2) for attempting to account for influences of grain-scale micro-cracking on
macroscale fracture nucleation and propagation under dynamic loading of bound particulate
materials. The thorough formulation of the finite strain micromorphic elastoplastic consti-
tutive equations in the context of nonlinear micromorphic continuum mechanics has been
established, allowing the multiscale framework to stand on a firm footing, which heretofore

was not presented in the literature.

89



CHAPTER 3. SUMMARY
3.3 Future Work

Future work involves completing the finite element implementation of the finite strain micro-
morphic pressure-sensitive Drucker-Prager plasticity model, and coupling via an overlapping
region to the grain-scale finite element mesh where a projectile may impact a bound partic-

ulate materials target (Fig.1.2).
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Appendix A

Derivation of F’

The formulation of (2.5) is presented in this appendix, and we will use direct notation. To

start, we recognize that

where

and

It is possible to show that 02/0X' ~ J2/0X , starting with

which using (A.3) leads to

ox'  0x' 0X

F=3%~ oxox

ox' X — 0=
ox ~ T tax= 1 Xox

ox 0B
ox' 0X'

0= 0= 0X
0X' 090X 0X'
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APPENDIX A. DERIVATION OF F'

o= o=\ " o=
X (1 * a—X) ox (8.5)

If we assume the gradient of microstructural internal length is small across a material

|02/0X || < 1 (for the region of interest where the micromorphic continuum model is
used), then

where then

o= o=\ 0= o=
ox’ (1 a 8X) X ~ 0X (A7)

The expression for F' then results as in (2.5).
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Appendix B

Another set of elastic deformation

measures

Here, another set of elastic deformation measures, (1.5.11) in [Eringen, 1999], are considered

as

e e e Y _ .e—1lre rme _.e—1 _e
Cxt = XerXer » Vo = X zaFar » Wiz = X ga Xarar (B.1)
Thus, the Helmholtz free energy function is written as

ﬁ@;( _§E7T%E7ﬁ%iﬂ7[7zl_{v 9) (B2)

7X
) f(j/)

==

and the constitutive equations for stress result from (2.82) - (2.84) as

Q 9 ﬁ¢ e— e—
KL = a(ire_? el T (B.3)
KB
. e— a ﬁlﬁ e —
Sep = oF A;_{;XQT . (B.4)
B
v 8(ﬁ1;> e— e—
Mgim = e o e (B.5)
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APPENDIX B. ANOTHER SET OF ELASTIC DEFORMATION MEASURES

where Te;&( = F e‘—ixz 1~ These stress equations take a somewhat simpler form than in
(2.91) - (2.93). Thus, it becomes a choice of the modeler how the specific constitutive form
of the elastic part of the Helmholtz free energy function is written, i.e. in terms of (2.90) or
(B.2). Eringen [1999] advocated the use of (B.2) for micromorphic elasticity, whereas Suhubi
and Eringen [1964] used (2.90). We use (2.90).
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Appendix C

Deformation measures

It was mentioned that the change in square of micro-element arc-lengths (ds’)? — (dS’)?
should include only three unique elastic deformation measures (the two sets proposed by

Eringen [1999] and considered in this report for finite strain elastoplasticity). Here, we write

directly
(ds')? = d'dx’ = da'yda'), (C.1)
where
d:L’;C = F,deXf( + XZ[(,EEI_{dXE + XZ}’(XI[)‘(KLEKCZXE + XZKdEF{ (C.2)
Then
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APPENDIX C. DEFORMATION MEASURES

(ds')? = [Cgkp+2sym(Pp;)
+2sym (U %ECGEEF%ARXEE,E SFE)

Je _e—1\je P p e —
+V5sC 45Y5E Xpp & Xpp,L EDEE

Te ve—1 e p - YV o =

+ [ U450 5 0%; ] dEgdE] (C.3)
and

(dg/>2 = de(de( + 2de(dég + dgkdék (C4)

It can be seen that the first set in (2.89) appears exclusively as elastic deformation in (C.3);
there are also some plastic terms, which do not appear in (1.5.8) in Eringen [1999]. Equation
(C.3) could likewise be expressed in terms of the elastic set in (B.1). But one or the other
set is unique, as outlined by Eringen [1999] for micromorphic elasticity, here put into context

for finite strain micromorphic elastoplasticity.
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